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PREFACE 


During the years 1963-1965, a substantial sector of my activities as editor of 
Prentice-Hall’s series “Selected Russian Publications in the Mathematical 
Sciences” was devoted to the translation and revision of Professor A. I. 
Markushevich’s magnum opus “The Theory of Analytic Functions,’ Moscow 
(1950). The English edition takes the form of three volumes, collectively entitled 
“Theory of Functions of a Complex Variable,” the first two published in 1965 
and the third in 1967. Out of my strong interaction with the Russian original, 
there emerged an English edition markedly different from its forebear, a fact 
duly recognized by various reviewers. 


Because of the grand scale of the master three-volume course, which runs to well 
over a thousand pages, I decided to distill it down into a shorter one-volume 
course, matching the usual one-year graduate course on complex analysis given 
in the United States. The result is the present volume, called “Introductory 
Complex Analysis” (hereinafter abbreviated as ICA), whose debt to the master 
course (and to a brief course on complex analysis written by Markushevich 
himself) is acknowledged by the credit line “based, in part, on material by A. I. 
Markushevich” appearing on the title page. 


The fact that ICA is in part the offspring of the master course has a pleasant and 
useful side effect: An expanded discussion of material appearing in ICA can 
often be found in the master course in precisely the same language. The 
pedagogical assets of this “fringe benefit” should be obvious. Thus references to 
Markushevich’s “Theory of Functions of a Complex Variable” (Prentice Hall, 
Inc., Englewood Cliffs, New Jersey) are scattered throughout ICA, with “Volume 
I” abbreviated as MI (M for “Markushevich’”’), “Volume II” as M2 and “Volume 
II” as M3. This feature also allows the student to pursue various advanced 
topics whose beginnings are to be found in ICA, without any problem of 
adjusting to new terminology and notation. References to Ml, M2 and M3 are 
particularly prevalent in the problems. Thus the solutions of a number of 
problems can in effect be “looked up” in the master course, but it is hoped that 


the student will exercise restraint and try hard to solve such problems on his 
own. 


Having disposed of the parentage of ICA, let us now examine the traits of the 
child. If complex analysis is regarded as differential and integral calculus in the 
complex domain, then Chapters 1 and 2 are essentially “precalculus.” 
Differentiation appears in Chapter 3, together with the basic notion of an analytic 
function and a foretaste of conformal mapping. Chapters 4, 5 and 6 treat the 
elementary functions in considerably more detail than in most books on this 
level and, in my opinion, more in keeping with the needs of applied scientists. 


Integration in the complex domain dominates Chapter 7 (on complex integrals 
and Cauchy’s integral theorem) and Chapter 8 (on Cauchy’s integral formula and 
its implications). Chapter 9 is devoted to the subject of complex series, as a 
prelude to Chapter 10 on the key topic of power series. Chapter 11 on Laurent 
series and Chapter 12 on the residue theorem and its implications (and manifold 
applications) lie deep in the home territory of complex analysis. Chapter 13 is 
devoted to harmonic functions, a subject too often slighted in first courses on 
complex analysis. A substantial chunk of the theory and technique of infinite 
product and partial fraction expansions is presented in Chapter 14. 


The subject of conformal mapping is taken up again in Chapter 15, with 
considerable space devoted to the Schwarz-Christoffel transformation which 
figures so prominently in the applications. Finally, Chapter 16 deals with 
analytic continuation and related topics, notably the symmetry principle and 
Riemann surfaces. 


The reference system is self-explanatory, with the prefix of each equation and 
figure number referring to the chapter in which the equation or figure occurs. A 
problem number unaccompanied by a section number always refers to a problem 
at the end of the section where the reference is made. Otherwise the problem 
number is preceded by the section number giving its proper address. 


As in the case of all three volumes of the master course, ICA has benefited from 
a careful reading by Dr. T. J. Rivlin, who made many helpful suggestions. 
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CHAPTER I 


COMPLEX NUMBERS, FUNCTIONS AND 
SEQUENCES 


1. INTRODUCTORY REMARKS 


Since the square of a real number is nonnegative, even the simple quadratic 
equation 


xt?+1=0 (1.1) 


has no real solutions (roots). However, it seems perfectly reasonable to require 
that any number system suitable for computational purposes allow us to solve 
equation (1.1), or, for that matter, the general algebraic equation 


dy + yx +°+* + a,x" =0 (a,, ~ 0) (1.2) 


of degree n, where dp, aj,..., a, are arbitrary real numbers. As already shown by 
(1.1), this goal can only be achieved if we somehow manage to extend the real 
number system by making it part of another, larger number system. Since (1.1) is 
in a certain sense the “simplest” algebraic equation with no real roots, an 
obvious first approach to our problem is to introduce an “imaginary unit” 
i; = —1, and then consider “complex numbers” of the form 


a+bi or a+ ib, (1.3) 


where a and b are arbitrary real numbers, and algebraic operations are defined in 
the natural way, i.e., expressions of the form (1.3) are treated exactly like 
binomials a + bx in an unknown x, except that the rule 


Ewan (1.4) 


is used to eliminate all powers of i higher than the first. If this is done, the roots 
of (1.1) are the particularly simple complex numbers i and —i. Moreover, setting 
b = 0, we see that the numbers of the form (1.3) include the real numbers as a 
special case (an essential feature). 

Surprisingly enough, as we shall see later (Theorem 10.7, Corollary 2), it 
turns out that once we allow x to take complex values, equation (1.2) always has 
a root, even if the coefficients dap, a),..., a, are themselves complex numbers, a 


result known as the fundamental theorem of algebra. 


2. COMPLEX NUMBERS AND THEIR GEOMETRIC 
REPRESENTATION 


As already noted, by a complex number we mean an expression of the form a 
+ ib, where a and b are real numbers and 7 is the “imaginary unit.” If c = a + ib, 
a is called the real part of c, written Re c, and b is called the imaginary part of c, 
written Im c. By the complex number zero, we mean the number 0 = 0 + i0, with 
zero real and imaginary parts. By definition, two complex numbers c, and c, are 


equal if and only if 
Rec, = Re ¢,, Im c, = Im ¢,. 


If Im c = 0, c = a + ib reduces to a real number, while if Im c £ 0, c is said to be 
imaginary and if Re c = 0, Im c ¢ 0, c is said to be purely imaginary.' 

Complex numbers can be represented geometrically as points in the plane, a 
fact which is not only useful but virtually indispensable. Introducing a 
rectangular coordinate system in the plane, we can identify the complex number 
z =x + iy with the point P = (x, y), as shown in Figure 1.1. In this way, we 
establish a one-to-one correspondence between the set of all complex numbers 
and the set of all points in the plane. Clearly, under this mapping, the set of all 
real numbers corresponds to the x-axis (hence called the real axis) and the set of 
all purely imaginary numbers corresponds to the x-axis (hence called the 
imaginary axis), while the set of all imaginary numbers corresponds to all points 
which do not lie on the real axis. Moreover, the complex number 0 corresponds 
to the point of intersection of the x-axis and y-axis, i.e., the origin of coordinates. 
The plane whose points represent the complex numbers is called the complex 
plane, or the z-plane, w-plane,..., depending on the letter z, w,...used to denote a 
generic complex number. With the understanding that such a complex plane has 
been constructed, the terms “complex number x + iy” and “point x + iy” will be 


used interchangeably. 

Another entirely equivalent way of representing the complex number z = x + 
iy is to use the vector gp joining the origin O of the complex plane to the point P 
= (x, y), instead of using the point P itself (see Figure 1.1). The length of the 
vector gp is called the modulus or absolute value of the complex number z, and 
is denoted by |z|. The angle between the positive real axis and the vector gp, 
more exactly, the angle through which the positive real axis must be rotated to 
cause it to have the same direction as gp (considered positive if the rotation is 
counterclockwise and negative otherwise), is called the argument of the complex 
number z, and is denoted by Arg z.” In other words, |z| and Arg z are the polar 
coordinates r and ® of the point with rectangular coordinates x and y, 1.e., 


Imz 


FIGURE 1.1 


x = Rez=rcos9, y=Imz=rsin®, 


It follows at once that 
z=x+iy=r(cos® + isin ®), (1.5) 


where (1.5) is called the trigonometric form of the complex number z. 

Clearly, the quantity Arg z is defined only to within an integral multiple of 
2n. However, there is one and only one value of Arg z, say @, which satisfies the 
inequality 


—Tt « ? < Tt, 


and we shall call @ the principal value of the argument z, written arg z. The 
relation between Arg z and arg z is given by 


Arg z = argz + 2nn, 


where n ranges over all the integers 0, +1, +2,.... It is an immediate consequence 
of Figure 1.1 and our definitions that? 


and 
tan (arg z) y j (1.6) 
x 


Some care is required in inverting (1.6), since the arc tangent of a real 
number x, written Arc tan x, is only defined to within an integral multiple of 1. 
However, there is one and only one value of Arc tan x, say a, which satisfies the 
inequality 


Nia 
NIA 


and we shall call a the principal value of the arc tangent of x, written arc tan x. 
We can now invert the relation (1.6), obtaining 


y : 
arc tan = if x>0, 
x 
ee: ae “f 
arg z = arctan--+ & l x= OU yo 0, 
x 
arctan- — 7 if x< 0, y<0 


arg z 
\-: if x=0,y <9, 
2 


while the case z = 0 (1.e., x = y = 0) is indeterminate, as already noted. 

The complex numbers x + iy and x — iy are said to be conjugate complex 
numbers or complex conjugates (of each other). If one of these numbers is 
denoted by z, the other is denoted by z. Obviously, the points z and = are 
symmetric with respect to the real axis, and 


|2| = zl, (Z) = z. 


Moreover, 


arg z = —arg 2, 


unless z is a negative real number, in which case 


argz = argzZ= 7. 


Problem. Represent the following complex numbers in trigonometric 
form: 


eis: O) beh: Gate DAs eh 1: 


f) -1+i¥3; g) -1 —iV3; h) 1 —iv3; i) V3 -3; 
p2+v3+i. 


3. COMPLEX ALGEBRA 


It follows from the prescription of Sec. | [cf. (1.4)] that the sum and product 
of two complex numbers z, = x; + iy}, Z) =X> + iy> are given by 


2, + Zy = (X, + X2) + 11 + Yo), (1.7) 
Z,Z_ = (XXq — V2) + He + ay), (1.8) 
while the difference and quotient of z, and z, are given by 
Zy — 2g = (X, — Xq) + 1 — Yo), 


z XyXe + Vy -XeV1 — Xie 2, .2 
j= ee i (xq + y2 # 9). 


2, 2 2 2 
2 Xe tT Ve Xo Tt V2 


If z,, Z) and z3 are any three complex numbers, the relations (1.7) and (1.8) imply 
that 


Zz; + 22 - = Ze + 2, 


2\Zq = 292) 
(addition and multiplication are commutative), 


(Z, + 2) + 25 = 2, + (Ze, + 2s), 


(Z,Zy)Zy = 21(Z22) 


(addition and multiplication are associative), and 


2,(Zs _ Z5) = Z\Z9 + 2,2, 


(multiplication is distributive with respect to addition). Moreover, the product of 
two complex numbers is zero if and only if at least one of the factors is zero, any 
complex number z has a unique negative —z such that z + (—z) = 0, and any 


nonzero complex number z has a unique inverse z! = 1/z such that zz! = 1. 
(Verify these statements.) In other words, the complex numbers satisfy all the 


axioms of a field.4 
Guided by (1.7) and (1.8), one might define the complex numbers (without 
recourse to the “imaginary unit” 7) as ordered pairs 


(x, Vy, (Xo, Ve), eee 


of real numbers x, y}, X, 7,-.., where two pairs (x), y,) and (x5, v2) are equal if 
and only if x; =x, yj =z, while addition and multiplication of pairs are defined 


by 


(Xy, V1) + (Xa, Ve) = (%y + Xe, Va + Ye), 


(x1, Vi Xe, Va) = (X1 Xe — Vor Xn + X2))- 


With this approach, the relation i* =— 1 has the analogue 


(0, 1)(0, 1) = (—1, 0), 


which is sometimes adduced as an “explanation” of the “imaginary unit” 7. 
However, it should be noted that the extension of the real numbers to the 
complex numbers is no more “mysterious” than the extension of the integers to 
the rational numbers, and less complicated than the extension of the rational 


numbers to the real numbers.> 


y 


FIGURE 1.2 


Geometrically, addition of two complex numbers z, and z, corresponds to 


addition of the vectors representing them [see Figure 1.2(a)]. Similarly, the 
difference z,; — z, 1s represented by the vector joining the point z, to the point z, 


[see Figure 1.2(b)]. It follows that p(z,, z>), the distance between the two points 
Zz, and z>, equals the modulus of the complex number z, — z: 


p(Z;, 22) = |Z, — 23l. 


Then the familiar fact that the length of one side of a triangle cannat exceed the 
sum of the lengths of the other two sides implies the following two inequalities 
involving complex numbers: 


al < [2,1 + [el (1.9) 
|Z, — Zel > [lzil — Izall. (1.10) 


The relation (1.9) can be generalized immediately to the case of n complex 
numbers: 


[zp + gos + 5, < [2] + leq] + ° °° + Kz,l. (1.11) 


In (1.9), (1.10) and (1.11), equality occurs if and only if all the (nonzero) 
complex numbers have the same argument. We note that according to (1.8), if z 
=x + iy, then 


and hence 


|z| = Vx? rt y 


and 
lz, +°°°+ 4, V (2, r°o* + 225 7° °° + zy). 


To give a geometric interpretation of multiplication and division of two 
complex numbers z, and z>, we first write z, and z, in trigonometric form [cf. 


(L335) |, 1:6 


z, = r,(cos D, + isin ®,), 


Z, = r,(cos D, + isin ®,), 


where 


r, = lz,l, ®, = Arg 2, 
rs = l2,l, ®, = Arg 22. 


Then, according to (1.8), 


Z;Z, = r,r,[(cos D, cos ®, — sin ®, sin ®,) 
+ i(sin , cos ®, + cos ®, sin ®,)] (1.12) 
= ryr[cos (PD, + ®,) + isin (M, + ®,)], 


and therefore 


\z,ze! = |z,| Iz 
#121 = £11 |<2l, 


Arg z,Z, = Arg z, + Arg 2. 


The last formula means that the set of values of Arg z)z, is obtained by forming 
all possible sums of a value of Arg z, and a value of Arg z,. Thus the geometric 
interpretation of multiplication of z, by z, (z, #0, z, # 0) is the following: Draw 
the vector z, (with initial point at the origin), multiply its length by the factor 
lz,|,° and rotate the resulting vector counterclockwise through the angle Arg 2. 
Similarly, if z, # 0, it is easily verified that 


(1.13) 


with a corresponding geometric interpretation of division. It follows from the 
second of the formulas (1.13) that Arg (z,/z,) is the angle between the vectors z, 


and z, measured from z, to z, in the counterclockwise direction. 
Problem 1, Calculate the following expressions: 


ltitne . 0+2%-a-9 .G@-d'-1_ 
i-jmne’ 9"GruP—-Q+n: Asal: 


Problem 2. Calculate 
a) (a + bw + cw*a + bo*® + cw); b) (a + ba + boa + bw*); 


c) (a + bo + cw*)® + (a + be? + cw)®; d) (aw? + baba? + ao), 
where w = —} + $V 3i. 


Ans. b) a3 + 6°; d) a® — ab + b*. 


Problem 3. Find the complex numbers which are conjugate to a) their 
own squares; b) their own cubes. 


Ans. b) 0, 1, i, -1, -i. 


Problem 4. Suppose a complex number uw is obtained as a result of a 


finite number of rational operations (i.¢e., addition, subtraction, multiplication 
and division) applied to the complex numbers z), Z5,..., Z,- Prove that the 


same operations applied to the complex conjugates 2), Z,..., Z, leads to the 
number @ which is the complex conjugate of u. 


Problem 5. Defining rational numbers as ordered pairs of integers, write 
the corresponding rules for addition and multiplication of rational numbers. 
Verify that addition and fhultiplication are commutative and associative, and 
that multiplication is distributive with respect to addition. 


Ans, (xy, ¥1) + (25 Va) = OOY2 + Xa¥ay VaPads Oy Va%e, Vo) = 4X25 ViVa)s 
where y; # 0, yp # 0. 


Problem 6. Prove the inequalities 


jz, + zel < [z4{ + Izel, 


4 Raa Zeal > | |z,! — |z¢l [ 
algebraically. 


Problem 7. Prove the identity 


and interpret it geometrically. 
Problem 8. By a purely geometric argument, prove that 
lz — 1] <| lz] —1| + lal larg i. 
Problem 9. Solve the following equations: 


a) |zi —z=142i; b) lzi+z=2+i1. 


l 
Ans. a) z = $ — 2i. 


Problem 10. Prove that every complex number (except —1) of unit 
modulus can be represented in the form 


1+it 
1 —it’ 


~ 
« 


where f¢ is a real number. 


Problem 11. Prove that 


(1 + i)z* + iz] < 3, 
if |z| < }. 


Problem 12. Prove that 


Zz—2Z | Ze 
= ae 
Z3 — 2, 2 raed 


arg 


if iz1| = zal = [23 


Problem 13. Find a necessary and sufficient condition for three distinct 
points z,, Z> and Z; to lie on the same line. 


Problem 14. Suppose the points Z,, Z>,..., Z,, all lie on one side of a line 


drawn through the origin of the complex plane. Prove that the same is true of 
the points 1/z,, 1/z>,..., 1/z,. Moreover, show that 


1 
+o +— #0. 


1 
yt Zt + Zy, AO, Py 
1 


N 
ws 


Problem 15. Prove that if z; + z, + z3 = 0 and |z,| = |z,| = |z3| = 1, then 
the points z,, Zz, and z3 are the vertices of an equilateral triangle inscribed in 
the unit circle |z| = 1. 


Problem 16. What are the loci of the points z which satisfy the following 
relations: 


a) jz —z,| =|z— zl; b) lz ~ 2) + lz +2| =5; 
c) |z -2| —|z+2| >3; d) 0 < Re(iz) <1; 
e) |z] =Rez+1; f) Rez+Imz <1; 


= 


T Tt 
g) « <argz <8, y < Rez < 38, where a a, f <5+1> 0; 
| Meet 5 Z—2 
h) Im +0; i) Re ~=0? 
z—Z, Z—2Z 


Problem 17. Describe the families of curves in the z-plane with 
equations 


1 i 
a) Re> = C; b) Im-=¢; c) Rez®=C; @d) Im2”=cC 
where C is an arbitrary real number. 


4. POWERS AND ROOTS OF COMPLEX NUMBERS 


Let n be a positive integer and z a complex number. Then by the nth power 
of z, written z”, we mean z multiplied by itself 1 times, just as in the case of real 
numbers. If z = 0, we obviously have z” = 0. If z # 0, then, setting 

z= r(cos ® + isin ®) (1.14) 
and repeatedly applying (1.12), we find that 
z" = r"(cos n® + ij sin n®). (1.15) 


When ¢ = 1, (1.14) and (1.15) together imply the following formula, known as 
De Moivre ’s theorem: 


(cos D + isin D)" = cos n® + isin n®, (1.16) 


Using the binomial theorem to expand the left-hand side of (1.16) and equating 
real and imaginary parts of the resulting equation, we can express cos n® or sin 
n® entirely in terms of powers of cos ® and sin ®. For the same algebraic 
reasons as in the case of real numbers, we define 


z= 1, z*= 


N, [= 
- 


Then formulas (1.15) and (1.16) are valid for all integers n = 0, +1, +2,.... 

Next we consider the problem of extracting the root of a complex number. 
Again let n be a positive integer and z a complex number. Then by the mth root of 
z, written y> or z!’”, we mean any complex number € satisfying the equation 

age 


If z = 0, we obviously have ¢ = 0. If z # 0, then, setting 


C= p(cos@ +isin®), z= r(cos® + isin ®), 


We fing that 
e"(cos n® -+- isin nO) = r(cos ® + isin P). 


It follows that’ 


and 


nO =O+2mx (m=0,+1, 42,...), 


Le., 
n@ = Arg z, 0 = ates 
n 
Therefore we have 
vz — Val (cos AE? +. i sin Ag?) (1.17) 
\ n n 


It is clear from (1.17) that values of Arg z which differ by 2kz, where k is an 
integer not divisible by n, correspond to different values of yv>. Accordingly, 
when Arg z runs through the values 


arg Z, argz + 2n,..., arg z + 2(n — 1)r, (1.18) 


we obtain n different values of yy. Since any other value of Arg z differs from 
one of the numbers (1.18) by a multiple of 2nz, these n values of yv> exhaust all 
the possibilities. Thus the nth root of z has n different values (if z # 0), which are 
all implicit in the formula (1.17). The value of y> equal to 


arg z 


nt t, Ores 
\ [zi(cos + isin "8 ) 
n 


n 


is called the principal value of yz, since when z is a positive real number, the 
principal value of y”> coincides with the positive nth root of z (cf. footnote 7, p. 
10). It follows from the formula 


Arg z = argz + 2mm = argz+ Arg 1 


that 


(Zz = VAP] arg z a Arg | 
n 


(cos . arg z + Arg ') 


+- i sin 
n 


— argz . ,.. argz\/{__Arg1 , ... Argl’ 
= 71 (cos 8? + isin IB) (cos “1B +. i sin ~“S-), 
n n /\ n n : 


i.e., all the values of y”> can be obtained from the principal value by multiplying 
the latter by the different nth roots of unity. 

Finally we define an arbitrary rational power of a complex number by the 
formula 


gmin (Vv z)", 


where m and n > 0 are relatively prime integers. Then we have 


; ae n 
= (W{z1)"( cos ™ATB? { i sin ™At8 2) (1.19) 
n n | 
= |21""( cos ™ATB= isin ——=* Arg), 
n n 


where |z|"” is defined as the positive number ,{jz))" = jz)". 


Problem 1. Calculate the following quantities: 
ae 1+iv3\" ( v3 —i* 
a) (1 + i)®; » ( rari ’ c} 1-2) oy 
(-1 + i1V¥3)5  (-1 — iv3)'5 
aq-j* "a+ 
Ans. a) 21 + i); ¢) (2 — V3). 


d) 


Problem 2. Prove that 
1 ; yn ane o ie =| 
a) (1 + i)" - aan widedeeaae © 
rn av awe 
b) (V3 -—if? = 2"(cos — isin =); 
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4 ries na 
c) (1 + cos« + isina)" = 2" cos” 5 (cos + isin =). 


Problem 3. Use De Moivre’s theorem to express cos 5®, cos 8®, sin 6® 
and sin 7® in terms of cos ® and sin ®. 


Problem 4. Use De Moivre’s theorem to express tan 6® in terms of tan 
O. 


Problem 5. Find all the values of the following roots: 


a) V1; b) Vi; c) Y-1; d) Y—8; &) V1; VI; 
1-i 


ie at | 


gp) ¥3 +4; h) OW =F te Zi 1) v4 +-3i; f) ni 


Problem 6. Prove that the sum of all the distinct nth roots of unity is 
zero. What geometric fact does this express? 


Problem 7. Let m and n £0 be any two integers. Show that 2” = (z!/")” 
has n/(m, n) distinct values, where (m, n) is the greatest common divisor of m 
and n. Prove that the sets of values (z!/")" and (z”)!" coincide if and only if 
m and n are relatively prime [1.e., (m, n) = 1]. 


Problem 8. Calculate 


a) 1 + 2e + 30% +--+ + me™; b) 1 + 4e + Se? +--+ + m%e™, 


where ¢€ is an nth root of unity. 


Hint, Multiply by 1 — «. 
n(n + 1) 
2 


~ 


nu 
Ans. a) ~ " if e + 1, if ¢=1, 


Problem 9, Find all the complex numbers z satisfying the relation z = z”~ 


5. SET THEORY. COMPLEX FUNCTIONS 


From now on, we shall use geometric language when talking about complex 
numbers, and therefore the study of various sets of complex numbers will be 
equivalent to the study of various sets of points in the plane. We shall employ 
standard set-theoretic terminology and notation. Thus z € E means that z belongs 


to the set E (synonymously, z is a member of E, or z is contained in E), andz ¢ E 
means that z does not belong to FE. By E C F (or F D E) we mean that the set EF 
is a subset of F (synonymously, E is included in F, or E is contained in F), 1.¢., 
all the points of E are points of F. Two sets E and F are said to be equal, and we 
write E = F,if and onlyifE& CR FC E. WE C F but EFF, we say that F isa 
proper subset of F, or that E is strictly included in F. 

By the empty set we mean the set containing no points at all, and we denote 
the empty set by the same symbol 0 as used to denote the number zero. A set E is 
said to be nonempty if E # 0. By {a} we mean the set whose only member is a, 
and more generally, by {aj,..., a,} we mean the set whose members are qj,..., 
a,. By the union of two sets E and F, written E U F, we mean the set of points 
belonging to at least one of the sets E and F. By the intersection of two sets E 
and F’, written E  F, we mean the set of points belonging to both F and F. Two 
sets E and F whose intersection 1s empty, i.e., which are such that E M F' = 0, are 
said to be disjoint. By the complement of a set E, written E°, we mean the set of 
all points (in the complex plane) which do not belong to E. By the difference E — 
F between two sets EF and F, we mean the set of points in E which do not belong 
to F'1.e., 


E—F=EnF*. 


Remark. One can also consider sets )) whose members are themselves sets. If 
>; is such a set, the union and intersection of all the sets in )’ are denoted by 


UE and NE, 

Eet Eet 
respectively. The sets in >) are said to be pairwise disjoint (or simply disjoint) if 
E‘) F=0 for any pair of distinct sets FE € }°, F € >. 


Given two nonempty sets F and &, and by a function f we mean a set, written 


Sf = {(z, w,) | z € E}, (1.20) 


whose members are distinct ordered pairs of the form (z, w,) where z € E, w, € 
&. The subscript on w, will often be omitted, and merely serves to emphasize 
that w, is one of the (possibly several) complex numbers associated with z. The 


set E is called the domain (of definition) of the function f and the set €& is called 
the range of f- If fcontains no two pairs (z, w) with the same first member z, then 
fis said to be singlevalued, with the value w at the point z. Otherwise, fis said to 


be multiple-valued, and every w such that (z, w) is contained in fis called a value 
of fat the point z. In both cases, we use f(z) to denote any value of fat the point z 
and &, to denote the set of all values of f at z. We can also write (1.20) in the 
abbreviated form 


f= {w, | zé E}, 
or, even more simply, as 
w = f(z) (z€ E). 


In fact, when there is no possibility of confusion, we often omit explicit 
reference to the domain £. Strictly speaking, one should distinguish between the 
function f and its values f(z) at the point z, but within the framework of this 
simplified notation, it is customary to use f(z) to denote both the function and its 
values at z. 

By the inverse f ~' of the function f given by (1.20) we mean the set 
consisting of all the ordered pairs in f written in reverse order, i.e., (w, z) € f~! if 
and only if (z, w) € f. Obviously, f—! is itself a function with domain ¢ and 
range E, where F is the domain and ¢ the range of the original function / 
Paralleling our discussion of the function f, we can write f—! as 


f7 = {((v, z,) | we &}, 


in the abbreviated form 


z=f-(w) (weé). 


or simply as 


z=f(w) (weé). 


To avoid confusion, f—!(w) will never be used to denote the reciprocal 1/f(w). 


Remark 1. Given a function w = f(z) with domain E and range &, the points 
of EF are often called the values of the independent variable, and the points of & 
are often called the values of the dependent variable. If the domain E contains 
imaginary as well as real numbers, we sometimes emphasize this fact by 
referring to the function w = f(z) as a function of a complex variable. Similarly, if 
the range & contains imaginary as well as real numbers, we sometimes 
emphasize this fact by calling f(z) a complex function. 


Remark 2. We have introduced the notion of a multiple-valued function of a 
complex variable in anticipation of future needs. However, from now on, unless 
the contrary is explicitly stated, all functions under discussion will be assumed to 
be singlevalued. 


Remark 3. Let w = f(z), where w = u + iv and z = x + iy, be a function of a 
complex variable. A special case of interest occurs when all the values of the 
function are real, 1.e., w = u, v = 0. Then our function of a complex variable can 
be regarded as a real function of two real variables x and y. In fact, associating 
the real number wu with the complex number z = x + iy is equivalent to associating 
the real number wu with the pair of real numbers x and y. In the general case 
where w = u + iv is complex, defining a single complex function w = f(z) on a set 
F is equivalent to defining two real functions 


u= Rew = (x, y), v= Imw = (x, y) (1.21) 


on E, each a function of two real variables x and y. Conversely, defining two real 
functions (1.21) on £ is equivalent to defining a single complex function 


w = (x, y) + I(x, y) = f(z) 


on E. Thus, it is clear that the whole theory of functions of a complex variable z 
can be interpreted in terms of pairs of real functions of two real variables x and 
y, and we shall sometimes make use of this interpretation. 


Example 1. The single complex function 


w = z* = (x + iy)® = x® — y* + Dixy 


corresponds to the two real functions 
u= x? — y', v = 2xy. 


Example 2. The two real functions 


correspond to the single complex function 
w =u + iv = (x* — y*) + ie +" = f(z). 


If f(z) is a singlevalued function with domain EF and range &, the point w = 
fiz) € € 1s called the image of the point z € E [under f(z)]. Similarly, if D C E, 
the set of all points w = f(z) such that z € D is called the image of D, denoted by 
f(D). Let g be any subset of & containing f(D). Then we say that f(z) is a 
mapping of D into @. If g = f(D) and we want to emphasize this fact, we say that 
fiz) is a mapping of D onto g. Thus, every “onto” mapping is an “into” mapping, 
but not conversely. A mapping of a set into itself is often called a transformation. 

If f(z) is singlevalued, the inverse function f!(w) will in general be multiple- 
valued. If f'(w) is singlevalued, the original function or mapping f(z) is said to 
be one-to-one. Then the point z € E which is the image of the point w € & under 
f-'(w) is called the inverse image or pre-image of w [under f(z)]. Similarly, if g 
C &, the set of all points z = f'(w) such that w € @ is called the inverse image 
or pre-image of g, denoted by f'(#). A one-to-one function f(z) is said to 
establish a one-to-one correspondence, indicated by z «+ w, between the points z 
in its domain and the points w in its range. 


Remark. In the case of multiple-valued functions, images and inverse images 
are defined in the natural way. For example, if f(z) takes several values at a given 
point z € E, each of these values is called an image of the point z. Similarly, if 
there are several points z € FE such that f(z) = w, where w is a given point of &, 
then each of the points z is called an inverse image of w. In terms of the 
definition (1.20) of a function, the images of a given point z € E are all those 
points w appearing in some ordered pair (z, w) with z as its first member, and the 
inverse images of a given point w € & are all those points z appearing in some 
ordered pair (z, w) with w as its second member. 


Problem 1, Let >, be a set whose members are themselves sets. Prove 
the relations 


D(UE) = Une), Dv (NE) =f) (D VE), 


Eex Bex Rex Eex 
where D is an arbitrary set. Prove the De Morgan formulas 


D-UE=N(D-5, D-NE=U(-B), 
Bet Bet Bex Bex 
and specialize these formulas to the case where D is the whole complex 
plane. 


Problem 2. By a finite set is meant a set consisting of a finite number of 
elements, and by an infinite set is meant a set which is not finite. (The empty set 
is regarded as finite.) Two sets are said to be equivalent if a one-to-one 
correspondence can be established between them. A set is said to be countably 
infinite if it is equivalent to the set of all positive integers. By a countable set is 
meant either a finite set or a countably infinite set. A set which is not countable 
is said to be uncountable. 


Prove that 

a) The set of all rational numbers is countable; 

b) The set of all real numbers is uncountable; 

c) Any subset of a countable set is countable; 

d) The union of countably many countable sets is countable. 


6. COMPLEX SEQUENCES 


Let J be the set of all positive integers 1, 2,..., 7,.... Then any singlevalued 
complex function f(z) with domain / is called an infinite sequence (of complex 
numbers), or simply a (complex) sequence, and the values z, = f(n) are called the 


terms of the sequence. The sequence itself is usually denoted by listing its terms 
in order of increasing indices, i.e., 


219 22902099 Zygon 


or by the more concise notation {z,}.° 

If ky, k5,..., k,,-..18 a sequence of positive integers such that k, <k,., for all 
n= 1, 2,..., then the corresponding terms of the sequence {z,}, Le., Zio Zhe 
Zi 9+ .form a new sequence {z;, }, called a subsequence of the sequence {z,}. For 


example, the sequences 


are all subsequences of the sequence {z, }. 


Remark. The subsequences of {z,,} can also be written in the form 


219 2290049 Zygon 


or briefly {Z,,}5 where 71), 15,..., Nj,---1S a Sequence of positive integers such that 
ny < My, for all k = 1, 2,..., so that & rather than n runs through the positive 


integers. In other words, the running index is always the “lowest subscript,” 
regardless of the particular symbol used. 


Let C be a point of the complex plane. Then the interior of the circle of radius 
¢ with ¢ as its center, 1.e., the set of all points z satisfying the inequality |z — ¢| < 
€, 1S called an ¢-neighborhood of or simply a neighborhood of & and is denoted 
by (CG €), or simply by f.4-(C) if ¢ is unimportant. A sequence {z,} is said to be 
convergent, with limit C, if any given neighborhood of ¢ contains all the terms of 
{z,} Starting from some value of 7 1.e., if given any ¢ > 0, there exists an integer 
Me) > 0 such that |z, — ¢| < ¢ for all n > Me). We then say that {z,} converges 
to C, and write z, —C as n — 00 or 

lim z, = ©. 

Given a complex sequence {z,}, let z, =x, + iy,, 1e., let x, and y, be the real 
and imaginary parts of the term z,. Then every sequence of complex numbers 
{z,} corresponds to two sequences of real numbers {x,} and {y,}. 


THEOREM 1.1. The complex sequence {z,}, where z, = x, + iy,, converges 
to the limit € = = + m if and only if the real sequences {x, and {y, converge 
to the limits & and n, respectively. 

Proof. \fz, — ¢asn — o, then for any ¢ > 0 there exists an intege Me) > 
0 such that |z, — ¢]<eifn > Me). It follows that 


Ix, 4 “ze |Re (Z,, 4) : i. ed 4) : 


ly. — Hl = [Im (z, — 9) < Iz, * 


o 


ifn > Ne), and hence x, — &, y, > n asn — 0. 
Conversely, if x,, =f. y, 7 1 as n— ©, then for any ¢ > 0 there exists an 
integer NM(e) > 0 such that |x, §\<g, lv, —-n| <eifn > Me). It follows that 


~~ 


IZ, Cl = I(x, 4) 7 i(y,, "| xX, a < T ly’, 7| < 2 


ifn > Ne), and hence z > € as n > ©, since ¢€ is arbitrary. 
According to Theorem 1.1, convergence of a complex sequence {z,} is 


equivalent to convergence of two real sequences, 1.e., those formed from the real 
and imaginary parts of {z,}. This allows us to generalize the whole theory of real 


sequences to the case of complex sequences. For example, we have 


THEOREM 1.2 (Cauchy convergence criterion; Ml, p. 31).? The sequence 


{Z,} is convergent if and only if given any ¢ > 0, there exists an integer N(e) > 
0 such that 


lZar5 — Zal < € 
for alln > N(g) and all p > 0. 


Similarly, the familiar results concerning algebraic operations on convergent 
real sequences can be carried over without change to the case of complex 
sequences. Thus, given any two complex sequences {z,} and {z',}, suppose that 


Z, 26, 2', ~¢ as n— oo. Then 


and 


as n —> oo, where in the last formula it is assumed that z’, #0 (n = 1, 2,...) and C’ 


#0. 


Problem 1. Find the limit, if any, of each of the following sequences: 


ly I 


b) {Wn + ing”) (Iq| < 1); | @ + isin (a > 0). 


~ =i. 

9 ait 2] 

Problem 2. Prove that if {z,} converges to the limit ¢, then so does every 
subsequence {Zn 


Problem 3 (Ml, p. 35). Prove that if z, — Cas n — , then |z,| — || as n 


— oo, and moreover, if ¢ # 0 and © is any value of Arg ¢, then there is a 
sequence {®,}, where each ®, is a value of Arg z,, such that ©, — ® asn 


— oo (ignore the finite number of terms z,, which may vanish). 


Comment. This last fact is indicated by writing 


lim Arg z, = Arg €. 


n— 2 


Problem 4 (Ml, p. 34). Give an example where {z,} converges to a 
nonzero limit C, but {arg z,} fails to converge. When can we choose the 
sequence {@,} in Prob. 3 to be {arg z,}? 


Problem 5. Given a sequence {z,}, let ¢ be a nonzero complex number 
such that 


lim |Z,l = [Sl, lim Arg z, = Arg 6. 
d n—» 


Neco 


Prove that z, — Cas n — o. 


7. PROPER AND IMPROPER COMPLEX NUMBERS 


In the theory of functions of a complex variable, an important role is played 


by an “improper” complex number called infinity and denoted by the symbol «. 

In order to define this concept suitably, we first introduce a new interpretation of 

complex numbers, which comes up quite naturally in problems involving limits. 
Two convergent sequences of complex numbers {u,} and {v,} are said to be 


coterminal if they have the same limit. Let E be the set of all convergent 
sequences of complex numbers, and divide EF into all classes of coterminal 
sequences. In other words, {u,,} and {v,} belong to the same class if and only if 


{u,} and {v,} converge to the same limit. Obviously, these classes are disjoint 


and their union is FE. If the common limit of all the sequences in a given class is 
denoted by a small letter, say a, then we denote the class itself by the 
corresponding capital letter, say A, 1.e., u, — a asn— © if and only if {u,} € A. 


In this way, we establish a one-to-one correspondence 


a< A, b<> B,... (1.22) 


between the complex numbers and classes of co terminal sequences. 
If A and B are two classes of coterminal sequences, we define A + B as the 
class of all sequences of the form {u, + v,}, AB as the class of all sequences of 


the form {u,v,}, and A/B as the class of all sequences of the form {u,/v,}, where 
{ut € A, {v,} © B but are otherwise arbitrary.!° Since {u,} € A, {v,} © B, we 
have 


lim u,, = a, limv, = b 
ae = 


nx 


and hence 


: - 7 u a 
lim (u, + v,) =a b, lim u,v, = ab, lim — ==. (1.23) 


n n 
na no na UV, b 


It follows that A + B, AB and A/B are again classes of coterminal sequences. 
Moreover (1.23) implies that 


a+baoA+B, ab AB, a 
b B 


i.e., the one-to-one correspondence (1.22) is an isomorphism!' between the field 
of complex numbers and the field of coterminal sequences. In this sense, we are 
justified in identifying a and A, b and B, etc., and then every class of coterminal 
sequences is called a proper complex number. In particular the class A can be 
represented geometrically by the same point in the complex plane as that 
representing the complex number a. 

We now adjoin a single improper complex number to the set of all proper 
complex numbers (i.e., the set of all classes of coterminal sequences). This 
improper complex number, which we denote by ©, is the class of all sequences 
{z,} With the property that given any p > 0, there exists an integer ng > 0 
(depending on p and {z,}) such that |z,| > p whenever n > no. If a sequence 
belongs to the class 00, we say that {z,} converges to infinity, and we write z, — 


00 aS N — 0 OF 


lim Zz, == 60, 


noo 


The union of the set of all proper complex numbers and the improper complex 
number © is called the extended complex number system. 


Problem 1. Prove that if {u,,} and {v,} are coterminal sequences, then 


lim |u, — v,| = 0. 


—— 


Problem 2. Suppose z, — © as n — oo. What does this imply about the 
behavior of Re z,, Im z,, |z,,| and Arg z,,? 


Problem 3 (Ml, p. 79). Prove that if a is a proper complex number, then 


a)ato=aota=~, but © + is meaningless (1.e., does not lead to a class 
of coterminal sequences); 


b)a:-w=0-a=o if a #0 and moreover © - © = ow, but 0°: © is 
meaningless; 

c) a/o = 0 and «0/a = », but 00/c0 is meaningless; 

d) a/0 = 0 if a# 0, but 0/0 is meaningless. 


8. INFINITY AND STEREOGRAPHIC PROJECTION 


In order to represent the extended complex number system geometrically, it 
is convenient to use the following construction, due to Riemann. Consider a 
sphere >) of unit radius and center O, and let IT be a plane passing through O (see 
Figure 1.3). Introducing a rectangular coordinate system in the plane IT, with 
origin at O, we can represent any proper complex number z = x + iy by a point 
(x, y) in the plane IT. To associate a point on the sphere >’ with a given point P € 
II, we first draw the diameter NS of the sphere which is perpendicular to IT and 
intersects II at O. Then we draw the line segment joining one end of this 
diameter, say N, to the point P. The line segment NP (or its prolongation) 
intersects the sphere >)’ in some point P* different from WN. It is clear that this 
construction establishes a one-to-one correspondence between the points of the 
sphere 2 (except for the point N itself) and the points of the plane II. This 
mapping of the sphere into the plane (or of the plane into the sphere) is called 
stereographic projection, and the sphere >) is called the Riemann sphere. If the 
point P € II represents the complex number z, we also regard the point P* € »° 
as representing z. 


FIGURE 1.3 


To be as descriptive as possible, we use geographic terminology. Thus the 


circle in which the sphere >) intersects the plane is called the equator, the points 
N and S are called the north pole and south pole, respectively, the great circles 
going through WN and S are called meridians, and in particular, the meridian lying 
in the plane NOx is called the prime (or initial) meridian. Then it is easy to see 
that the points of the plane IT lying inside the unit circle |z| = 1 (which coincides 
with the equator) are mapped into points of the southern hemisphere (containing 
S), while the points of II lying outside the unit circle are mapped into points of 
the northern hemisphere (containing N). Similarly, the upper half-plane y > 0 is 
mapped into the eastern hemisphere (which is intersected by the positive y-axis), 
while the lower half-plane y < 0 is mapped into the western hemisphere, and so 
on. 

We now introduce spherical (or geographic) coordinates on >, 1.e., the 
latitude ~, measured from the equator and ranging from 0 to 2/2 in the northern 
hemisphere and from 0 to —2/2 in the southern hemisphere, and the longitude i, 
measured from the prime meridian (more exactly, from the point of intersection 
of the prime meridian with the positive x-axis) and ranging from 0 to a 
(including 7) in the eastern hemisphere and from 0 to —a (excluding —z) in the 
western hemisphere. As shown by Figure 1.3, under stereographic projection we 
have 


one= ; ze? > 
arg z =), \z] tan (> >) (1.24) 


and hence the point of the sphere with coordinates 1 and @ is the image fo the 
complex number 


z= tan (= a 2) (cos A+ isin dA). (1.25) 
4 2/ 


Conversely, the images on the Rimann sphere of the complex number z # 0 has 
spherical coordinates 


A = arg Zz, 9 = 2 arc tan |2| 


Nita 


Every circle y on the Riemann sphere }° which does not go through a given 
point P* € > divides >) into two parts, such that one part contains P* and the 
other does not. The part of }) containing P* (and not including y) will be called a 
neighborhood of P*. We are now in a position to introduce the concept of a 
convergent sequence of points {P,,*} on >’, 1.e., P,,* is said to be convergent, 


with Jimit P*, if any given neighborhood of P* contains all the terms of {P,,} 


starting from some value of n. We then say that {P,*} converges to P*, and 
write P,* — P* asn — © or 


. * 
lim P, = P*. 


Now consider a sequence {a,} belonging to the improper class © (see p. 20). 
Then, given any p > 0, there exists an integer ny > 0 such that the points P,, 
representing the numbers a, in the complex plane lie outside the circle |z| = p ifn 
> Mo. The corresponding points P,* of the Riemann sphere lie in the 
neighborhood of the north pole N bounded by the parallel of latitude @ whose 
projection onto the plane is the circle |z| = p, and moreover, according to the 
second of the formulas (1.24), |z| = p approaches +oo if and only if @ approaches 
n/2.!* Therefore {P,*} converges to the north pole N if and only if {a,} 


converges to 0, and in this sense, N is the geometric image of the improper 
complex number ©. 

Let >}' denote the Riemann sphere, let }’ — {N} denote >° with the single poiht 
N (the north pole) deleted, and let [| be the ordinary or finite (complex) plane. 
Then, as we have just seen, stereographic projection is a one-to-one mapping of 
> — {N} onto IT. Therefore >) — {NV} is just as suitable as I itself for representing 
the proper complex numbers. On the other hand, the presence on the sphere >) of 
the extra point N, which it is natural to regard as the image of the complex 
number ©, suggests that we think of >' as the image of an extended (complex) 
plane II U {co}, obtained by adjoining to the finite complex plane a single 
“improper” or “ideal” point, called the point at infinity and denoted by ~, the 
same symbol as used to denote the corresponding improper complex number. In 
other words, by imagining that stereographic projection has been carried out, we 
can think of the extended plane as the union of the finite plane and a single extra 
point oo, the point at infinity, which is the image under stereographic projection 
of the north pole of the Riemann sphere. By the same token, both >’ and II U 
{oo} can be regarded as representing the extended complex number system (see 
p. 20). 

Under stereographic projection, transformations of the Riemann sphere >° 
into itself correspond to transformations of the extended plane into itself. For 
example, suppose we rotate > through the angle a about the diameter of » 
directed along the x-axis. Then the northern hemisphere goes into the southern 
hemisphere, and vice versa. In particular, the north and south poles (i.e., the 
points representing oo and 0) are interchanged. Moreover, the eastern and 


western hemispheres change places, while the equator and the prime meridian 
are transformed into themselves. It follows that the given transformation of the 
sphere into itself is equivalent to the transformation 


o> —9, A> —A (1.26) 


of the spherical coordinates @, 4 of an arbitrary point of >’. 

To find the corresponding transformation of the extended plane into itself, 
we carry out the transformation (1.26) in formula (1.25). As a result, the point z 
goes into the new point 


1 


ni 
- 


t = tan (= _ 2) (cos A — isin A) 
4 2/ 


tan c + £)(cos A + isin A) 


1.e., rotation of the sphere through the angle z about the real axis corresponds to 
the transformation of the plane given by 


Xt 
Noo 


Under this transformation, the exterior of the unit circle (corresponding to the 
northern hemisphere) goes into the interior of the unit circle (corresponding to 
the southern hemisphere), and vice versa. Moreover, the upper and lower half- 
planes (corresponding to the eastern and western hemispheres) also change 
places, but, on the other hand, the unit circle (the image of the equator) and the 
real axis (the image of the prime meridian) transform into themselves. 

It is particularly important to note that under the transformation C = 1/z, the 
point at infinity and the origin of coordinates (the images of the north and south 
poles) change places, and furthermore, neighborhoods of these points change 
places. This is completely consistent with the relations 


i— 


i 
0’ co 


satisfied by the improper complex number ©. The transformation ¢ = 1/z is 
habitually used in problems involving the point at infinity, since it reduces 
problems involving » and its neighborhoods to problems involving 0 and its 
neighborhoods. 


Problem 1 (Ml, p. 81). Derive the formulas relating the rectangular 
coordinates (€, n, ¢) of the point P* € & and the rectangular coordinates (x, y, 


0) of the point P € II which corresponds to P* under stereographic 
projection. 


Problem 2 (Ml, p. 82). Use the preceding problem to show that 
stereographic projection maps circles on the Riemann sphere into circles or 
straight lines in the plane, and conversely. 


Problem 3. What is the relation satisfied by two points z, and z, which 


are the images under stereographic projection of a pair of diametrically 
opposite points of the Riemann sphere? 


Ans. 2,2, = —1. 


Problem 4. Find the images of the following curves under the 
transformation ¢ = I/z: 


a) The family of circles x* + y* = ax; 

b) The family of circles x7 + y? = bx; 

c) The family of parallel lines y = x + B; 

d) The family of lines y = kx passing through the origin. 


' In definitions, the locution “is said to be...if” will be used with the meaning 
“is...1f and only if’ (the dots indicate a missing predicate). 

* In talking about the vector Op, we have tacitly assumed that P is not the 
origin, i.e., that z # 0. If z= 0, then |z| = 0 and Arg z is indeterminate. 

> By va, where a > 0, we shall always mean the positive square root of a. 


4 See e.g., G. Birkhoff and S. MacLane, A Survey of Modern Algebra, third 
edition, The Macmillan Co., New York, (1965) p. 33. 


> See e.g., G. Birkhoff and S. MacLane, op. cit., Chaps. 2 and 4. 

© This can correspond to either stretching or shrinking (or neither, if |z5| = 1). 

7 By wa=a', where a > 0 and n is a positive integer, we shall always mean 
the unique positive nth root of a (cf. footnote 3, p. 4). 

® Not to be confused with the set whose only member is z,,. 


” The meaning of the reference “MAI, p. 31” (and similar references to M2 and 


M3) is explained in the preface. An easy proof of Theorem 1.2 is suggested in 
Sec. 9, Prob. 9. 
'0 Whenever we write unjvn or w,/v, or a/b, it is assumed that v, #0 or b £0. 
'l See e.g., G. Birkhoff and S. MacLane, op. cit., p. 31. 


2 Note the distinction between the improper real number + © and the 
improper complex number © (+00 is the class of all real sequences {a,,} with the 
prop p q n 


property that given any p > 0, there exists an integer my > 0 such that a, > p 
whenever n > np). However, we usually write oo instead of + co whenever + © is 


a “value” of a real quantity which is inherently nonnegative, or whenever the 
context precludes any possibility of confusion. 


CHAPTER 2 


LIMITS AND CONTINUITY 


9. MORE SET THEORY. THE HEINE-BOREL THEOREM 


Let E be an arbitrary set of points in the complex plane. A point ¢ (not 
necessarily in £) is said to be a limit point of the set E' if every neighborhood of ¢ 
contains infinitely many (distinct) points of EF. Obviously, a set consisting of a 
finite number of points has no limit points. A set E is said to be bounded if there 
exists a neighborhood of the point z = 0 containing all the points of EF, 1.e., if 
there exists a p > 0 such that |z| < p for all z € E; otherwise E is said to be 
unbounded. 

A set F is said to be closed if it contains all its limit points!. Sets with no 
limit points (e.g., finite sets, the empty set, the set of all positive integers) are 
also regarded as closed. The reason for this is apparent from the following 
negative form of the definition of a closed set: A set F is said to be closed if no 
point which is not a member of F' can be a limit point of F. A set F which is both 
closed and bounded is said to be compact. 


Example 1. Any finite set is compact. 


Example 2. The set of all points in the plane and the set of all positive 
integers are closed, but not compact. 


Example 3. The set F of all points belonging to a given straight line is 
closed, since any point zy ¢ F has a neighborhood consisting entirely of points 


not in F' and hence zy cannot be a limit point of F’. However, F is unbounded and 
hence not compact. 


Example 4. The set F of all points belonging to a given circle is closed, for 
the same reason as given in Example 3. Moreover, F is obviously bounded and 
hence compact. 


By an interior point of a set E, we mean a point of E which has a 
neighborhood contained in EF. A set O is said to be open if all its points are 


interior points.* The empty set is regarded as open. 
Example 1. Any neighborhood .4(z) is open. 
Example 2. The set of all points in the plane is open. 


Example 3. The set of all points which do not belong to a given finite family 
of lines or circles is open. 
A key proposition of set theory is 


THEOREM 2.1 (Heine-Borel theorem). Let F be a compact set, and suppose 


a neighborhood A(z) is associated with each point z € F° Then there exists a 
finite number of points Z)..., Z,, in F such that 


FC WN(z) Us+* UN (zy), 


i.e., F can be covered by a finite number of neighborhoods A(z). 


Proof. Let Qg be a square with sides parallel to the coordinate axes and 
with center at the origin, which contains the set F' (see Figure 2.1). 


FIGURE 2.1 


Suppose the theorem is false, i.e., suppose F cannot be covered by a finite 
number of neighborhoods .f(z). The coordinate axes divide Qp into four 
squares, and correspondingly, the set F' is divided into four subsets, 1.e., the 
intersections of F' with each of these squares. At least one of the four subsets of 
F cannot be covered by a finite number of neighborhoods .#’(z). Let QO, be the 


square containing this subset. Similarly, dividing Q, into four congruent 
subsquares, we can find a new square, say Q,, whose intersection with F cannot 


be covered by a finite number of neighborhoods .#(z). Continuing this 
construction, we arrive at a sequence of squares 


> A> >°::>0,°::, 


each strictly including the next, such that O,, F cannot be covered by a finite 


number of neighborhoods. The projections of these squares onto the x and y- 
axes, respectively, form two “nested” sequences of closed intervals 


Xy> X27 X%>7°°: > X>°*:,; 


Y,> Y,> ) i | — 


where each of the intervals X,, 1s twice as long as the next, and similarly for the 


intervals Y,,. As is familiar from elementary analysis,* there is a unique point € in 
all the intervals X,, and a unique point n in all the intervals Y,,. Hence there is a 
unique point ¢ = € + in in all the squares Q, (n = 0, 1, 2,...). Every Q, contains 
an infinite number of points of F, for otherwise we could immediately find a 
trivial finite covering of QO, M F. Therefore ¢ must be a limit point of F’, since 
any neighborhood of ¢ contains all the squares Q,, starting from some value of n, 


and hence contains infinitely many points of F. Since F' is closed, ¢ must belong 
to F, and hence there is a neighborhood containing ¢ in the original set of 
neighborhoods, 1.e., .4/(¢). But as just noted, starting from some value of n we 
have O,, C #(C) and hence O,N FC W(C) Le., 0, F is covered by the single 


neighborhood .7(C), contrary to hypothesis. This contradiction proves the 
theorem. 


Remark. Obviously, the theorem remains true if f(z) is replaced by any 
neighborhood containing z (not necessarily one with z as its center), or more 
generally by any open set containing z. 


The next theorem, of importance in its own right, illustrates the use of the 
Heine-Borel theorem: 
THEOREM 2.2 (Bolzano-Weierstrass theorem). Every bounded infinite set 
E has at least one limit point. 


Proof. Let F be a compact set containing FE. Consider the set of all 
neighborhoods containing only finitely many points of F. Every point of F 


which is not a limit point of E has such a neighborhood. Therefore, if F' does 
not contain a limit point of EF, F can be covered by a family of neighborhoods, 
each containing only a finite number of points of E, and hence, by the Heine- 
Borel theorem, F' can be covered by a finite number of such neighborhoods. 
But then F contains only finitely many points of FE, and hence F is finite since 
E C F. This contradiction shows that F must contain a limit point of E, 
thereby proving the theorem. 


Next let E be a nonempty set, and let z be any point in the complex plane. By 
the distance between z and E, we mean the quantity 


oz, E) = inf |z — z’|, (2.1) 
2‘eE 


i.e., the greatest lower bound (denoted by the symbol inf) of the distances 
between z and all the points of E. If p(z, E) > 0, then obviously z cannot belong 
to FE, but if p(z, £) = 0, z may or may not belong to E. In the latter case, E 
contains points arbitrarily close to z, 1.e., z is a limit point of FE. Since a closed set 
contains all its limit points, we have proved 


THEOREM 2.3. Jf E is a closed set and z is a point not in E, then p(z, E) > 
0. 


Now let D and E be two nonempty sets. By the distance between D and E we 
mean the quantity 


eo D, E) = inf |z — z’|, (2.2) 
vee 

i. e., the greatest lower bound of the distances between all pairs of points z and z 
’, with z € D, z' € E. If D consists of a single point z, then (2.2) reduces to (2.1). 
Moreover, it is obvious that p(D, FE) = p(£, D). If p(D, FE) > 0, then D and E' must 
be disjoint, but if p(D, £) = 0, D and E may or may not have a point in common. 
In the latter case, there are pairs of points z and z’, with z € D, z' € E, such that |z 
— z'| is arbitrarily small. Clearly, this is possible when one of the sets is not 
closed,” but it is even possible when D and E are both closed. For example, let D 
consist of the points belonging to a hyperbola, and let F consist of the points 
belonging to the asymptotes of the hyperbola. In this case, D and E are both 
closed and D M E = 0, but p(D, F) = 0. Actually, the appropriate generalization 
of Theorem 2.3 is another easy consequence of the Heine-Borel theorem: 


THEOREM 2.4. If D and E are two disjoint closed sets, and if one of the 
sets, say D, is bounded, then p(D, E) > 0. 


Proof. If z € D, then z ¢ E and hence p(z, E) > 0, by Theorem 2.3. With 
each point z € D we associate the “half-size” neighborhood .4’(z; $p(z, £)). 
According to Theorem 2.1, since D is compact, there exists a finite number of 
points z),..., Z, in D such that 


Dc MN (24; tp.) Us UNM (z,; te,), (2.3) 
where Pp, — p(Z,, 2) one Pn — PZ,» E). Let 


where min (pj,..., P,,) denotes any of the numbers p),..., p,, which does not 


exceed the others. Consider any point z € D. According to (2.3), z belongs to 
some neighborhood .j(z;; $p;,), 1 < & <n, and since (z;5 p;) contains no 


points of E, if z' is any point of E we have 
Iz—2z'| > ty > 8. 
Therefore 


o( D, E) = inf |z — z’| > §>0, 
sD 
eE 


as asserted. 


Relative to any open set O, all the points of the plane fall into one of the 


following three categories: 


1. Points which belong to O, called interior points of O; 

2. Points which do not belong to O and are limit points of O, called 
boundary points of O; 

3. Points which do not belong to O and are not limit points of O, called 
exterior points of O. 


The set of all boundary points of O is called the boundary of O. By the closure O 


of an open set O, we mean the union of O and its boundary. These concepts are 
all easily generalized to the case of arbitrary sets (see MI, pp. 75-76), but the 
present definitions are enough for our purposes. 


Problem 1. Find the limit points of the set of all points z such that 


n 
n-+ 1 


a) z=1+(-1) 2 ow ey ee | 


l i 
b)z=—+- (mn +1, +2,...); 
mon 
7 == e 4 @ = + Bs ° 
c) z = = (m, n, p,q +1, +2,...); 
d) |z| <1. 


Problem 2. Given an arbitrary set E, a point z € E is said to be isolated if z 
is not a limit point of £, 1.e., if there is a neighborhood of z containing no 
point of F other than z itself. Prove that the set of all isolated points of EF is 
countable (see Sec. 5, Prob. 2). 


Problem 3. Prove that 
a) A set is closed if and only if its complement is open; 
b) A set is open if and only if its complement is closed. 


Problem 4. Prove that 
a) The intersection of an arbitrary number of closed sets is closed; 
b) The union of a finite number of closed sets is closed. 


Problem 5. Prove that 
a) The union of an arbitrary number of open sets is open; 
b) The intersection of a finite number of open sets is open. 


Problem 6. Give examples showing why the word “finite” is needed in 
Probs. 4b and 5b. 


Problem 7. Let E be an unbounded infinite set. Defining a limit point at oo 
in the obvious way, prove that E has at least one limit point in the extended 
plane. 


Problem 8. (Ml, pp. 43-44). Prove that ¢ is a limit point of a set F if and 
only if there exists a sequence {z,} of distinct points of £ converging to ¢. In 
particular, prove that every bounded infinite set contains a convergent 
sequence consisting of distinct points of E. 


Problem 9. Use the Bolzano-Weierstrass theorem (Theorem 2.2) to prove 
the Cauchy convergence criterion (Theorem 1.2). 


Problem 10. Let O be an open set. Prove that 
a) The boundary of O is closed; 
b) O is closed; 


c) If O has an exterior point, it has infinitely many exterior points; 
d) If O has an exterior point, it has infinitely many boundary points. 


Hint. Concerning d, see MI, p. 66. 


10. THE LIMIT OF A FUNCTION AT A POINT 


Let E be an infinite set, let f(z) be a complex function defined on £, and let zp 


(4 ©) be a limit point of E. Suppose that given any ¢ > 0, there exists a number 6 
= 0(€) > 0 such that 


lfZ—Al<e (A#o) (2.4) 
whenever 


lz—z|/<8 (ze E, z $+ 2) 


(here A is a fixed complex number). Then f(z) is said to have the limit A at the 
point Zo (relative to the set £), and we write 


lim f(z) = A, 
z~te 
26E 


or simply® 
lim f(z) = A (2.5) 


in cases where the exact nature of E does not matter (or is known from the 
context). 


Remark. Our definition of the limit of a function of a complex variable 
includes as a special case the familiar definition of the limit of a real function of 
one or two real variables. In fact, if f(z) is real, we can write 


S(z) =f + iy) = ut, y), 


where u takes only real values. Let z) = xg + ivp, and suppose that 


lim f(z) = A. 


z—~Z0 


Then, given any ¢ > 0, there exists a 6(¢) > 0 such that 


\f(z) — Al = lux, y) — Al <e (2.6) 
Whenever 
0 < [2 — 2g = V(x — x9)* +  — ye)? < (0). 
But (2.6) holds whenever 
0< |x— x1 < d(e), O< ly — yl < 8), 
where 8’(c) = 3(e)/V2, and this is precisely what is meant by writing 


lim u(x, y) = A. 
z~Ze 
y"ve 


THEOREM 2.5. A necessary and sufficient condition for 


lim f(z) = A,* 
where 
f(z) _ u(x, y) + iv(x, y), A =a +- ib, 
is that 
lim u(x, y) = a, lim v(x, y) = b. 
¥~¥0 pan, 


Proof. Use the above remark and the same argument as in the proof of 
Theorem 1.1. 


It follows from Theorem 2.5 that the results concerning algebraic operations 
on limits of real functions (familiar from elementary calculus) carry over to the 
case of functions of a complex variable. Thus, if 


lim f(z) = A, lim g(z) = B, 


z~*Z0 


then 


lim [f(z) + g(z)]} = A + B, 


z~Zo 


lim f(z)g(z) = AB, (2.7) 
limL ae , 
2% g(z) B 


where in the last formula it is assumed that B + 0. 

The concept of a limit at infinity is introduced in the natural way. Thus if f(z) 
is defined on a set EF with the point at infinity as a limit point and if given any ¢ > 
0, there exists a number p = p(¢) > 0 such that (2.4) holds whenever 


lz| > (ze E, z+ ow), 
then f(z) is said to have the limit A at the point ~ (relative to the set F), and we 
write 
lim f(z) = A orsimply lim f(z) = A. 
an s~& 


Similarly, we can drop the requirement that the limit A be finite. Thus if f(z) is 
defined on a set E with zp as a limit point (where zy may be finite or infinite) and 


if given any M > 0, there exists a neighborhood .#(zp) [of the form |z — zp| < 6 or 
|z| > p, depending on whether Zp is finite or infinite] such that 


f(z)| > M 
whenever 


ze N (Zz) (ze E, z + 2), 


then f(z) is said to have the limit © at the point 2g (relative to the set E), and we 
write 
lim f(z) = © orsimply lim f(z) = o, 
“E —_ 
Remark. In the case where A = 0%, we must be careful in applying the rules 


(2.7), since the expressions 0 + 00, 0 - © and oo/oo are meaningless (see Sec. 7, 
Prob. 3). 


Problem 1. Summarize all the above definitions of the limit of a function 
at a point in a single general definition. 


Hint. Consider a neighborhood of the limit A, as well as a neighborhood of 
the point Zp. 

Problem 2 (MI, pp. 44-45). Prove that f(z) — A as z — Zp if and only if 
the sequence {/(z,)} converges to A for every sequence {z,} converging to Zo. 


Problem 3. Give an example of a function f(z) which has a limit A at a 
point Zp relative to every straight line passing through Zo, but not relative to a 


neighborhood of Zp. 


11. CONTINUOUS FUNCTIONS 


Next we introduce the concept of continuity for functions of a complex 
variable. Let f(z) be a function defined on a set F, and let z) € E be a (finite or 


infinite) limit point of FE. Then the function f(z) is said to be continuous at the 
point Zy if f(zo) # © and 


lim f(z) = f (29). (2.8) 


If z) € E is not a limit point of £, then f(z) is automatically regarded as 
continuous at zy. A function which is continuous at every point of a set E is said 
to be continuous on E.’ Since, when f(z) takes only real values, our definition of 


a limit reduces to the definition familiar from elementary calculus, the same is 
true of our definition of continuity. In fact, according to Theorem 2.5, if 


J (z) = u(x, y) + iv(x, y), 
we can replace (2.8) by the two equivalent relations 


lim u(x, y) = u(Xo, Vo), lim v(x, y) = v(Xo, Vo), 
z—~ze z"2 
vy" vo vy~vo 


where z = x + iy, Z) = Xo + iyo. In other words, the complex function f(z) is 
continuous at the point Z) = X9 + iyo 1f and only if the real and imaginary parts of 
fiz), regarded as functions of the two real variables x and y, are continuous at the 
point (Xo, Vo). 

The following properties of continuous functions of a complex variable are 
immediate consequences of our definition of continuity: 


1. If f(z) and g(z) are continuous at the point z) € E, then p class="img"> 


f(z) + az), fez), L2 
g(z) 


are also continuous at zy [in the last case, it is assumed that g(Z,) # 0]. 

2. Suppose the function f(z) with domain E and range ¢ is continuous at the 
point z) € E, and suppose & is an infinite set with wo = f{zp) as a limit 
point. Moreover, suppose the function g(w) has domain ¢ and is 
continuous at the point wo € &. Then the composite function 


eLf(z)] 


is continuous at the point zg (supply the details). 


THEOREM 2.6. Let F be a compact set, and let f(z) be a continuous 
function on F. Then the set fF) is compact, i.e., the continuous image of a 
compact set is compact. 


Proof First we prove that # = /(F) is bounded. Since f(z) is continuous on 
F, given any ¢ > 0, we can associate a neighborhood .f(z) with each z € F 
such that 


f(z) —f(z)i <e 
whenever z’ € .#/(z) M F. In other words, 
fl2)eENUEO; 2) 


whenever z’ € #/(z) 1 F. According to Theorem 2.1, there exists a finite 
number of points z1,..., z,, in F’ such that 


Fo WN (f(z); 6) Us» UNM (S(z,); ©), 
and hence 
F oN (f(z); 6) Us» UNM (S(2,); ©), 


i.e., # can be covered by a finite number of neighborhoods and hence is 
bounded. 

Next we prove that # is closed. Let w be a limit point of #. Then, 
according to Sec. 9, Prob. 8, there is a sequence {w,} of distinct points of # 


converging to w. For each n, let z, be a point in F such that f(z,) = w,, and 


consider the sequence {z,'. Since {z,} is bounded® (being a subset of the 
compact set F’), {z,} has at least one limit point C, according to Theorem 2.2, 
and since F' is closed, ¢ must belong to F. By Sec. 9, Prob. 8 again, {z,} 
contains a subsequence {z;, } converging to ¢ € F. Moreover, since f(z) is 
continuous on F' (and hence at €), 

lim f(z,,) = £(0) (2.9) 
(see Sec. 10, Prob. 2). On the other hand, {/(z;, )} is a subsequence of {w,}, 
and hence itself converges to « (see Sec. 6, Prob. 2): 


lim f(z,,) = ©. (2.10) 


It follows by comparing (2.9) and (2.10) that # = f(C), i.e., that € # and 
# 1s Closed, as asserted. 


CoROLLARY. Let F be a compact set, and let f(z) be a continuous function 
on F: Then there exists a constant M > 0) such that 


lf@)| < M 
for allz € F,ie., f(z) is bounded on F’. 
Remark. If f(z) is continuous on F, so 1s |f(z)|, since 
IP@I — fol] < f(z) — feo)! 


[cf. 1.10]. 


THEOREM 2.7. Let F be a compact set, and let f(z) be a continuous 
function on F. Then there exist points Z, Zy in F such that 


Iflzol < If@| < |f(Zo)| 


for all z € F, i.e., \{z)| achieves its greatest lower bound and its least upper 
bound on F.'° 


Proof Since |f(z)| is continuous on F, the set # of all real numbers 
w = | f(z)I, zeEF 


is compact, according to Theorem 2.6. Let m and M be the greatest lower 


bound and the least upper bound, respectively, of # (these exist since # is 
bounded). By the very definition of m, given any ¢ > 0, the neighborhood 7 
(m; €) contains at least one point of # (which may be m itself). Therefore m 
is either already known to be in #, or else m is a limit point of # and hence 
an element of # (since ¥# is closed). By a similar argument, M € ¢#. In 
other words, there exist points zp, Zp) in F’ such that 


I (Zo) m, (Zo) = M. 


THEOREM 2.8. Let F be a compact set, and let f(z) be a continuous 
function on F- Then, given any ¢ > 0, there exists a number 6 = 0(¢) > 0 such 
that 


If@) —f@1<e 


or every pair of points z, z' in F such that 
v~P P 


Cy 
tN 
oS 


(2.11) 
i.e., fz) is uniformly continuous on F. 


Proof. The important point here is that one choice of 6(¢) suffices for all z, 
z' € F. Since f(z) is continuous on F, given any ¢ > 0, we can associate a 
neighborhood f(z; 6(z)) with each z € F such that 


f(z) — f(z’)| < te 


whenever z’ € .4’(z; 6(z)). Now consider the set of “half-size” neighborhoods 
MN(z; 40(z)), z © F. According to Theorem 2.1, there exists a finite number of 
points zZ),..., Z, in F such that 

Fo W(z,; 38) U--- U W(z,; 438,), (2.12) 


where 0, = 0(Z}),..., 0, = O(z,). Then a suitable 6 for use in the inequality 
(2.11) is given by 


To see this, let z and z' be any two points in F such that |z — z’| < 6. According 
to (2.12), z belongs to some neighborhood .(z;; 4$0;), 1 <A <n, and hence 


If) — fll < te, 


since obviously (z;; 460,) C AW(z;5 6,). Moreover, z' belongs to W(z;5 6;), 


since 


lz’ — z| = [(z’ — z) + (Z — %)| < Iz’ — 2) + lz — %| < 3 + 48, < 8, 
It follows that 
f(z’) — f(z)| < de, 
and hence 


f(z) —f2) = |IV@ —faN + Ved — fe 
< If — fl + \f@) — fel < «, 


as required. 


Finally, we relax the requirement that f(z,)) be finite in (2.8). Again let E be 
an infinite set and let z) € F be a (finite or infinite) limit point of £, but this time 
suppose f(z9) = 0%. Then we say that f(z) 1s wide-sense continuous at Zg if 


lim f(z) = ©. 


sa 


A function which is continuous or wide-sense continuous at every point of a set 
E is said to be wide-sense continuous on E. 


Example. The function 


if 230,23 oc, 
aes a ee 
oO if z=0 


is wide-sense continuous in the extended plane. In particular, 


lim f(z) = 0 = f(«), lim f(z) = 0 = f(0). 


aD 


Problem 1. Let K be the open unit disk |z| < 1. Are the functions 


continuous on K, and if so, are they uniformly continuous on K? 


Problem 2. The functions 


Rez 4 Rez® zRez 


. 


2| lzi” iz” fi 


are all defined for z # 0. Which of them can be defined at the point z = 0 in 
such a way that the extended functions are continuous at z = 0? 


zRez 


Ans. Only f(z) = ,fO) = 0. 


[2 


Problem 3. Which, if any, of the theorems of this section generalize to the 
case of wide-sense continuous functions? 


Problem 4. (M1, p. 53). Let p(z, E) be the same as in (2.1). Prove that if EF 
is a compact set and z is an arbitrary point, then there exists a point ¢ in EF such 
that p(z, F) = |z- ¢. 

Problem 5 (M1, p. 53). Let p(D, E) be the same as in (2.2). Prove that if D 
and F are disjoint compact sets, then there exists a pair of points z, and z,, 
with z, € D, z, € E, such that p(D, £) = |z, — z,|. 


Problem 6. Prove that in the preceding two problems, F need only be 
closed. 


12. CURVES AND DOMAINS 


Let z = f(t) be a complex function of a real variable ¢, defined and continuous 
in a closed interval a <t <b. Then z = f(2) is said to define a (continuous) curve 
L. The values of the function are called the points of the curve, and the set of 
points in the curve, 1.e., the range of (4), is often referred to simply as the curve 
(when no ambiguity can arise). In particular, the points z) = f(a) and z,; = f(b) are 
called the initial and final points of the curve, respectively, and zp, z, are called 


the end points of the curve. The initial and final points of a curve may coincide, 
in which case the curve is said to be closed (not to be confused with the concept 
of a closed set). The real variable ¢ is called the parameter of the curve, and the 
equation z = f(t), mapping the values of the parameter onto the points of the 
curve, is called the (parametric) equation of the curve. 


Remark. We can also think of Z as an oriented curve, in the sense that a point 


z' = f(t') € L is regarded as distinct from a point z” = f(t") € Lif t’ # t” and as 
preceding z" if t' < t”. The oriented curve L is then said to be “traversed in the 
direction of increasing f¢.” It will always be clear from the context whether L is a 
curve in the set-theoretic sense, i.e., the continuous image of a closed interval, or 
an oriented curve as just described. 


Two curves L and L’ with equations z = f(t),a<t<bandz=(t),a<t<B, 
respectively, are regarded as identical (except possibly for direction) if the 
equation of one curve can be transformed into the equation of the other by means 
of a continuous strictly monotonic change of parameter, i.e., if there exists a 
continuous strictly monotonic function t = a(t), a < t < b (see Prob. 1) such that 
the function @[a(A)] coincides with f(A) on the interval [a, b].!' Then we say that 
the two curves have the same direction if the function a(f) is increasing, or 
opposite directions if a(t) is decreasing. In the latter case, the initial point of L is 
the same as the final point of L’, and vice versa. The curve differing from Z only 
by the direction in which it is traversed will be denoted by —L. 

If the same point z corresponds to more than one parameter value in the half- 
open interval a < t < b we say that z is a multiple point of the curve z= f(t), a <t 
<b. A curve with no multiple points is called a Jordan curve. It is to allow for 
the possibility of closed Jordan curves, i.e., Jordan curves whose end points 
coincide, that we consider parameter values in the half-open interval a <t< b. 


Example 1. The functions 


z=, z=f, z=2l-t O<t< 1) (2.13) 


all define the same continuous curve (except for direction), corresponding to the 
segment of the real axis lying between the points z = 0 and z = 1. The first and 
second representations of the curve have the same direction (with initial point z 
= 0 and final point z = 1), but the third representation has the opposite direction 
(with initial point z = 1 and final point z = 0). Obviously, the curve (2.13) has no 
multiple points and hence is a Jordan curve. Since its initial and final points do 
not coincide, (2.13) is not a closed Jordan curve. 


Example 2. The functions 


z=f, z= sin xt (0<1t< l) (2.14) 


define different continuous curves L and L’, since there is no continuous strictly 
monotonic change of parameter carrying one of these curves into the other. In 
fact, such a transformation would have to carry the monotonic function f(‘) = ¢ 


into another monotonic function, but the function (7?) = sin mt is not monotonic 
in the interval [0, 1]. We note that although the two curves (2.14) are different, 
they consist of the same set of points, i.e., the points in the interval [0, 1]. 
Therefore the fact that two continuous curves consist of the same points is not a 
sufficient condition (but is obviously a necessary condition) for the curves to be 
identical. We also note the following facts: 


1. The curve z = t is a Jordan curve, but not a closed curve; 
2. The curve z = sin zt is not a Jordan curve, since it has multiple points 


sin mf = sin x(1 t) (0O<1t< }); 


3. The curve z = sin zt is a closed curve, since its initial and final points 
coincide, 1.e., sinz:0=sinz:1=0. 


Example 3. Let A,,..., A, be a family of (straight) line segments in the plane, 
with definite directions, such that the final point of each segment A, (k < n) 
coincides with the initial point of the next segment A;,,. Let aj,..., a, be the 
complex numbers represented by the vectors Aj,..., A,, respectively, and let zg 
be the initial point of the segment A, Then with the given family of segments we 
can associate the following continuous curve, defined on the interval 0 <t<n: 


Z=Zt+a,+°*'+4,_,+4,(t —k + 1) (K-1l<tckjk =l,...,n). 


A curve of this type is called a polygonal curve, with segments A),..., A,. 


Whether or not a polygonal curve is closed depends on whether or not the final 
point of A, coincides with the initial point of A,. A polygonal curve is a Jordan 


curve if and only if it does not intersect itself, which means that its segments 
have no points in common except those permitted by the construction, 1.e., the 
final point of A, (k < n) coincides with the initial point of A;,,,, and the final 


point of A, may coincide with the initial point of A, (if the curve is closed). 


Example.4 The circle 


Z = Z9 + r(cos ¢ + isin f) (0 < t < 2n), 
with center zp and radius r, is a closed Jordan curve. 


A set E is said to be (arcwise) connected if every pair of points z, z’ € E can 


be joined by a continuous curve consisting only of points of £, with one of the 
points z, z’ as its initial point and the other as its final point. A nonempty open 
connected set G is called a domain'?. If G is a domain, the set G (the closure of 
G) is called a closed domain. For example, the open disk |z — Z| < p is a domain, 


and the closed disk |z — zp| < p is a closed domain. Each of these domains has the 
circle |z — Zp| = p as its boundary. 

Let O be any nonempty open set, and let z) be any point of O. By the 
(connected) component of O containing the point z), we mean the set CS (Zo) of 
all points in O which can be joined to zg by a continuous curve contained in O. 


THEOREM 2.9. Every component 6"(zo) of a nonempty open set O is a 
domain. 


Proof. YG (Zo) is nonempty, since it contains zy and some neighborhood 
of Zo. YG (Zo) is open, since if z, can be joined to zy by a continuous curve L C 
O, then any point z in a neighborhood .f(z,) of z,; such that 4”(z,) C O can be 
joined to z) by a continuous curve contained in O, 1.e., the union of L and the 
line segment with end points z and z, Finally, (zo) is connected, by 
definition. 


Given a closed set F, let F° be its complement. Noting that F° is open (see 
Sec. 9, Prob. 3) we consider the connected components of F°. For example, if F 
consists of the points belonging to the two infinite families of lines x = 0, +1, +2, 
..and y = 0, +1, +2,...parallel to the coordinate axes, F° has infinitely many 
components, 1.e., all open squares of the form 


m<x<m+i, n<y<n+l (m, n = 0, +1, +2,...). 


However, if F is a closed Jordan curve, F© can only have two components, as 
shown by the following basic result: 


THEOREM 2.10 (Jordan curve theorem).'!> The complement y° of any 
closed Jordan curve y has exactly two components, with y as their common 
boundary. One of these components I(y), called the interior of y, is bounded, 
and the other component E(y), called the exterior of y, is unbounded. 


Example. The interior of the circle |z — zo| = p is the disk |z — zo| < p!*, and 
the exterior is the set of points z satisfying |z — zo| > p. 


A domain G is said to be simply connected if whenever G contains a closed 
Jordan curve y, G also contains /(y). Otherwise G is said to be multiply 
connected. 


Example 1. The interior of any circle is a simply connected domain, while 
the set of points lying between two concentric circles (called an annulus) 1s a 
multiply connected domain. 


Example 2. The whole plane is simply connected, and so are the domains a, 
b, c, and d shown in Figure 2.2, 1.e., the half-plane, the wedge, the strip and the 
half-strip. 


FIGURE 2.2 


Example 3. The exterior of a circle is multiply connected. 


Problem 1. A real function A(t) defined on a subset E of the real line is said 
to be increasing (or nondecreasing) on E if for every pair of points ¢’ and ¢” in 
E, t' < t" implies A((’) < A(t"). If’ < ¢” implies A(t’) < A(t"), then A(2) is said to 
be strictly increasing on E. Decreasing (or nonincreasing) functions and 
strictly decreasing functions are defined similarly by writing A(t’) = A(t") 
instead of A(t’) < A(t") and A(t’) > A(t”) instead of A(t’) < A(t"). A function is said 
to be (strictly) monotonic on E if it is (strictly) increasing or (strictly) 
decreasing on E. 

Prove that if A(t) is monotonic in an interval [a, b], then A(t) has a left- 
hand limit A(¢)—) and a right-hand limit A(fp+) at every point fg €; (a, b), and 


lg ) Ss Mfg) “. Mf t ) 
Moreover, prove that A(a+) and A(b-) exist, and 
Ma) < Mat), Mb—) <b). 


Problem 2. A complex function z = f(t) defined and wide-sense continuous 
in an interval [a, b] possibly infinite, is said to define an unbounded curve if 
JKto) = © for at least one ft) € [a, b]. Jordan curves and closed Jordan curves 


are defined in the same way as for ordinary curves. Which of the following 
unbounded curves are Jordan curves: 
a) The straight line 


z = (at + 8) + (yt + 8) (a? + y2 40; —w <1 < +0); 
b) The parabola 
z =(ar? + Bt +y) + i(3¢ + ©) (2,8 #0; —-0o <t< +); 
c) The hyperbola 
a(1 + 7) + 2i6¢ 
20 (4,8 #0; -—w <t < +0)? 


1 —#? 
Visualize these curves on the Riemann sphere. 
Ans. The straight line and parabola are closed Jordan curves. The hyperbola 
is not a Jordan curve (© is a multiple point corresponding to t = +1). 


Problem 3. A set E is said to be convex if whenever F contains two points 
z, and Z>, E also contains the line segment joining z, and z,. Prove that every 
convex set is connected. 


Problem 4. Is the set of points z such that 0 < |z| < 1 a domain? 


Problem 5. Give an example of a domain G such that G and G have 
different boundaries. 


Problem 6 (M1, p. 68). Prove that any two points of a domain G can be 
joined by a Jordan curve contained in G, which can always be chosen to be a 
polygonal curve. 


Problem 7 (M1, p. 65). Prove that every nonempty open set O is the union 
of countably many disjoint domains, i.e., the connected components of O. 


Problem 8. Let E be the set consisting of all points of the upper half-plane 
Im z > 0 which do not lie on the family of line segments 


+ it (O<t<ljn = +I, +2,...). 


What is the boundary of E? Is E a domain, and if so, is E simply connected? 


Problem 9. Let G be a domain in the extended plane, 1.e., the image under 


stereographic projection of an open connected set on the Riemann sphere (G is 
now allowed to contain the point at infinity). Then G is said to be simply 
connected if whenever G contains a closed Jordan curve, G also contains 
either /(y) or E(y)!°. Discuss Examples 1, 2 and 3, p. 41 from the standpoint of 
this new definition. 


Ans. The exterior of a circle is now simply connected. 


Comment. Whenever we have in mind domains of this type, the phrase “in 
the extended plane” will be included. 


' A closed set is often denoted by the letter F (from the French ferme). 
* An open set is often denoted by the letter O (from the French ouvert). 


> The set of neighborhoods .4/(z), z € F is in general uncountable (see Sec. 
5, Prob. 2). 


4 See eg., K. Knopp, Infinite Sequences and Series (translated by F. 
Bagemihl), Dover Publications, Inc., New York (1956), p. 39. 


>If D is not closed, let E consist of the limit points of D which do not belong 
to D. Then DM E=0 and p(D, FE) = 0. 


° Instead of (2.5), we sometimes write f(z) > A as z — Zp. 
7 A property is said to hold “on” a set of points E if it holds “at all points of” 


E, but when talking about intervals, neighborhoods, planes or half-planes, the 
word “in” is usually preferred to “on.” 


8 A sequence is said to be bounded if the set consisting of its (distinct) terms 
is bounded. 


° Equivalently, a function f(z) is said to be bounded on a set E if f(E) is a 
bounded set. 


10 An equivalent version of Theorem 2.7 is the following: Let F be a 
compact set, and let f(z) be a continuous function on F: Then there exist points Zo, 


Zo in F such that 


| f(ze)| = min |f(z)|, | f(Z,)| = max | f(z). 
sePF oer 


[The right-hand sides of these formulas denote the minimum and maximum 
values taken by |f(z)| at a point of F.] 

'l By [a, b] we mean the closed interval a < t < b, and by (a, b) the open 
interval a <t<b. Similarly [a, b) and (a, b] denote the half-open intervals a < t < 


b and a<t<b, respectively. 

2 A domain is often denoted by the letter G (from the German Gebie?). 

'5 The proof of Theorem 2.10 is beyond the scope of this book, but can be 
found in many textbooks on topology. See e.g. P. S. Aleksandrov, 
Combinatorial Topology, Vol. 1 (translated by H. Komm), Graylock Press, 
Rochester, N.Y. (1956), Chap. 2. 

'4 Note the distinction between a circle and a disk. 

'S This is the natural definition on the Riemann sphere, where the “inside” 
and “outside” domains are not distinguishable. Note that E(y) must now be 
regarded as containing the point at infinity. 


CHAPTER 3 


DIFFERENTIATION ANALYTIC FUNCTIONS 


13. DERIVATIVES. RULES FOR DIFFERENTIATING 
COMPLEX FUNCTIONS 


Let f(z) be a function of a complex variable which is defined and single-valued 
on a set E, and let z) be any point of & which is a limit point of £. Then the 


difference quotient 


fe) — {G9 (3.1) 


is a function of z defined for any point z # zy of the set £. The limit of (3.1) as z 
— Zo, Z € E, provided it exists, is called the derivative of the function f(z) at the 
point Zp relative to the set E, denoted by /’-(Zp) or simply (zo), and the function 
f(z) itself is said to be differentiable at the point zg relative to the set E. 


In the special case where F is an interval (finite or infinite) of the real axis, 
fiz)is a function of the real variable z = x and takes values which are in general 
complex: 


S (2) =F) = Gx) + EY(>). 


If w(x) = 0,if the values of f(z) are real, our definitions of a derivative and of 
differentiability reduce to the usual definitions given in elementary calculus. 
However, if w(x) 4 0, then, writing 


I(x) — F(X») (x) — (Xo) ra (x) — W(X) 


X — Xq X — Xe X — Xp 


we conclude that f(x) exists if and only if the derivatives (x) and w'(x9) exist, 
and that 


a (Xo) = 9'(%—) + i’(x9) 


(see Sec. 10). For example, if 


I(x) = acos x + ib sin x 


(where x is any real number), then 


f'(x) = —asin x + ib cos x. 


Introducing the notation Az = z — Zg for the increment of the independent 
variable and A;f(z) = f(z) — (Zp) for the increment of the function f(z) (relative to 
the set EF), we have the following necessary and sufficient condition for 
differentiability: 

THEOREM 3.1.The function f(z) is differentiable at the point zp) € E (relative 
to the set E) if and only if f(z) can be written in the form 


Anf(z) = A Az + e(z, Zz) Az, (3.2) 
where &(z, Z)) — 0 as Az—0 (z € E) and A is a constant independent of Az 
and &. 


Proof. \f f(z) has a derivative f"(Zp) at Zp, then, by definition 


Arf(z 
an) = fiz) + (2, 29), (3.3) 


where &(z, Z)) — 0 as Az — 0. Multiplying (3.3) by Az, we find that Ajf (z) 
can be written in the form (3.2) with A = f’; (zo). Conversely, if A,f{z) can be 


written in the form (3.2), then dividing by Az and taking the limit as Az — 0, 
we find that /’-(zo) exists and equals A. 


Remark. It is an immediate consequence of (3.2) that if f(z) is differentiable 
at the point zp € E, it is also continuous at zo.! 


By the differential of a function f(z) which is differentiable at the point zp € 
E, we mean the principal linear part of the increment A;,/(z), 1-e., the quantity 


d pf (29) = SpAZ) Az = fiz) dz, (3.4) 

where, as in elementary calculus, we set dz = Az (see Prob. 1). We can then write 
; def (z 

fulzs) = “EE (3.5) 


For simplicity, we usually omit the subscript FE in expressions like (3.2) through 


(3.5), unless we want to emphasize the role of the set E. 


Example. To clarify the role of the set E relative to which the derivative is 
taken, let E be the real axis and consider the function 


S(2) =f) =x. (3.6) 


Obviously, the derivative /’,(z) exists for all z = x € E, since 


f(z) — f (20) _ x Xe _ 


Z— 2 x — Xo 


1 (z € E). 


We now extend the function f(z) to the whole complex plane ¢, by writing (3.6) 
for all z =x + iy € &. Then f(z) is continuous for any z € ¢ and coincides with the 
original function when z € EF. However, the difference quotient is now 


f(z) — f(z) _ Xx — Xo (3.7) 
zZ— 2 (x — X_) + i(y — Yo) 

which has no limit as z — zg € &. In fact, (3.7) approaches 0 if z — zg along the 

line x = x9, whereas (3.7) approaches | if z — zy along the line y = yo. In other 

words, /’,(Z)) does not exist for any z € &. Thus it is already apparent from this 


simple example that the requirement that f(z) be differentiable regarded as a 
function of a complex variable z = x + iy is much more stringent than the 
requirement that f(z) be differentiable only for real values of z. 


It follows from our definition of a derivative and the properties of limits (see 
Sec. 10) that the basic differentiation rules familiar from elementary calculus can 
be extended to the case of functions of a complex variable. We now list some of 
these rules. In each case, f(z), f;(z), f(z), etc., is assumed to be differentiable at a 


given point z € E (relative to £). 


Rule 1. If fiz) = z, then 


whereas if f(z) = const, then 


Loosely speaking, the derivative of the independent variable is 1, and the 
derivative of any constant is 0. 


Rule 2 (Differentiation of sums, products and powers). If c is a constant, then 


d{cf(z)} _ Fo 
dz dz 


Moreover we have 


cS (f(z) + f(z) + °° +F,(z)] = ae) 4. #2) df{z) cee df,(z) 
dz is ae 


’ 


« ilaf(z) «fa = Wi ogo - f(z) 


d 
$f) FO 62) +2 + HOOF 22, 
2. [f(z)]" = n[f(z)]" F(z). 
Zz 
In particular, 
= z" = nz™ 
dz 
and 
d 2 i i n—1 
— (do + 4,2 + Gqz + °°° + 4,2") = a, + 2agzZ + °°* + na,z” . 
dz 


Rule 3 (Differentiation of a quotient). If f,(z) # 0, then 


to sat) 


=a) = 


eo) 
rake “TOF 


dzLf,(z) 


Rule 4 (Differentiation of a composite function). Suppose the function f(z) 
with domain £ and range ¢& is differentiable at the point z) € E, and suppose & is 


an infinite set with wy = f(zp) as a limit point. Moreover, suppose the function 


¢(w) has domain & and is differentiable at the point wy) € ¢. Then the Composite 
function 


olf ()] 


is differentiable at the point zy, and 


dr olf(zo)] - ds (Wo) dxf (Zo) : (3.8) 
dz dw dz 
The proof is trivial if there exists a neighborhood (zp) of the point z) such 
that f(z)= w # Wo for allz € #(Zp) NE, for then 


eLf(z)] — eLf(2)) _ Pw) — 9(Wo) Ww — Wo 


zZ— 2p W—Wy Z— Zo 


_ ow) = wo) f(z) — f(za) 


Ww — Wo Z— Zo 


(3.9) 


Since w — Wo as Z — Zp (see the remark on p. 44), taking the limit of (3.9) as z 
— Zy we immediately obtain (3.8). 

Now suppose every neighborhood of zg contains a point z € EF, z # zg such 
that f(z) = f(zo) = Wo. Then there exists a sequence {z,} of distinct points in FE 
converging to Z, such that 


S(2.) =f(%) (=1,2,...). 
For this sequence 


f(z.) a f (Zo) 


Zn — Zo 


= 0 (n= 1,2,...), 


and hence the derivative 


dg f(z) _ jf) — Sed) 


dz t+t% Z— Zo 


(which by hypothesis exists) must vanish. Therefore the right-hand side of (3.8) 
vanishes, and to prove (3.8) we have to show that its left-hand side also 
vanishes. Since the difference quotient 


plf(z)] — elf (o)] 


zZ— Zo 


is obviously zero for every z # Zg such that f(z) = f(zo), the proof reduces to 
showing that 


vanishes for every sequence {z*,,} converging to Zp such that f(z*,,) =w*,, # Wo = 
f(Z)). However, for such a sequence, (3.10) equals 
Wa) — G(Wo) Wa — Wo Wn) — OW) f(Zn) — S(Z0) 


+ ~ _ {2 > —— > 
Wi —We 2, — Ze Ww, — Wo Zn — 29 


[cf. (3.9)], which approaches 


dg ?(Wo) dx f(Zo) 
dw dz 


as n — oo. But as just shown, d-f{z,)/dz vanishes, and hence (3.8) holds. 
Rule 5 (Differentiation of an inverse function). Suppose w = f(z) 1s a one-to- 


one function defined on E, and suppose the inverse function z = f!(w) = @(w) is 
continuous on &, the range of f(z). Then if f(z) is differentiable at the point zy) € E 


and if /’-(Z)) # 0, the function @(w) is differentiable at the point wo = f(Zo) € &, 
and 


(Wo) = ——.. 
os f E(20) 

The proof goes as follows: Since the function w = f(z) is one-to-one, w # Wo 
implies z # Zo, and hence the difference quotient of the function @(w) can be 
written in the form 


Aw) — mo) _ 2—Zo I 


Ww — We W—Wo W— Wo 


Moreover, since @(w) is continuous on &, @(w) — (Wo) as W — Wo, Le., Z > Z 
as W — Wo. Therefore 


a gy narra ile nee es | ae enn 1 es 
Fe em Ww We tim £62) —S(z0) fre(0) 


zt9Z — Zo IZ Z— Zo 


as asserted. 


Problem 1. Justify the formula dz = Az (“the differential and the 
increment of the independent variable are equal’) and hence formula (3.4). 


Problem 2. Show that the function f(z) — z is not differentiable at any 
point Zp relative to any neighborhood f(z). 


14. THE CAUCHY-RIEMANN EQUATIONS. ANALYTIC FUNCTIONS 


From now on, we shall be concerned mainly with functions defined on some 
domain E = G, and we shall drop the subscript F in /’,(z) and d;f(z)/dz. Suppose 


u(x, y) is a real function of two real variables x and y defined on G. Then u(x, y) 
is said to be differentiable at the point (xo, yo) € G if u(x, y) can be written in the 


form 


u(x, y) — u(Xo, Yo) = A(Xo, Vox — Xo) + B(Xo, YoY — Yo) (3.11) 
+ €,(x, ¥; Xe. YoMX — Xe) + ex(x, V3 Xo, VoMV — Vos 


where 
€,(Xx, ys Xo; Yo) — 0, E_(X, Jy; Xo Yo) = 0 


as (x, vy) > (Xo, Yo). The coefficients A(x, vo)and B(x, vo) in the right-hand side 
of (3.11) are just the partial derivatives of the function u(x, y) at the point (x, 


Yo): 


A(X, Yo) _ out, ¥) 2-9? Bi Xo» Yo) = du(x, y) 


Ox v=o dy = 
THEOREM 3.2 (Cauchy-Riemann equations). Let 
S(z) = u(x, y) + iv(x, y) 


be a function of a complex variable defined on a domain G. Then a necessary 
and sufficient condition for f(z) to be differentiable (as a function of a complex 
variable) at the point zy = X9 + ivg € G is that the functions u(x, y) and v(x, y) be 
differentiable (as functions of the two real variables x and y) at the point (Xo, Vo) 
and satisfy the Cauchy-Riemann equations 


a (3.12) 


dx dy’ ay Ox 


at (Xo, Vo). Lf these conditions are satisfied, f(Zy) can be represented in any of the 
forms 


du. .dv Ov .du du .du dv .s.av 
-i—= i —-+i—, (3.13) 
Ox Ox dy Oy ax Oy dy Ox 


where the partial derivatives are all evaluated at (Xo, Vo). 


Proof. First we prove that the conditions are necessary. Consider the 
increments 


Az = z — Zz = (x — Xe) + Ly — yo) = Ax + i Ay, 
Af(z) = f(z) — f(zo) = (u(x, y) — u(%, Yo)] + i[v(x, vy) — v(xo, ¥o)) 
= Au + iAv 


of the independent variable z and of the function f(z). According to Theorem 3.1, 
if f(z) is differentiable at zo, then 


Af(z) = f(z) Az + ¢ Az, (3.14) 
where ¢ — 0 as Az — 0. Writing 
S'(Z) = a + ib, c= € + ity, 
and taking the real and imaginary parts of (3.14), we find that 


Au = a Ax — b Ay + ¢, Ax — «, Ay, 
Av = b Ax + a Ay + ¢, Ax + ¢, Ay, 


where &), &) — 0 as Ax, Ay — 0, since 
|Az| = V(Ax)* + (Ay)*, lel < lel, esl < lel. 
It follows that the functions u(x, y) and v(x, y) are differentiable at (x9, yo) and 


ie ee, ek ee: (3.15) 
Ox oy : 


But (3.15) immediately implies (3.12) and (3.13). 
To prove that the conditions of the theorem are sufficient, we reverse the 


preceding argument. Thus, suppose u(x, y) and v(x, y) are differentiable at the 
point (xo, Vo), and suppose (3.12) holds. Then 


Au = du yy TT Ay + a Ax + a, Ay 
y 


dx 
= a Ax — b Ay + a, Ax + a, Ay, (3.16) 
Av = B ax + Bay + 8, Ax + 8, Ay 
ax dy 
= bAx + aAy + B, Ax + 8, Ay, 
where @, @>, £}, By — 0 as Ax, Ay — 0 and we have written 
du av du av 
—=—, ba -—=—. 3.17 
Ox dy Oy ax tam 
Substituting (3.16) into the formula Af(z) = Au + i Av, we find that 
Af(z) = a(Ax + iAy) + ib(Ax + idy) + (a, + i8,) Ax 4+- (a, + i6,)Ay 
= (a + ib)Az + (a + ip,) 2% + (a%_ + ig) 22 Az 
Az Az 
or 
Af(z) = (a + ib) Az + ¢ Az, (3.18) 
where 


Pree 3 are, 
Je| = | (a, + iB) + (a + isp 22 | 


+ |a&, + iB.| 


< les + iol |S Az 


< la, + i8,| + lag + i8,| < |o,| +4 18;| + lal + Bal. 


Since 01, &, f), by — 0 as Ax, Ay — 0, it follows that ¢ — 0 as Az — 0, and 
hence, according to (3.18) and Theorem 3.1, f(z) 1s differentiable at zo, with 
derivative 


S'(%) = a + ib. (3.19) 


The various representations (3.13) of f(z)) are now immediate consequences of 


(3.19) and (3.17). 

A function f(z) which is differentiable on a domain G, 1.e., at every point of 
G, is said to be analytic (synonymously, holomorphic or regular) on G. If f(z) is 
analytic in a neighborhood of Zp, f(z) is said to be analytic at Zo. 


Remark. As we know from calculus,” a sufficient condition for the 
differentiability of the functions u(x, vy) and v(x, y) on a domain G is that the 
partial derivatives 


Ou du dv a 
= a = 3.20 
Ox dy Ox ay ne 
exist and be continuous on G. Therefore a sufficient condition for the function 
fiz) = u + iv to be analytic on G is that the partial derivatives (3.20) exist, be 


continuous and satisfy the equations (3.12) on G. 


Example 1. For the function 


f(z) = (cos y + isin y), (3.21) 
defined in the whole plane, we have 
u = e* COs y, v = e* sin y, 
with continuous partial derivatives 
—=e"cosy =. os esiny = & 
ox “Oy oy Ox 


Therefore the Cauchy-Riemann equations (3.12) are satisfied, and the function 
(3.21) is analytic in the whole plane, with derivative 
Ou ar 


— = e*cos y + ie* sin y = f(z). 


fo) = = od ) 
f) Ox " ax 


Example 2. For the function f(z) = x, considered in the example on p. 45, we 
have 


um x y= 0 
and 
Since 
Ou , oO 


the Cauchy-Riemann equations are not satisfied, and hence this function is not 
differentiable anywhere in the plane. 

In many cases, it is important to express the differentiability conditions for a 
function f(z) = u + iv at a point z # 0 in terms of the polar coordinates 


r= |z\, ® = Argz. 


The appropriate necessary and sufficient conditions for differentiability are that 
u(r, ®) and v(r, ®) be differentiable (as functions of the two real variables 7 and 
®) and satisfy the polar form of the Cauchy-Riemann equations, 1.e., 

du 1 dv Ov 1 du 


, _—>--=— 3.22 
dr rao or r o® ae 


(at a given nonzero point P). To verify these conditions, we must prove that 1) u 
and v are differentiable as functions of r and ® at P if and only if they are 
differentiable as functions of x and y at P, and 2) under these conditions, the 
equations (3.22) are equivalent to the equations (3.12). The first assertion 
follows from the familiar fact that a differentiable function (u = u(x, y), say) of 
differentiable functions (x =r cos ®, y = r sin O, say) is also differentiable (with 
respect to the new variables r and ®).° The second assertion can be verified by 
direct calculation. For example, if u and v are differentiable functions of x and y, 
and if the equations (3.12) hold, then 


oe ae HH cos 5 ae = 2 os - La = al 
Or Ox oy dy Ox ro® 
. ' ; (3.23) 
oe | 2 ind = ch ee _ 1 au 
Or ax oy oy ax ra® 
Writing (3.23) in the form 
D Ree — sae 
Or ax : 
oe om Ou sin ® + —cos ® 
Or ax x 


and solving for Cu/Ox and Ou/Cy, we obtain 


du = Ou 


— =— CO en. Cane, 


Ox Or or 

dv = — Ou sin ® t fe ait 

Ox er er 

and hence 
f(z) = 5 - im = (cos ® — isin®) + i 2 (cos @ — isin®) 
(3.24) 
: (2 i iS) cos — isin ®) = = r(du } j2) 
or z\ar or 


This formula is convenient for calculating fle) with the help of polar 
coordinates. Using (3.22), we can write f(z) in the form 


prey (2 — 128), 


Example. Consider the function 


f= z™"= Iz1™"(cos ™“tB = + isin ——=- Arg?) 
| (3.25) 
~~ m® exh me) 
ae cos —— + isin=——], 
n n) 


where m and n > 0) are integers (see Sec. 4). This function is defined on the 
domain G consisting of all nonzero points of the complex plane, and is multiple- 
valued (unless m/n is an integer), since ® = Arg z is multiple-valued. Before we 
can talk about the derivative of z””, we must first make z”” single-valued in the 
following sense: Let z) € G, and choose a neighborhood .#(zy) which does not 


contain the origin. Fix one of the values of Bj) = Arg Zp, and for the argument of 
any other point z €.4(z,) choose the unique value ® satisfying the condition 


I> — & < 


(see Figure 3.1). Using this value of ® in (3.25), we obtain a single-valued 
function defined on (zy), which we call a single-valued branch of the function 


(3.25), denoted by z”” as before. Thus at any point z € (Zo), including Zp 
itself, we can now write 


and 


du m {m/n)—1 m® 1 ov 


r cos — = - 
or on 
GoM ser, . mO 1 du 
—=—-Fr sin — = —-—, 
or n n ron 


i.e., f(z) satisfies the equations (3.22), and is therefore differentiable on (Zo). 
According to formula (3.24), 
= “| m pimind 1 cos m® | = pomnd-1 sin ne) 

Zz\n n n ni 

_m r™/( cos ™ + isin ™@)1 _ mL@ 

n n ni/z n Zz 
so that the rule for differentiating a fractional power z”” is formally the same as 
the rule for differentiating the corresponding function x””” of a real variable. It 
should be kept in mind that our calculation is subject to the condition z # 0, 
which can only be dropped if m/n is a nonnegative integer. 


Problem 1. Show that the function f(z) = z Re z is differentiable only at 
the point z = 0, and find (0). 


Comment. Thus f(z) =z Re z is differentiable but not analytic at z = 0. 


Problem 2. Show that the function 


x if |y| > Ix, 
u(x, y) 
—Xx if |yl < |x| 


has partial derivatives Ou/ox and Ou/dy at the origin, but is not differentiable 
there. 


Problem 3. Show that the function f(z) = yj) satisfies the Cauchy- 
Riemann equations at the point z = 0, but is not differentiable there. 


Problem 4. Establish the following generalization of the Cauchy- 
Riemann equations: If f(z) = u + iv is differentiable at a point Z) = x9 + ivy of 
a domain G, then 

Gu dv au av 

a as 
at (Xp, Yo) where 0/ds and 0/on denote directional differentiation in any two 
orthogonal directions s and n at (xp, yo) such that n is obtained from s by 
making a counterclockwise rotation. 


Problem 5. Use the preceding problem to deduce the equations (3.22). 


15. GEOMETRIC INTERPRETATION OF Arg f(z) AND |f'(z)|. 
CONFORMAL MAPPING 


Let / be a continuous curve with equation z = A(A), t € [a, b], and suppose A(t) 
is differentiable at a point tf) € [a, b] (relative to the set [a, b]). Let {t,} be an 
arbitrary sequence of points in [a, b] converging to fo (¢,, # 4), and consider the 
difference quotient 


r= A(t,) Ato) 


. (3.26) 
t 


ao to 


Obviously 7, > rp = A(t) asin > ©. 


DEFINITION. The curve | is said to have a tangent at the point Zz) = A(to) if 
the limit 


§ = lim Arg r,, (3.27) 


exists, and then the tangent is said to have inclination 9. Geometrically, the 
tangent to I at zp is represented by the ray t emanating from zy which makes 


the angle ® with the positive real axis.4 


Remark 1, Clearly, if (to) # 0, / has a tangent at zp, since 


6 =lim Arg r,, = Arg ry = Arg A’(t) 


(see Sec. 6, Prob. 3), and then the inclination of the tangent is just the argument 
of the complex number A’(fp). On the other hand, if A’(t)) = 0, / may or may not 


have a tangent at Zo, since the fact that 7, — 0 implies only that |r,,| — 0 and says 
nothing about the behavior of Arg 7,,. However, if / has a tangent at zo, then A(Z,) 
# A(to) for all t,, sufficiently close to fp, since Arg 0 is meaningless.° 


Remark 2. As just defined, the tangent is a ray, not a vector. If A'(t)) # 0, we 
can also introduce a tangent vector to / at z , defined as the vector of length |A’ 
(tg)| which makes the angle A with the positive real axis. 


THEOREM 3.3. Let G be a domain, and let f(z) be a continuous function of 
a complex variable defined on G. Suppose fiz) has a nonzero derivative f'(Zo) 


at a point zy) € G, and let | be a curve which passes through zy and has a 
tangent t at zy. Then w = f(z) maps | into a curve L in the w-plane which 
passes through the point Wo = f(zp) and has a tangent T at wo. Moreover, the 
inclination of T exceeds the inclination of t by the angle Arg f'(Zo). 


Proof. Suppose / has the equation z = A(#), t € [a, b], and let z) = A(t). By 
hypothesis, 


6 = lim Argr, 
exists, where 7, 1s given by (3.26). The function w = f(z) maps / into a curve L in 
the w-plane with equation 
we f [A(t)] = Ad, t € [a, 5}, (3.28) 


where Wy = f(zZp) = A(tp). Let {¢,} be an arbitrary sequence of points in [a, 5] 


converging to fo, and let 


A(t,) — A(t) 
f, — to 


R, = 


Then the tangent to L at wa has inclination 


© = lim Arg R,, 


provided this limit exists. Clearly we have 


= A(t.) a A(to) A(t,,) A( to) 
Mi)—NMi) ta—te 


n 


where the first factor in the right-hand side is well defined, since A(¢,,) # A(to) for 
all ¢, sufficiently close to f, (/ is assumed to have a tangent at zp). Therefore 


: A(t,) — A(te) (t,.) — A(t 
© = lim Arg R, = lim Arg A(t.) — A(to) (t,) (to) 


no ao Nt.) — Nt) ty — be 

= lim Arg inet r, — lim Arg nt a +limArgr, (3.29) 
a= zn Zo na zn = Zo a? 

= Arglim ~a— Ne + 6 = Arg f’(z») + 9, 


s 
-0 


+ 
—. 
n an mn 


where w,, = A(t,)s Z, = A(t,) and 9 is the inclination of z at zo.° It follows from 
(3.29) that © exists and that 


© — 6= Arg f(z), 


as asserted. We note that things are particularly simple in the case where 1'(to) 
# 0, since then 
© = Arg A'(to) = Arg [f'(20)A'(to)] 
= Arg f’(Zo) + Arg 2'(t) = Arg f'(zo) + 9, 
by the rule for differentiating the composite function (3.28). 


Now let /, and /, be two curves with a common initial point zo, which have 
tangents tT, and T, at Zz), and suppose the angle between tT, and measured from T, 


to T,. Suppose /, and /, have images L, and L, under f(z). Then, according to 
Theorem 3.3, if f(z)) # 0, L; and L, have tangents 7, and 7}, at the point wy = 
f(Zo), where 7, and 7, are obtained by rotating t, and tT, through the same angle 
Arg f(Zp). Therefore the angle between L, and L, equals the angle between /, 
and /,, and is measured in the same direction, 1.e., from L, to L>. In other words, 
a continuous function w = f(z) with a nonzero derivative /(z)) maps all curves in 
the z-plane which pass through zg and have tangents at zg into curves in the w- 
plane which pass through w9 = f(z) and have tangents at wo, and moreover, the 


mapping preserves angles between curves. A mapping by a continuous function 
which preserves angles between curves passing through a given point Zg is said 


to be conformal at zp. If a conformal mapping preserves the directions in which 


angles are measured (as well as their magnitudes), it is called a conformal 
mapping of the first kind, but if it reverses the directions in which angles are 
measured, it is called a conformal mapping of the second kind. Thus Theorem 
3.3 has the following consequence: 


THEOREM 3.4. Let G be a domain, and let f(z) be an analytic function on 
G. Thenf(z) is a conformal mapping of the first kind at every point of G where 


f(2) #0. 


Example 1. Reflection in the real axis, i.e., the transformation w = z, is a 
conformal mapping of the second kind. A more general example is the complex 
conjugate 


oO 
of an analytic function f(z), where f(z) # 0. 


Example 2. At a point where the derivative vanishes, angles may or may not 
be preserved, as can be seen by comparing the mappings 


fi) = r(cos ® + isin D) = rz, 
fAz) = r(cos 2M + isin 20) = z* 


at the point z = 0. 


As we have just seen, Arg f(z ) represents the rotation undergone by the 
tangent to a curve / at the point z) € / when transforming to the new curve L = 
f(2) and the new point wo = f(zo). In particular, if /'(zp) is a positive real number, 


the tangents to / at zy and to L at wo are parallel and point in the same direction. 

To explain the geometric meaning of the quantity |f(zo)|, 1.e., the absolute 
value of the derivative at zy, we note that 

, . f(z) — f (Zo) 
Uf eo)| = tim LO— SEO 
s-20 |z _ z,I 

The numbers |z — Z| and |f(z) — f{zp)| are the distance between the points z and Zp 
in the z-plane, and the distance between their images f(z) and f(z) in the w-plane, 
respectively. Thus, interpreting 


f(z) — f(z»)! 


|z — Zol 


as the linear magnification ratio (or simply the magnification) of the vector z — 
zy under the mapping w = f(z),’ we can regard | /'(z)| as the magnification at the 
point zy under w = f(z). 


Remark. The size of the magnification at the point z) does not depend on the 
choice of the finite vector z — zq drawn from Zp, since |f(zg)| is not the actual 
magnification of any such vector, but rather the limiting magnification as z — Zp. 


Problem 1. With the same notation as on p. 55, a curve / is said to have a 
left-hand tangent (of inclination 0) at the point zy = A(t) if the limit (3.27) 
exists, subject to the extra condition that every point of the sequence {t,} 
converging to fg be less than fy. The right-hand tangent is defined similarly 
by requiring that ¢, > ¢) for every n. Give an example of a (continuous) curve 


/ which has a left-hand tangent but no right-hand tangent (and hence no 
tangent) at a point zp, € /. 


Problem 2. Verify that the function 
fiz) = P(cos ® + isin ®) = rz 
used in Example 2 above is differentiable at z = 0. 


Problem 3. Find the angle through which a curve drawn from the point 
Zo is rotated under the mapping w = z” if 


a) zy =i; b)%y= -d; Cc) rm=1+8 d) m= —3 + 4. 
Also find the corresponding values of the magnification. 


Problem 4. Carry out the same calculations as in the preceding problem, 


this time applied to the function w = z?. 


Problem 5. Which part of the plane is shrunk and which part stretched 
under the following mappings: 


a)w=22; b) w=224+ 22; c)w= 


16. THE MAPPING w = 7" 
+d 


To illustrate the above considerations, we now examine the fractional linear 
transformation or Mobius transformation 


Lz) = =, (3.30) 


where a, b, c, d are arbitrary complex numbers (except that c and d are not both 
zero). First suppose that c = 0. Then L(z) reduces to 


L(z)=az+8 (a=ald, B= b/d), (3.31) 


and is sometimes called the linear transformation. The transformation (3.31) is 
defined for all values of z, and if a # 0, its derivative L'(z) is a nonzero constant, 
so that (3.31) is conformal at every point of the (finite) z-plane. Under this 
transformation, the tangents to all curves in the z-plane are rotated through the 
same angle, equal to Arg a, and the magnification at every point equals |a|. If a = 
1, then 


Arg « = 2kx, le] = 1, 


where & is an integer, and then both the rotation and expansion produce no effect. 
In this case, the transformation takes the form 


w=z + B, 


which obviously corresponds to displacing the whole plane by the vector £. On 


the other hand, if a # 1 (and a # 0), the transformation (3.31) can be written in 
the form 


W — Zo = az — 2p), 
where zy is determined from the equation® 
Zo = az + 8. 


Then it is immediately clear that the transformation (3.31) is equivalent to a 
rotation of the whole plane through the angle Arg a about the point zy) = £/(1 — 


a), together with a uniform magnification by the factor |a| relative to the point Zp. 


This magnification is sometimes called a homothetic transformation (or 
transformation of similitude) with ray center Zp and ray ratio |a\. 


Next suppose that c # 0 in (3.30). Then the derivative 


ad — be ad — bec 1 
(cz + d)* ce (z — 8)" 


L(z) = 


exists, if z# 6, where 6 = —d/c. If the determinant 


ad — bc = 


” 
c ad 


vanishes, then its rows are proportional, 1.e., 


If ad — bc # 0, then L'(z) # 0 for all z # 6, and hence the mapping w = L(z) is 
conformal at all finite points except possibly at z = 6. Under the mapping, the 
tangents to curves passing through any point z ¥ 6 are rotated through an angle 
equal to 

Arg L(z) = Arg 24 — 5 — 2 Arg(z — 8), 


ral 


while the magnification at z equals 


ad — be 


Poi 


I 


Liz . 
|L(z)| z—3P 


The angle through which tangents are rotated has the same value for all points 
with equal values of Arg (z — 0), 1.e., along any ray drawn from 6, but otherwise 
varies from point to point. Similarly, in general the magnification varies with z, 
but it has the same value for all points with equal values of |z — Od], 1.e., along 
any circle with center 0. In particular, the magnification is equal to 1 at every 
point of the circle C with equation 


lz — 3| | be| 
le| 


(called the isometric circle of the Mobius transformation), is greater than | 
inside C (approaching « as z — 0), and is less than | outside C (approaching 0 
as z —> 00). The situation is shown schematically in Figure 3.2. 


1Z(z)1= const 


le(z<! 


iZ’(z)=4 


FIGURE 3.2 


Problem 1, As shown on p. 60, the entire linear transformation w = az + 
f is equivalent to a rotation and a magnification relative to the fixed point z 
= B/(1 — a), provided that a # 0. Find the rotation, magnification and (finite) 
fixed point, if such exists, corresponding to each of the following 
transformations, and write each in the canonical form w — Zp = a(z — Zo): 


a) w= 22+ 1 —3i; b) w — iz + 4; 


c)w=2z+1 — 2i; d) w—w, =a(z—2,) (a +0). 


Problem 2. Find the entire linear transformation with fixed point 1 + 2i 
carrying the point i into the point —i. 


Ans. w = (2 + i)z + 1 3i. 


Problem 3, Find the entire linear transformation carrying the triangle 
with vertices at the points 0, 1, 7 into the similar triangle with vertices at the 
points 0, 2,1 +7. 


17. CONFORMAL MAPPING OF THE EXTENDED PLANE 
As in the preceding section, let c # 0 and ad — bc # 0. Then it is clear that 


. az+b . az+b a 
lim -= ©, lim = 
2s cz +d sencz +d c¢ 


where 0 = —d/c. Suppose we complete the definition of L(z) by setting 


L(8)= 0, L(o)=A. (3.32) 


Then L(z) is defined in the whole extended plane, and maps the finite point 6 
into oo (the point at infinity) and oo into the finite point A. We now show that the 
mapping w = L(z) is conformal at the points 6 and A (it has already been shown 
that the mapping is conformal everywhere else). First we must suitably define 
the concept of an angle with its vertex at infinity (for the justification of this 
definition, see Probs. 3 and 4; also recall the last paragraph of Sec. 8): 


DEFINITION.” Two continuous curves y, and y, in the extended plane form 


an angle of a radians with its vertex at infinity if and only if their images ¥, 
and ¥, in the extended plane under the transformation ¢ = 1/z form an angle of 
a radians with its vertex at the origin. 


Example. The real and imaginary axes form an angle of z/2 radians with its 
vertex at infinity. In fact, under the transformation C = 1/z, the real and imaginary 
axes are carried into themselves, and they obviously form an angle of z/2 radians 
with its vertex at the origin. 


Returning to the mapping w = L(z), let y, and y, be two curves forming an 
angle @ with its vertex at the point 6, and let r, and P, be their images in the w- 
plane. To prove that r, and fr, form an angle 0 with its vertex at infinity, we 
subject the w-plane to the transformation 


Then the curves r, and LP, go into two curves + and Py, and the point at infinity 
goes into the origin of coordinates (see Figure 3.3). Obviously, we can go from 
y, and y> in the z-plane to p+ and ry in the 7-plane by making the Mobius 
transformation 

cez+d 

az +b’ 


q 


which is conformal at the point z = 6 = —d/c. It follows that the curves + and I} 
form an angle 8 with its vertex at the origin. Therefore the curves r, and Lr, also 
form an angle 0 with its vertex at infinity. This proves that the mapping w = L(z) 
is conformal at the point z = 6 

The fact that w = L(z) is conformal at oo is proved similarly. In fact, if the 
curves y, and y, go through the point at infinity in the z-plane, their images Lr, 
and fr, in the w-plane go through the point A. Suppose y, and y, form an angle 0 
with its vertex at infinity. This means that their images y*, and y*, under the 
transformation ¢ = 1/z form an angle 9 with its vertex at the origin. But we can 
obviously go from y*, and y*, to r, and r, by making the Mobius transformation 


which is conformal at the point ¢ = 0. It follows that r, and r, form the same 
angle @ at the point 4 = a/c. This proves that the mapping w = L(z) 1s conformal 
at oo, The situation can be summarized by saying that the transformation w = 
L(z) is a conformal mapping of the extended plane onto itself. 


Remark 1. These considerations suggest the following definition: A function 
f(z) is said to be analytic at z = « if the function /*(C) = f{I/C) is analytic at ¢ = 0. 
In particular, if f(z) is analytic at z = 00, the limit 


lim f(z) = lim f*(0) = f(@) 
~0 


:-=@ 4 


always exists and is finite. We define the derivative of f(z) at z = © to be the 
quantity 


f'(~) =f *'(0), 
where it should be noted that in general 

f'(e) F lim f(z) 
(see Prob. 2). Then, by the argument given above for the special case of the 
Mobius transformation, it is easy to see that the mapping w = f(z) is conformal at 


o if f(«) # 0. With this approach, the conformality at oo of the Mobius 
transformation 


a 


L(z) = 


(ad — be #0,c #0) 


Zz 
cz 


follows from the fact that 


Remark 2. Similarly, if 


but if 


is analytic at z = a, with derivative g(a) # 0, then, just as in the case of the 
Mobius transformation, the mapping w = f(z) is conformal at z = a. 


Problem 1. Prove that the transformation L(z) = az + f is conformal at 
infinity if a 4 0. 


Problem 2. Prove that if f(z) is analytic at infinity, then 


lim f(z) = 0. 


Problem 3 (Ml, p. 87). Prove that stereographic projection is conformal, 
i. e., that under stereographic projection the angle between any two curves on 
the Riemann sphere (with its vertex at any point except the north pole) 
equals the angle between the images of the curves in the finite plane. 


Problem 4 (Ml, Sec. 25). Prove that two curves y, and y, in the extended 


plane form an angle of o radians with its vertex at infinity if and only if their 
images y*, and y*, on the Riemann sphere under stereographic projection 


form an angle of o radians with its vertex at the north pole. 


' For brevity, we shall often omit the phrase “relative to E,” which is tacitly 
assumed in any context like this. 

* See e.g., D. V. Widder, Advanced Calculus, second edition, Prentice-Hall, 
Inc., Englewood Cliffs, N.J. (1961), p. 17. 

> The reader should verify this assertion, guided by (3.11). 

4 Formula (3.27) means that given any ¢ > 0, there is an integer N(e) > 0 and 
a sequence {0,}, where each 0, is a value of Arg 7, such that |, — | < ¢ for all n 
> Me). Clearly, 8 is only defined to within a multiple of 27. The angle 0 will 
always be measured from the positive real axis to the tangent 7 (in the 
counterclockwise direction for a positive value of 8). 

> This condition is automatically satisfied if A(t) # 0, since otherwise r,, = 0 
for ¢ arbitrarily close to f, which implies that 1'(¢9) = 0, contrary to hypothesis. 


© In reversing the order of the operations Arg and lim, we have used the fact 
that /'(zo) # 0. 


7 Here the word magnification is used in a general sense, and can correspond 
to stretcting 1f |\f(Z)| > 1 or shrinking if |f(Zo)| < 1 [or neither if |f(zo)| = 1]. 


8 Obviously, Zq 18 invariant under the transformation (3.31), i.e., Zp) is a fixed 


point of the transformation. If a 4 0, the point at infinity is also a fixed point (see 
Nec, 25), 
” The curves y, and y, are unbounded, in the sense of Sec. 12, Prob. 2. 


CHAPTER 4 


POLYNOMIALS AND RATIONAL FUNCTIONS 


18. POLYNOMIALS. THE MAPPING w = P,,(z) 


The simplest class of differentiable functions of a complex variable is the class 
of single-valued functions which are analytic everywhere in the finite plane.! 
Such functions are known as entire functions. An important (but very special) 
subclass of the class of entire functions consists of polynomials, 1.e., functions of 
the form 


P,(z) = dg + 432 + °** + G2" (a, % 0 forn > 0), 


where n is a nonnegative integer, called the degree of P,(z), and do, aj,..., a, are 
finite complex numbers, called the coefficients of P,,(z). Ifn = 0, P,,(z) reduces to 
a constant, but ifn > 0, 


lim P,(z) = ©, 


and we set P(co) = 00 by definition, thereby making P,,(z) wide-sense continuous. 


According to the fundamental theorem of algebra (see Theorem 10.7, 
Corollary 2), the equation 


P,(z)=0 (n>0) 
always has a complex root, say a. It follows that 
P,(z) = (z — %)P,_4(2), 


where P,, _;(z) is a polynomial of degree n — 1 (see Probs. 1 and 2). If P,,_;(a,) = 
0, then by the same argument, 


Pr, (2) = (z — a )P,,_(z), 


where P,,_>(z) 1s a polynomial of degree n — 2, and hence 


P,(z) = (z — a)*P,_2(2). 
Continuing this process /, times (1 <k, <7), we eventually find that 
P,(z) = (z — %)"'P,_»,(Z), 


where P,,_;,(z) is a polynomial of degree n — k, and P,,_;,(a,) #0. The number a, 
is called a root of multiplicity k, (or a k,-fold root) of the equation P,,(z) = 0; it is 
also called a zero (or zero-point) of order k, of the polynomial P,(z). If k, <n, 
then, applying the fundamental theorem of algebra again, we find that P,_-k (2) 


has a zero, say 0, where a, # 0,. Therefore, by the previous argument, 
P,(z) = (z — a)*(z — a2)"*P»_»»,(Z), 


where 1 < kj <n—k, and Pr t,-ky(G2) # 0. Repeating this process as many times 


as necessary (but no more than n times), we finally arrive at the unique 
factorization 


P,(z) = a,(z — a)" +++ (z — a,)**, (4.1) 
where 1 <p<nandk, +...+k, =n (see Probs. 3 and 4). 
Now let A be an arbitrary finite complex number. Then, since P,(z) — A is 
obviously a polynomial of degree n, the equation 


P(z)= A 
also has n solutions (which are not necessarily distinct). As for the equation 


P,(z) = 0, (4.2) 


it has only the solution z = ©, since P,(z) = 0 if and only if z = ©. For 
consistency, we formally regard z = © as an n-fold root of the equation (4.2). 

It follows that every polynomial w = P,,(z) of degree n > 0 maps the extended 
plane onto itself in such a way that every point w has at most n distinct inverse 
images. Moreover, only certain exceptional values of w (always including © if n 
> 1) can have fewer than n distinct inverse images: 


THEOREM 4.1. If P,,(z) is a polynomial of degree n > 1, there are at most n 


points in the extended w-plane with fewer than n distinct inverse images under 
the mapping w = P,(z). 


Proof. Since n > 1, the point oo has fewer than n inverse images (in fact, 
just one). If A # «© has fewer than n distinct inverse images, the equation 


P(z)=A 


must have a multiple root. As is well known (see Prob. 5), any multiple root 
of this equation satisfies the equation 


P‘(z) = 0, 


where P',(z) is the derivative of P,,(z). But this equation, being of degree n — 
1, has no more than n — 1 distinct roots y),..., y, (1 <7 <n-— 1). Therefore the 
numbers 


PAY.) Bette FaVed oe (1 faa 1) 


are the only values of A for which the equation P,,(z) = A can have a multiple 


root. Since at most n of these numbers are distinct, the theorem is proved. (If 
n=0orn=1, the theorem is meaningless.) 


According to the general theory of Chap. 3, the mapping w = P,(z) is 


conformal at all points of the z-plane, with the possible exception of the point at 
infinity and the points y),..., y. (1 <7 <n -— 1) at which the derivative P’,(z) 


vanishes. In the case n = 1, w = P,,(z) reduces to the entire linear transformation 


(3.31), and the mapping is one-to-one and conformal everywhere in the extended 
plane (cf. Sec. 19, Prob. 1). However, for n > 1 the mapping actually fails to be 
conformal at the points 7),..., ,, ©, aS we now show: 


THEOREM 4.2. Let Zy be a root of multiplicity k > | of the equation P,,(z) = 
P. (Zo). Then, under the mapping w = P,(z), every angle with its vertex at Zp is 


enlarged k times. Moreover, every angle with its vertex at infinity is enlarged 
n times. 


Proof. If zp is a root of multiplicity k > 1 of the equation 
P,(z) = P,(2 9), 
and hence a root of multiplicity 4 — 1 of the equation 


P*(z) = 0, 


then 


P,(z) — P,(2) = (z — Z9)*Q(z), (4.3) 
where Q(z) is a polynomial which does not vanish for z = Zp. It follows from 
(4.3) that 


Arg - r = Arg Q(z), (4.4) 
-0 


where w = P,(z), Wo = P,,(Zo). Now let / be a curve in the z-plane, with 


Wo — We 


equation z = A(t), t € [a, b], which has a tangent t with inclination 0 at the 
point Zp = A(t), tg © [a, b]. Then the image of / under f(z) is a curve L in the 
w-plane, with equation 


w= P.fa(t)] = A(t), t € fa, 5). 


Let {t,} be an arbitrary sequence of points in [a, b] converging to fg (t,, # ft). 
By a familiar argument (see Sec. 15), the inclination of the tangent to L at wo 
(if such exists) equals 

A J 1, — We (z, — Ze)" 
© = lim Arg A) — AGS Mie) lim Arg 7 wo Gn a) 


n-- © fle n—- x a - Ze)" I, roe to 


(4.5) 


where w,, = A(t,), Wo = A(t), Zn = A(t,), Zo = A(t). Moreover z, — Zz) asin > 
oo but z, # Zp for ¢, sufficiently close to f) (since t exists); this last fact has 
been anticipated in writing (4.5). Since Q(z) # 0, it follows from (4.5), (4.4) 
and the definition of 8 that © exists and equals 


@ =lim Arg Q(z,) + klim Arg M22 — 2) © arg O(2,) + kO (4.6) 


n-? ax t, “oe 


(cf. the proof of Theorem 3.3,).? 


Next let /; and /, be two curves in the z-plane with a common initial point 
Zo, Which have tangents t, and 7, at zy. Then the angle with vertex z) formed 
by /, and /, (measured from /, to /,) equals 


3 = 0, — 6, 


where 9, and 0, are the inclinations of rt, and 75, respectively. According to 
(4.6), the images L, and L, of /, and /, under the mapping w = P,,(z) form an 


angle 


A = 0, — 0, = [Arg Q(z.) + k0,] — [Arg Q(z) + k9,] 
= k(0, 6,) <— k8, 


with its vertex at the point wo = P,(zo). This proves the first part of the 


theorem. 
To prove the second part of the theorem, we make use of the 
transformation ¢ = 1/z, obtaining the new function 


I 


74 =f0) = — = ———_——— (a, ~ 0). 


iv ¥ i ¥ 
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Then the point ¢ = 0 corresponds to the point z = 00 and we have to prove that 
under the mapping 7 = f(C), every angle in the C-plane with its vertex at the 
origin is enlarged n times. Let / be a curve in the C-plane, with equation ¢ = 
A(t), t € [a, b], which goes through the point ¢ = 0 and has a tangent t with 
inclination 0 at ¢ = 0. Then, by a slight modification of the previous 
argument, we find that the curve L in the 7-plane with equation 7 = /[A(4)] = 
A(t) goes through the point 7 = 0 and has a tangent with inclination 


© = nb — Arga,, 


at 7 = 0. The rest of the proof follows as before (note that w = 1/7). 


Problem 1. Given two polynomials f(z) and g(z), prove that there exist 
uniquely defined polynomials g(z) and 7(z) such that 


f(z) = q(z)g2) + r(z), 
where the degree of 7(z) is less than the degree of g(z). 


Hint. Suppose f(z) = dg + ayZ +...+ Ayz"", g(Z) = bg + biz +...+ 6,2", where 
a, #9, 6, # 0. If m <n, the result is trivial. If m =n, form the new 
polynomial 


am 


fil) = f(2) - i 


Repeat this argument if necessary. 


Problem 2. Use the result of the preceding problem to prove that a 


necessary and sufficient condition for a polynomial f(z) to be divisible by z — 
a without a remainder is that f(a) = 0, 1.¢., that z= a be a zero of f(z). 


Problem 3. Prove that if a polynomial of degree no higher than n has 
more than n distinct zeros, then the polynomial is identically zero. Prove that 
if the values of two polynomials of degree no higher than v are the same for 
more than n different values of z, then the two polynomials are identically 
equal. 


Problem 4. Prove that the factorization (4.1) is unique. 
Hint. Suppose that besides (4.1), 
P(z) = al(z — aj) - ++ (z — ace. 


Equate the two expressions for P(z), and observe that at least one of the 
numbers @’,,..., a’, must equal a,. Repeat this argument if necessary. 


Problem 5. Prove that a necessary and sufficient condition for z = a to 
be a zero of order k of the polynomial f(z) is that 


f(a) =f'@ =": =f""@=0, f(a) #0. 
Hint. Consider (4.1). 


Problem 6. Prove that if z= a + ib is a zero of order k of the polynomial 
Jz) with real coefficients, then z = a — ib 1s also a zero of order k of f(z). 


19. THE MAPPING w = (z— a)" 


We now make a detailed study of the mapping 
w = (z — a)" (n > 1). (4.7) 


This function maps the extended z-plane onto the extended w-plane in such a 
way that every point w has n distinct inverse images, with the exception of the 
two points w = 0 and w = 0, for which the 1 inverse images “coalesce” into the 
single points z = a and z = ©, respectively. To find the m inverse images of w 
when w # 0, w #0, we solve (4.7) for z, obtaining 


Arg w . Arg “| . (4,8) 


z=a-+yY¥w a-+t Iw] (cos ~E* + 1sin 
\ n n 


Obviously, the distinct points (4.8) lie at the vertices of a regular n-gon with its 
center at the point z = a. The mapping (4.7) is conformal at all points except z = 
a, Z = ©, and every angle with its vertex at one of these two points is enlarged n 
times. 

To get a clearer picture of the mapping (4.7), we observe that 


| 


|w| = |z — al", Arg w = n Arg (z — a), 


which implies that every circle of radius r with its center at the point z = a is 
mapped into a circle of radius 7” with its center at the point w = 0. Moreover, as 
the point z goes around the circle |z — a| =r once in the positive direction [so that 
Arg (z — a) increases continuously by 27], the image point w goes around the 
circle |w| = r” n times in the same direction [since Arg w increases continuously 
by 2n1]. We also note that as the point z sweeps out the ray 


Arg(z—@)=9+2kx (k =0,+1,42,...) 
going from a to «, the image point w sweeps out the ray 


Arg w = 9) + 2mn (m = 0, +1, +2,...) 


going from 0 to oo. 
Next consider the domain G consisting of all points z such that 


9 + 2kn < Arg(z — a) < 9, + 2kr (k = 0, +1, +2,...), 


where 0 < @, — Qp < 2a/n. Such a domain will be called the interior of the angle 
of @; — @p radians formed by the rays 


Arg (z — a) = 9 + 2kx, Arg(z—a)=9, + 2kx (k=0, +1, 42,...), 


the term angle itself being reserved either for the figure formed by these two 
rays or for the quantity @, — @9. Then the image of G under the mapping (4.7) is 


the domain 
Noy + 2mm < Arg w < ng, + 2mr (m = 0, +1, +2,...), 


i.e., the interior of the angle of n(@, — @p) radians with its vertex at the origin of 


the w-plane (see Figure 4.1). Not only is the function w = (z — a)" conformal on 
G, as already noted, but it is also one-to-one on G. In fact, since w = (z — a)" 1s 


single-valued, we need only verify that every point w has only one inverse image 
in G. Since the n inverse images of the point w lie at the vertices of a regular n- 
gon in the z-plane with center at a, two inverse images can belong to the interior 
of the same angle with vertex at a only if the angle exceeds 2z/n. But 0 < ©, — @ 


< 2n/n by hypothesis, and hence every point of g has only one inverse image in 


G, as asserted. Thus, the function w = (z — a)" is a one-to-one conformal 
mapping of the interior of one angle onto the interior of another angle which is n 
times larger. 


FIGURE 4.1 


Of course, it would be quite incorrect to conclude that the function w = (z — 
a)" maps every straight line into a straight line, and every circle into a circle. For 
example, suppose a = 0, n = 2, so that w = (z — a)” reduces to w = z*, and 
consider the effect of this mapping on straight lines parallel to the coordinate 
axes. Every line parallel to the imaginary axis (except the axis itself) has an 


equation of the form 
z=b+it (—_0o <t< ow), 


where b # 0 is a real number, and the image of this line under the mapping w = z* 


has the equation 
w = (b +- it)*. (4.9) 


Separating real and imaginary parts of (4.9), we obtain the corresponding 
parametric equations 


u= 5 — 72, v = 251, 


where uw and v are the rectangular coordinates of the point w. Elimination of the 
parameter ¢ leads to 


v? = 4b*(b* — u), (4.10) 


which is the equation of a parabola opening to the left, with axis lying along the 
real axis and focus at the origin. Similarly, every line parallel to the real axis 
(except the axis itself) has an equation of the form 


z=t+ ic (—0o <t< o), 


where c # 0 is a real number, and it is easily verified that the image of this line 
under the mapping w = 7 is the parabola 


v? = 4c%(c? + u) (4.11) 


opening to the right, with axis lying along the real axis and focus at the origin. 
Thus, the mapping w = z* transforms the two one-parameter families of straight 
lines parallel to (but distinct from) the coordinate axes into two one-parameter 
families of parabolas (4.10) and (4.11), with axes lying along the real axis and a 
common focus at the origin (see Figure 4.2). Moreover, since the two families of 
straight lines in the z-plane form an orthogonal system (i.e., every curve in one 
family is orthogonal to every curve in the other family, and vice versa), and since 
the mapping w =z? is conformal (except at z = 0), it follows that the two families 
of parabolas in the w-plane also form an orthogonal system.? 


FIGURE 4.2 


Remark. It should be kept in mind that w = z* is not a one-to-one mapping, 


and in fact, every point in the w-plane except w = 0 and w = « has two inverse 


images. In particular, the inverse image of the parabola (4.10) consists of the two 
straight lines z = b + it and z = —b + it which are symmetric with respect to the 
imaginary axis, while the inverse image of the parabola (4.11) consists of the 
two straight lines z = ¢ + ic and z = t— ic which are symmetric with respect to the 
real axis. However, if we confine ourselves to a half-plane G whose boundary 
consists of a line passing through the origin (i.e., the interior of an angle of z 
radians with vertex at the origin), then the correspondence between G and its 
image Y under w = 2” is one-to- one. In fact, g is the interior of an angle of 2x 
radians with vertex at the origin, both of whose sides coalesce to form a single 
ray emanating from the origin. 


Problem 1. What are the inverse images under the mapping w = z* of the 
lines Re w = const, Im w = const? 


Problem 2. Verify directly that any parabola of the family (4.10) is 
orthogonal to any parabola of the family (4.11). 


20.THE MAPPING w = wz 


The time has come to say more about multiple-valued functions (defined in 
Sec. 5). Let w = f(z) be a multiple-valued function, with inverse z = f-'(w), and 
suppose z = f-!(w) is one-to-one on a domain @ in the w-plane. Then @ is called 
a domain of univalence for z = f''(w). Let @(z) be the function assigning z the 
unique point f({z}) M @, 1.e., the unique value of f(z) which belongs to g. Then 
w = Q(z) Is called a single-valued branch of the multiple-valued function w = 

Z * 
‘ ee new concepts will be illustrated by making a detailed study of the 
particularly simple multiple-valued function 


= 
<—s 
ty ] 


whose inverse z = w” has already been discussed in the preceding section (with 
the roles of z and w reversed). Suppose we draw any 7 rays from the point w = 0, 
such that the angles between adjacent rays all equal 2z/n. Then the interiors G, 


....@G, of the n angles of 27/n radians formed by these rays are all domains of 
univalence for the function z = w”. In fact, this is the same result as on p. 71, 


expressed in our new terminology. The image (under z = w”) of each of these 
domains G, is the same domain G in the z-plane, whose boundary is some ray 


drawn from the point z = 0. In fact, if the boundary of ¢, consists of the rays 
with inclinations 


2(k + 1)x 


2kx 
Pot+— and + 
n n 


the boundary of G consists of the single ray L with inclination n@p. In this way, 
we obtain n single-valued branches 


(W2)y...5(W2)n (4.12) 


of the function 7¥z, all defined on the same domain G, where (72), denotes the 


branch which maps G onto G;. Moreover, since w = (Wz), is a one-to-one 


continuous mapping of G onto G,, and since z = w” has a nonzero derivative 


nw"! on @;, the branches (Vz), all have nonzero derivatives on G, 1.e., 


(tk eee) 


(cf. Rule 5, p. 48). 

Now suppose we rotate our family of 1 rays through an angle a about the 
origin, where 0 < a < 2z/n, thereby obtaining a new family of rays, which 
divides the w-plane into a new family of domains Q),..., ,. Each domain g; 


intersects two domains @; and G,,,, with Y,,., = G, by definition (see Figure 
4.3 illustrating the case n = 6, where boundaries of the domains ; are indicated 
by solid lines, and boundaries of the domains @; by dashed lines). The inverse 
image in the z-plane of each of the domains @, is the same domain D, whose 
boundary is the single ray M drawn from the origin with inclination n@p + na. As 


before, we can define n single-valued branches> 


WZ 


FIGURE 4.3 
{Wz}1,...5 {V2} (4.13) 


of the function w = ~z, where now vz) ; 1s the branch mapping D onto Q,. 
Again, each of the branches (4.13) is differentiable on D, and 


d ee ae ” 
«(Wh = Fics (k= 1,...,n). 


Moreover, it is clear that vz , coincides with (72), on the set 9, M G, and 


with (72), on the set 9, | G;,.,;. Thus, when we go from one family of 


domains of univalence to another such family, each new single-valued branch is 
obtained by combining two of the old single-valued branches, where on the part 


of g, belonging to the common boundary I of GY, and @;,,,, Wz) ; 1s the 
appropriate limit of either (v2, Z,) or (72), More precisely, we have 

{Wz}. = (WZ) if z€9,9Y,, 

{WZ}e = (WZ )ers if zEDO Fy, 

{vz}, = lim (YE). =lim (Weer if zeD, OT, 


where [ = 9, A Y,+- 


Remark. If the angle of rotation a is zero, then D = G and 9, = G; (k= 1,..., 
n), while if a = 2z/n, D = G again but 9, = G4, (k= 1,..., n) where G,4,; = G}. 
AS @ increases continuously from 0 to 2z/n, the domain @; overlaps the domain 
@,.; more and more, until it finally coincides with G,,,, and the ray M 


representing the boundary of D undergoes a counterclockwise rotation of 27 
radians, where its initial and final positions coincide with the ray L representing 


the boundary of G. At the same time, the branch Wz },, which originally 
coincides with wz} ;, Shares more and more of its domain of definition with the 
branch vz jt, until it finally coincides with Wz} j+1- In this sense, we can say 
that as a increases continuously from 0 to 2z/n, the branch (72), changes 
continuously into the branch (vz) +1: 

We can also keep track of the way one branch (72), changes into another 


branch (Vz), by making the point z describe a complete circle with center at 
the point z = 0. Suppose that at the point z) € G we choose a value of wz 


belonging to the branch (72), and represented by the point 


Wo = Wizol (cos 8 + isin So), 
n n’ 
belonging to the domain ¢,. Then, as the point z moves continuously around the 
circle |z| = |Zp| in the counterclockwise direction, starting from the point Zp, the 


value of 
w= Wz, (cos + i sin <) (4.14) 
—— n 


varies continuously with 0, and when z returns to its original value zo, (4.14) 
goes into the value 


w, = V|zZo (cos 


+ 2x 0, + 2x) 

i 

obtained by rotating wo through the angle 2z\n about the point w = 0.° Therefore 
w, belongs to the domain @,,,adjacent to G,, and w, is the value of the branch ( 


an at the point zp. Since the point z) € G is arbitrary, we can say that one 


circuit around the origin z = 0 in the counterclockwise direction causes the 
branch (v z), to change continuously into the branch (v o.. 7 Moreover, it is 
easy to see that in this sense n circuits around the origin in the counterclockwise 


nf : 
sense cause the branch (¥ 7), to undergo the sequence of transformations 


(Viz)e > (VzZ)ngas (VW Zug > (V Zager sss 


(Wz), > (2), «00, (Wz). +> (Wz), 


which carry it continuously into itself after “going through” all the other 
; ; ; af ae - 
branches in succession. Since (¥ 7), is arbitrary, circuits around the origin carry 


any branch into itself. 

Given a multiple-valued function w = f(z) with continuous single-valued 
branches defined on a domain G, we say that a point C € G 1s a branch point of 
fiz) if there exists a neighborhood .7(C) such that one complete circuit around an 
arbitrary closed Jordan curve y C .#(C) with ¢ € J(y) carries every branch of f(z) 
into another branch of f(z). If a finite number of circuits around y (in the same 
direction) carries every branch of f(z) into itself, and if 7 is the smallest such 
number, we say that ¢ is a branch point of finite order, specifically, of order n — 
1. In this case, the point ¢ is also called an algebraic branch point of f(z), 
provided that f(z) has a limit (finite or infinite) at ¢. Thus we have just shown 
that the point z = 0 is an algebraic branch point of order n — 1 of the function w = 


Wz: 


Remark |. It is clear that the point z = can also be regarded as an algebraic 
branch point of order n — 1 of the function w = #2, since every circuit around the 
point at infinity along a circle of arbitrarily large radius with center at the origin 
is simultaneously a circuit around the origin. Therefore the multiple-valued 
function w = #7 has two branch points in the z-plane, i.e., z = 0 and z = 0, both 
of order n — 1. 


Remark 2. The single-valued branches described above were constructed for 
a domain like G or D, whose boundary is a rectilinear ray joining the two branch 
points 0 and «. More generally, let y be any unbounded Jordan curve (see Sec. 
12, Prob. 2) in the extended z-plane joining the points 0 and ©, and this time let 
G be the domain with boundary y. As the point z traces out the curve y from its 
initial point 0 to its final point «, the n points corresponding to the n values of w 
= 7 trace out n Jordan curves I),..., I, joining 0 and 0. These curves have no 


points in common other than 0 and ©, and each set [, U T;,, (where 4, =T)) 


represents a closed Jordan curve in the extended w-plane. Of the two domains 
with boundary IT’, U T',4,, let Y, be the domain which does not contain the other 


curves T,,..., [y4, Uys... U,. By construction, when the w-plane is rotated 
through the angle 2z/n about the origin, T, goes into T;,, and T;,, goes into 
T',45, and hence the domain @; goes into the domain G4, (Y,,.; =@G ). Since 


GF, 09,,;=0 (K=—1,...,n), 


the rotation cannot carry any point of Y, into another point of G,. Therefore the 
domains @,...,9,, are all domains of univalence for the function z = w”, and we 
obtain n single-valued branches of the function w = %z, all defined on the 
domain G, by requiring that the Ath branch take its values in the domain @, (k = 
1,..., 2). To specify a branch, it is sufficient to indicate the value of #z at some 
point z) € G; if this value is wo, there is a unique domain Y, containing wo, and 
a unique branch of ¥z taking the value wy at the point Zp. 

Now let [vz] , and [Wz ], be two single-valued branches of the function ¥z, 
which are defined on the domain G and take values w’p and w"o, respectively, at 
a point z) € G. Since 


Wo = [WZ], = W/IZol 


where 09 = arg z, and m', m” are integers, it follows that w”) equals w' 
multiplied by 


2(m”" — m')x .... Am" — m’)x 
9 = cos + ic 
n n 


1.e., by a value of yy ¥. But nz], is obviously a single-valued continuous 
function on G such that (nl 2],)" = Z, 1¢., n{VZ], is one of the single-valued 
branches of ¥z defined on G, in fact, the branch [Wz ], containing the point n[Vz 


oli = [72] ; = w"o. In other words, any single-valued branch of ¥z defined on G 


can be obtained by multiplying any other single-valued branch defined on G by 
an appropriate nth root of unity. 


Remark 3. The conclusions of this section apply (with certain obvious 
modifications) to the somewhat more general functions 


w= Wz—a and w= aE —, (4.15) 


which are the inverses of the functions 


FIGURE 4.4 


while the second has branch points a and b. Moreover, single-valued branches of 
each of the functions (4.15) can be defined on any domain whose boundary is a 
Jordan curve joining the appropriate branch points. 


Problem 1. On which of the (unshaded) domains shown in Figure 4.4 can 
single-valued branches of the function w = 4/7 be defined? 


Problem 2. Verify in detail Remark 3 above. 


21. RATIONAL FUNCTIONS 


In Sec. 18 we introduced the class of entire functions. A more general class 
of functions is the class of meromorphic functions. By a meromorphic function 
fiz) we mean a function which can be written as a quotient 

g(z) 


f(a = h(z) 


of two entire functions g(z) and A(z), where h(z) 4 0. Obviously, every entire 
function f(z) is meromorphic, since it can be written in the form /f(z)/1, but the 
converse is not true, as shown by the function 1/z which is meromorphic but not 
entire, since it becomes infinite for z = 0. 

The simplest members of the class of meromorphic functions in the full 
sense of the term (i.e., meromorphic functions which do not reduce to entire 
functions) are the rational functions. By a rational function we mean a function 
which can be written as a ratio 

P(z) a@g+a,z+°°*+a,2™ a 
f(z) a eke a (a,, ~#0,b,~0) (4.16) 
of two polynomials P(z) and Q(z), where it is assumed that the fraction P(z)/O(z) 
is in lowest terms, 1.e., that the equations P(z) = 0 and Q(z) = 0 have no common 
roots. Let a1,..., &, denote the distinct zeros of the polynomial P(z), and let a, be 


of order k, (s = 1,..., P). Similarly, let B),...,..., B,, denote the distinct zeros of 
the polynomial Q(z), and let B, be of order /, (t = 1,..., g). Then (4.16) can be 
written in the form 


an FU), Sol — ey" ** + (5 — I” 
Q(z) b,(z —_— B,)" tee (z —= B,)" 


Obviously 


kites +k =m, At-eos+th =n, 


and none of the numbers a,..., 0, equals any of the numbers f,,..., B,, since f(z) 
is assumed to be in lowest terms. The function f(z) vanishes at each point a,(s = 
1,..., P), called a zero (or zero-point) of order k, [of f{z)], and becomes infinite at 
each point B, (¢ = 1,..., g), called a pole of order I,. The zero a, is said to be 
simple if k, = 1 and multiple if k, > 1; similarly, the pole B, 1s said to be simple if 
1,= 1 and multiple if l,> 1. It follows from our definition that the zeros of f(z) are 


poles of 1/f(z), while the poles of f(z) are zeros of 1/f(z), and moreover that 
orders are preserved, i.e., a zero of f(z) of a given order becomes a pole of 1/f(z) 
of the same order, and vice versa. 

To define f(z) when z is the point at infinity, we use the relation 


f(%) = lim f(z), 


obtaining 
1) f(w)=0 if m<n; 
2) f(a) = a if m=n; (4.17) 


3) f(~w)=a if m>n. 


In the first case, we say that f(z) has a zero at , and in the third case we say that 
fiz) has a pole at «. To assign a definite order to a zero or pole at 0, we make the 
preliminary transformation ¢ = 1/z (cf. p. 24), which carries the point z = oo into 
the point ¢ = 0. Then 


1 
ay + ee 


* —_ 1 _ » is = ot 7 G_~16 T | ag” 
f (S) f( 19) b 1 b 1 4 _ in b bY ta b,, . bt + a 
0 s n 4 


and analyzing the three cases (4.17), we obtain the following results: 


1. Ifm<n, then 


Ca + de sl + °°* + at”) 
Pinte ce — 

bg + bg +o + OF 
Since this rational function has a zero of order n — m at C = 0, we say that 
f(z) has a zero of order n — m at z =~, 


2. Ifm=n, then 


An + Onxi + °° + ag,” 
(0) = 
f ‘ bin + bo -16 +°°°+ b." 

Since this rational function has neither a zero nor a pole at ¢ = 0 [in fact, f 

(0) =f() =a,,/b,,], we say that f(z) has neither a pole nor a zero at z = ©. 


3. Ifm>n, then 


| Y er ie ym 
Ti (4) _ am 5 Amis + aos 


As r | iS at bot") 


Since this rational function has a pole of order m — n at C = 0, we say that 
f(z) has a pole of order m—n at z =~. 


Remark. It is easy to see that f(z) is analytic at z = 00 (see Remark 1, p. 63) if 
m<norm=n, but not if m>n. 


By the order N of a rational function f(z), we mean the total number of zeros 
(or poles) of the function in the extended plane, counting each zero (or pole) a 
number of times equal to its order. It is easy to see that 


N = max (m, n), 


i.e., NV is the larger of the two integers m and n (or their common value if m = n). 
In fact, consider the three possibilities in turn: 


1. Ifm <n, fiz) has k, +...+k, = m zeros at finite points and a zero of order n 
—m at infinity, so that f(z) has a total of 


N =m + (n — m) = n = max (m, n) 


zeros. Moreover, f(z) has /, +...+ 1, =n poles at finite points and no pole at 


l 
P 
infinity, so that f(z) also has a total of N =n poles. 


2. Ifm =n, f(z) has neither a zero nor a pole at infinity, and precisely 


N=kt+-:-+k,=h+---+h=m 


zeros and poles at finite points. 


3. Ifm>n, f(z) has 1, +...+ 1, =n poles at finite points and a pole of order m — 
n at infinity, so that f(z) has a total of 


N=k,+°°-+k, =i,+-°---+1=m 


poles. Moreover, f(z) has k, +...+ k, = m zeros at finite points and no Zero at 
infinity, so that f(z) also has a total of N = m zeros. 


Now let A be an arbitrary complex number, and consider the roots of the 
equation 


PC) 


(z) = 
O(z) 


(4.18) 


or equivalently, the roots of the equation 


y _ P(z) — AQ(z) 
F(z) = ————_—— = 0. 4.19 
( Oz) (4.19) 
By the multiplicity of a root z) of equation (4.18), we mean the multiplicity of 
the same root Z, of equation (4.19). 


THEOREM 4.3. Given a rational function f(z) of order N and an arbitrary 
complex number A, the total number of roots of equation (4.18) is N (with due 
regard for multiplicity). 

Proof. \f A = 0 or A = ©, the result follows directly from the definition of 
the order of f(z). Let r be the degree of the polynomial P(z) — AQ(z) and s the 
order of the rational function F(z). If A #0, A #0, m #n, then r = max (m, n) 
= N, and hence s = max (r, n) = N. If A #0, A #4, m =n, r < max (m,n) = N, 
and hence s = max (r, n) = N 


Remark. As we know from Sec. 18, if P,,(z) is a polynomial of degree n, the 
equation P,,(z) = 0 has exactly n roots (with due regard for multiplicity). Thus we 
see that this same property holds for rational functions, with the concept of order 
replacing that of degree. 


Example. The rational function 


_~2+1 
fey = Ft 


has two simple zeros +i and two simple poles +1. If A = 1, the equation f(z) = A 
becomes 


or 


= 0, (4.20) 


which obviously has no finite roots. However, (4.20) has a double root at ©, 
since the degree of the denominator is two higher than that of the numerator. 


It follows from Theorem 4.3 that a rational function w = f(z) of order N > 0 
maps the extended plane onto itself in such a way that every point w has at most 
N distinct inverse images (recall the analogous property of polynomials, proved 
on p. 66). Moreover, only certain exceptional values of w can have fewer than N 
distinct inverse images [e.g., the point w = 0 if f(z) has multiple zeros, or the 
point w = o if f(z) has multiple poles]. The following result is the natural 
generalization of Theorem 4.1: 


THEOREM 4.4. Let f(z) be a rational function whose numerator P(z) is of 
degree m and whose denominator Q(z) is of degree n. Then there are at most 
m+n points in the extended w-plane with fewer than N = max (m, n) distinct 
inverse images (N> 1). 


Proof. First suppose A # 0, A # «©, and suppose that A has fewer than N 
distinct inverse images. Then the equation 


P(z) 
(z)= ——=A 
: Q(z) 
or equivalently 
ee (4.21) 
Q(z) 


must have a multiple root. Any finite multiple root of (4.21) is a multiple 
root of the equation 


P(z) — AQ(z) = 0, (4.22) 


and conversely. Moreover, any multiple root of (4.22) satisfies the equation 
P’'(z) — AQ'(z) = 0, 
and hence also satisfies the equation 


P'(z)Q(z) — P(z)Q'(z) = 0, (4.23) 


of degree no higher than m + n — 1. Equation (4.23) has no more than m + n — 
1 distinct roots y,,...,y,(1 <r<m+n-— 1). Since any finite multiple zero of 


fiz) satisfies the equations 
P(z) = 0, P'(z) = 0, 

and since any finite multiple pole of f(z) satisfies the equations 
QOz)=0, Q(z)=90, 


all the finite multiple roots of (4.21) satisfy (4.23), and are therefore already 
included among the numbers y,,..., y,, even if we let A = 0 or A = ©. In other 


words, the numbers 
Sidr oeiss Sy), f(@) (l<r<m+n—l1) 


are the only values of A for which the equation f(z) = A can have a multiple 
root. Since at most m + n of these numbers are distinct, the theorem is 
proved.® 
Remark. The mapping w = f(z) is conformal at all but a finite number of 
points, since the condition that z should not equal 0, any of the numbers ),..., y,. 
or any of the zeros of Q(z) is certainly sufficient to guarantee that the derivative 
Dt > Un 
rz) =! (z)Q(z) P20 (z) 
[Q(z)] 


is finite and nonzero.” 


Problem 1. Given a rational function 


P(z) 
fe) =a) (4.24) 


prove that the mapping w = f(z) is conformal at any simple zero of Q(z), and 
also at z = 00 if the equation f(z) = f{(%) has no multiple roots. 


Problem 2. Prove that the mapping (4.24) actually fails to be conformal at 
each of the points y,,..., 7, which are the roots of the equation 


P(z)Q(z) — P(z)Q"(z) = 0 


[see (4.23)], and also at the point yy = «© if the equation f(z) = f(~) has 


multiple roots. In particular, prove that an angle with vertex at y; is enlarged a 
number of times equal to the multiplicity of the root y; of the equation f(z) = 


fy), J = 9, | ae r. 


| | 
22. THE MAPPING w = (= + :) 


A mapping by a rational function of order higher than 1 was studied in Sec. 
19, in connection with the function 


n 


(n > 1). 


w = (z — a) 


However, this function is not meromorphic in the full sense of the word, since it 
is actually entire. We now study the rational function 


- 

w = 2(z) = a(2 + ‘) === 2 (4.25) 
which comes up in the course of solving a variety of problems. In fact, because 
of the use which the Russian scientist Joukowski made of this function in 
aerodynamics, it is often referred to as the Joukowski function. Obviously, w = 
X(z) is a rational function of order 2, which does not reduce to an entire function 
and which satisfies the condition 


A(z) = a(*). (4.26) 
It follows from (4.26) that under the mapping w = A(z) every point of the w-plane 
except w = + 1 has two (and only two) distinct inverse images z, and z, 
satisfying the relation. 


2,2, = 1. (4.27) 


Let y be the unit circle |z| = 1, with interior /(y) and E(y). Then, according to 
(4.27), z,; € Uy) if and only if z, € E(y). Moreover A[/(y)] = ALE(y)], 1.¢., (4.25) 
maps both the interior and the exterior of the unit circle into the same set in the 
w-plane. 


FIGURE 4.5 


To study the mapping w = A(z) in more detail, we find the images of the 
circles |z| = r and the rays Arg z = o + 2kz (see Figure 4.5), confining ourselves 
to the domain G = /(y). Setting 


z= re“ (0 < t < 2n), 
where 0 <7 < 1, we find that 


wa ut iomt(ret + tem) =1(! +r) cost—i2(4—r) sine, 
2 r 2\r 2\r 


or 


~_ (4 4 r) “<< we (2 = r) sin ¢, (4.28) 
2\r 2\r 


where 0 < ¢ < 2z. Eliminating ¢ from (4.28), we obtain 


u* v* 


ee ———— —_ 

iff... (ae ar 

GE+)) GG] 
which is the equation of an ellipse with semiaxes @ = (r++ r),, b = 
X(r-4— r) and foci at +1. It follows from (4.28) that as ¢ increases 
continuously from 0 to 27, 1.e., as the point z describes the whole circle |z| = r 
once the counterclockwise direction,the image point w describes the whole 
ellipse once in the clockwise direction. By varying the radius of the circle |z| = 7 
form 0 to 1, we cause a to decrease form © to | and b to decrease from © to 0; as 
a result, the ellipses (4.29) range over the whole set of ellipses with foci at +1. It 
follows that w = A(z) is a one-to-one mapping of the unit disk G = J(y) onto the 
domian ¢ =I°°, where I’ denotes the segment —1 < u < 1, v = 0 of the real axis 


and I° its complement. 
Next we consider the images of the ray 


(4.29) 


z=te™ (0<t<1) (4.30) 
with inclination o. Substituting (4.30) into (4.25), we obtain 


w -u+io=4(4+1) cosa—it(t—1) sing 
2\t 2\t 


or 


(2 t) cos a, y —1(1—1) sina (0<t<1), (4.31) 


It follows that the images of two radii symmetric with respect to the real axis 
(i.e., such that if one radius has inclination a, the other has inclination —a) are 
themselves symmetric with respect to the real axis, while the images of two radii 
symmetric with respect to the imaginary axis (1.e., such that if one radius has 
inclination a, the other has inclination z — a) are themselves symmetric with 
respect to the imaginary axis. Thus it is sufficient to consider the images of radii 
lying in the first quadrant 0 < a < 7/2. 
For o = 0 we have 


u : A(t +t), v=0 (UF at as 


which represents the infinite interval 1 < u <0. The infinite interval —oo <u <-1 
is the image of the radius with inclination z. For a = 2/2 we have 


u=0, o= —=( -1) (0<t< 1), 


which represents the negative imaginary axis —oo < v< 0. The positive imaginary 
axis () < v < +00 is the image of the radius with inclination a = —/2. Thus the 
image of the “horizontal” diameter of the unit disk G:|z| < 1 is the infinite 
interval of the real axis going from —1 to +1 through the point at infinity and 
excluding the points +1, while the image of the “vertical” diameter of G is the 
whole imaginary axis including the point at infinity but excluding the origin. 

Suppose now that 0 < a < 2/2. Then, eliminating the parameter ¢ from (4.31), 
we obtain 


o 
u* v* 


costa sinta M 

which is the equation of a hyperbola, which we denote by H, with semiaxes a = 
cos a, b = sin a and foci at +1. Let H,, H5, H,; and Hy, and denote the 
intersections of H with the first, second, third and fourth quadrants, respectively, 
excluding the two points (+a, 0) of H belonging to the real axis. Moreover, let 
Ro» Ra-w Raq and R_, denote the sets of points belonging to the radii (4.30), 
with inclinations a, z— a, z + a, and —a, respectively. Then it is easy to see that 


m™—Ol? 


Hy, MR), H, : MR x), Hy = Raa), Hy, = (Rz). 
In particular, the image of each of the diameters R, U R,4, and R,_, U R_, of G 
is a set consisting of two “quarter-branches” of the hyperbola H, joined at 
infinity and minus the points (+a, 0). 
To summarize, the function 


is a one-to-one continuous mapping of both the interior and the exterior of the 
unit circle y onto the complement of the segment —1 < u < +1 of the real axis. 
Under this mapping, the one-parameter family of circles \z| = r (0 < r < 1) is 


transformed into a one-pararreter family of confocal ellipses, with semiaxes 
4(r— + r) and foci at +1, and the one-parameter family of pairs of diameters of 


‘ ) ae 
w 2) =+(2 + 


hw ole 


y symmetric with respect to the real axis, formed of the radii 


z=+te** (0<1t< 1), 


where 0 < a < 2/2,!° is transformed into a one-parameter family of confocal 
hyperbolas (minus their vertices), with semiaxes cos a, sin a and foci at +1. 


Remark. Since the derivative 


is nonzero for z # +1, the mapping is conformal at all points of the domains /(y) 
and E(y). It follows that the hyperbolas intersect the ellipses at the same angles 
as the radii intersect the circles, 1.e., at right angles. 


Problem. Let G be the exterior of the unit circle |z| = 1. What are the 
inverse images under the Joukowski function of the families of ellipses and 
hyperbolas in the w-plane just described? 


' Tt will be shown later (see Theorem 10.7, Corollary 1) that any function 
which is analytic in the extended plane must be the trivial function f(z) = const. 


* Note that even if (to) # 0, we still cannot write © = Arg A'(tp), since A'(to) 
= P' (Zo) (to) = 0. 
3 The x and y-axes themselves are orthogonal, but their images, i.e., the line 


segments u > 0, v= 0 and u < 0, v= 0 (each traversed twice) are not orthogonal, 
since the derivative of w =z’ vanishes at z = 0 (cf. Theorem 4.2). 

4 Preliminary contact with this notion has already been made on p. 54. 

> Note the vital distinction between the parentheses in (4.12) and the braces 
in (4.13). 

© Of course, in making the circuit around the circle |z| = |zo|, we allow z to 
pass through the ray L, which is excluded from the domain G. 

7 More precisely, every value of yz on the branch (#2), changes continuously 
into the corresponding value of wz on the branch (“z),..). 

8 If N=0 or N= 1, the theorem is meaningless. 


° However, the condition is not necessary (for further details, see Probs. 1 
and 2). 


'0 The cases o = 0 and a = 2/2 warrant special discussion (see above). 


CHAPTER 5 


MOBIUS TRANSFORMATIONS 


23. THE GROUP PROPERTY OF MOBIUS 
TRANSFORMATIONS 


It follows from Theorems 4.3 and 4.4 that the rational function of order 1, 1. e., 
the fractional linear transformation or Mobius transformation 


i 


az 
cz +d 


w = L(z) = (ad — be #0) 


is the only rational function which maps the extended plane onto itself in a one- 
to-one fashion. Here, we assume that the quantity ad — bc, called the 
determinant of the function L(z), is nonzero, since otherwise L(z) is identically 
equal to a constant mapping the extended plane into a single point. As we know 
from Sec. 17, the mapping w = L(z) is conformal at all points of the extended 
plane. This mapping (or its various special cases) plays an important role in a 
variety of problems encountered in the theory of functions of a complex 
variable, and it therefore merits a detailed study (to which we devote the present 
chapter). 

Let 4 denote the set of all M6bius transformations. Two such transformations 

a,z + b, 


az + b, 
Lz) =, L{z)=—— (5.1) 
i(Z) cae a(2Z) air a 


are regarded as identical if and only if L,(z) = L,(z) for all z. 


THEOREM 5.1 A necessary and sufficient condition for the two Mobius 
transformations (5.1) to be identical is that 


@,=)a,, by = Dy, Ce= A, d= Ad, (A # 0). (5.2) 


Proof. The sufficiency of the condition is obvious. To prove the necessity, 
suppose L,(z) = L,(z). Then, in particular, 


L,(0) = L,(0), L,(1) = L,(1), L,(~©) = L,(%), 


which means that! 


b, by = a,+6, a,+b, a, a, 


Substituting 
b= pa,, b, = pa;, A= ey, 42 = C2 
into the second of the equations (5.3), we obtain 


qc, + Pd, 4eg + Pay 
c, + d, C2 + d, 


or 
(cd, — Cod, X(q — p) = 0. 


But g # p, since otherwise 


Together with (5.3), this implies (5.2), as required. 


Remark. A Mobius transformation is not characterized by the value of its 
determinant, since the determinant is multiplied by 4? when the coefficients 
change as described by (5.2). It can only be asserted that the determinant 
remains nonzero under any substitution (5.2). 


The transformation 
U(z) = z, 


which obviously belongs to the set 4, is called the unit transformation (or the 
identity transformation). By the inverse of a given transformation 


az+b 
w= P 
cz+d 


(5.4) 


we mean the transformation which assigns to each w its inverse image z under 
the transformation (5.4). Thus the transformation 


dw—b 


—cw+a 


7 = 
Z= 


(whose coefficients are unique only to within a multiplicative constant, as in 
Theorem 5.1) is the inverse of the transformation (5.4), We denote the inverse of 
the transformation L by L!. 

Given two arbitrary Mobius transformations 


_ az + by ~) — 4227 + 5: 


r4 ’ - , 
L(2) ¢,z +d, Cz + dy 


we define the product of L, and L, as the result of first carrying out one 
transformation and then carrying out the other. There are two possible products 
corresponding to the two orders in which the transformations can be carried out. 
One product, written LZ, L,(z), equals 


a,[(a,z + b,)/(cgz + d3)] + b, 

€[(@az + bg)/(cgz + da)} + dy 

_ Ay(4_z + by) + by(Cgz + dy) 

© €,(a_z + by) + dy(caz + dy) 

_ (4142 + bycs)z + (a,b, + b,d,) 
(cay + dyca)z + (Cyb, + dd)’ 


L,L(2) = 


(5.5) 


and the other, written L,L,(z), is obtained from (5.5) by permuting the indices 1 
and 2. Moreover, since 


(aya_ + byc2)(Cyby + dyd,) — (ayby + byd,)(Cyag + dC) 
= (a,d, — b,c, ad, — bc.) # 0, 


each of the transformations L,L,(z) and L,L,(z) belongs to the set 4. In general 
L,L,(z) = LL (2), but obviously 


LL-\(z) = L“L(z) = U(z), 


and 
LU(z) = UL(z) = L(z) 
for any L(z) € ¢. 


Example. If 


then 


; L,L,(z) = —2z — 1. 


z+1 
L,L{z) = i 


2 
Multiplication of transformations, as just defined, is an associative operation, 
Le., 
(L,L,)L9(z) = Ly(LyL)(z). (5.6) 
To see this, we merely write z3; = L3(z), and then both sides of (5.6) reduce at 
once to L,L,(z3). This associative property generalizes immediately to the 


product of an arbitrary number of transformations, and makes it unnecessary to 
use parentheses when writing products. For example, we have 


Li[L(Laly) Mz) = L,L(Lals Wz) = Ly(Lalg)Li(z) = +++ = L,LyL5L,(2). 


Thus we have shown that the set ¢ of Mobius transformations has the 
following properties: 


1. 418 closed under multiplication, 1.e., if L;€ 4, Ly € a, then L,L5,€ 4, 
LoL, € &. 

2. Multiplication is associative. 

3. There is an element U € such that LU= UL=L for any L € «4. 

4. For each L € 4, there is an element LZ! € ¢such that LL! =L'IL =U. 


In algebraic language, these four properties are summarized by saying that 4 is 


a group of transformations?. 


Problem. Prove that the Mobius transformations of the special form 


L, =z, Ls: L; =1-z, 


z’ (5.7) 


form a group. 


Comment. This fact is summarized by saying that the transformations 
(5.7) are a subgroup of 4.4 


24. THE CIRCLE-PRESERVING PROPERTY OF MOBIUS 
TRANSFORMATIONS 


We now prove that any Mobius transformation carries a straight line or a 
circle into another straight line or circle. We call this the circle-preserving 
property, since a straight lines can be regarded as a limiting case of a circle 
(corresponding to infinite radius). The entire linear transformation L(z) = az + 
B(a # 0) is obviously circle-preserving, since the mapping w = L(z) 1s just a shift 
(if a = 1), or a shift combined with a rotation and a uniform magnification (if a # 


1). 


LEMMA. The transformation 


eee : (5.8) 


is circle-preserving. 


Proof. The equation of any straight line or circle in the z-plane can be 
written in the form 


A(x* + y*) + 2Bx + 2Cy + D=0, (5.9) 


where we have a straight line if 4 = 0 and at least one of the numbers B, C is 
nonzero, and a circle if A # 0 and B* + C* — AD > 0. Since 


x2 + yo= 22%, 2x=z+2, 2y= —i(z — 2), 


where = = x — iy is the complex conjugate of z = x + iy, we can rewrite (5.9) 
as 


Azz + Ez + E+ D=0, (5.10) 


where EF = B + iC. It is easy to see that equation (5.10), where A and D are 
real and E is complex, is the equation of a straight line if and only if A = 0, E 
+ 0, and the equation of a circle if and only if 4 #0, EE-—AD > 0. 

We now find the image of the curve with equation (5.10) under the 
transformation (5.8). Replacing z by 1/w in (5.10), we obtain 


pg ety et4 v=o 
ww w w 


or 


DwwW + Ew + EW + A=0. (5.11) 


Equation (5.11) has the same form as equation (5.10), with D, g& and A 
substituted for A, E and D, respectively. It follows that (5.11) is the equation 
of a straight line if D = 0, since then either A = 0 and E # 0 if (5.10) is the 
equation of a straight line, or else 4 # 0 and EE — AD = EE > 0 (so that E # 
0 again) if (5.10) is the equation of a circle. Moreover, (5.11) is the equation 
of a circle if D # 0, since then either 4 4 0 and EE — AD > 0 if (5.10) is the 
equation of a circle, or else A = 0 and EF # 0 (so that EE — AD = EE > 0 
again) if (5.10) 1s the equation of a straight line. 


THEOREM 5.2. Every Mobius transformation 


az+b 


w = L(z) = (ad — be +0) (5.12) 


~ 


is circle-preserving. 


Proof. lf c = 0, (5.12) reduces to an entire linear transformation and hence 
is circle-preserving. If c # 0, (5.12) can be written in the form 
a be — ad 


w=-- : 
c c(cz +d) 


1 
z,=L(z)=cz+d, z2=A(z,)=—, 


zy 


Setting 


een Elen 24. mS 
c c 
we can write L(z) as a product 
L=L,AL, 


of three transformations which are all circle-preserving (use the lemma). It 
follows that L itself is circle-preserving. 


CoROLLARY. Let 6 = —d/c be the pole of the (rational) function (5.12). 
Then (5.12) transforms every straight line or circle which passes through 6 
into a straight line, and every other straight line or circle into a circle. 


Proof. If the circle or straight line passes through 0, its image under (5.12) 
contains the point at infinity, and hence must be a straight line, since it cannot 
be a circle (no circle contains 0). Similarly, if the circle or straight line does 
not pass through 6, its image does not contain the point at infinity, and hence 
must be a circle, since it cannot be a straight line (every straight line contains 
00). 


Remark. Let w = L(z) be any MObius transformation, let y be a straight line 
or circle in the z-plane, and let T = L(y) be the image of y in the w-plane (TI is 
itself a straight line or a circle). The two domains G, and G, with boundary y are 


either two half-planes or the interior and exterior of a circle. Let L(G,) and L(G,) 


be the images of these two domains under the mapping w = L(z). We now show 
that L(G,) and L(G) are the two domains whose common boundary is the curve 


ie 

First suppose z; € Gj, Zz) € Gy, and let w, = L(z,), w. = L(zz). Then w, €T, 
w, ET, since z,; € y, z, € T, and hence w, and w, must belong to the union of the 
two (disjoint) domains into which I divides the extended w-plane. If w, and w, 
both belong to one of these two domains, we can join w, to w, by a line segment 


or circular arc A which does not intersect (see Figure 5.1). The inverse image 
of A in the z-plane must be a line segment or circular arc 6, which joins z, to z, 


and does not intersect y. But the existence of 6 contradicts the assumption that z, 
and z, belong to different domains G, and G. Therefore, if z, and z, belong to 
different domains with boundary y, their images w, and w, must belong to 


different domains with boundary I. 


FIGURE 5.1 


We now denote the domains containing w, and w, by % and %:, respectively. 
If z is an arbitrary point in G, then, since z and z, belong to different domains 
and G, and G,. their images w and w, belong to different domains %; and %:. But 
w, € %, and hence w € %, 1.e., L(z) € % if z € G,. Similarly, L(z) € %: if z € 
G,, and hence 


G,>LG,), %,> LG,). (5.13) 
Conversely, let w be an arbitrary point in %:. Then w must be the image of a 
point z in G, or G>. But z € G, implies w € %:, contrary to hypothesis, and hence 
z € G, 1e, % C L(G,). Similarly, we find that %: C L(G,). It follows by 
comparison with (5.13) that 


9, = L(G,), G, = LIG,), 


i.e., the two domains with boundary I are just the images of the two domains G, 
and G,, as asserted. Moreover, to determine which of the two domains with 
boundary I is actually the image of a given domain G, with boundary y, it is 
sufficient to locate the image w, of any point z,; € G,, for then the domain %; 
containing w, is the image of G,. 


Problem. Find the images of the following domains under the indicated 
Mobius transformations: 


z-i 


a) The quadrant x > 0, y > Oifw = aver : 


, »? 


2z—-i 
b) The half-disk |z} < 1, Imz > 0 if w = te? 
T. z 
c) The sector 0 < argz <7 if w Ear 
: z-1 z-—1 
d) The stripO <x <lifw= or if w = ——— 


z-2° 


25. FIXED POINTS OF A MOBIUS TRANSFORMATION. INVARIANCE 
OF THE CROSS RATIO 


By a fixed point of a transformation or mapping w = f(z), we mean a point 
which is carried into itself by the transformation. Obviously, every such point is 
a solution of the equation 


z = f(z). 
Moreover, every point of the z-plane is trivially a fixed point of the unit 
transformation U(z) = z. 


THEOREM 5.3. Every Mobius transformation different from the unit 
transformation has two fixed points, which in certain cases coalesce into a 
single fixed point. 


Proof. First let c = 0 (d # 0), so that L(z) reduces to the entire linear 
transformation 

L(z)=az+ 6 (a am 

Then, since L(oo) = «, one fixed point is the point at infinity. If a # 1, there is 
another fixed point determined from the equation 


z=az-+ 8, 


i. e., the point B/(1 — a), but if a = 1, B 4 0, there is no finite fixed point. 
Moreover, if a # 1, B # 0, the finite fixed point B/(1 — a) approaches © as a 
— |. Therefore, in the case of the transformation 


L(z)=2z+8 (8 #0), 


the point at infinity can be regarded as two fixed points which have 
coalesced. 
Now let c # 0, so that 


a) 
[{oa) = - Ff o, 
c 


i. e., the point at infinity is not a fixed point. Similarly, the pole 8 = —d/c of 
the transformation is not a fixed point, since 


L(8) = 0 £8. 


Assuming that z # 0 and z #6, we solve the equation 


or 


cz* — (a — d)z —b=0, 


obtaining 


a—d+vJ(a— d)*+ 4be 
2c , 


« 


If (a — dy’ + 4bc £ 0, we obtain two different finite fixed points; if (a — d) 
+ 4bc = 0, these two points coalesce to form a single finite fixed point (a — 


d)/2c. 


CoROLLARY. The only Mobius transformation with more than two fixed 
points is the unit transformation U(z) = z, for which all points are fixed 
points. 


THEOREM 5.4. A sufficient condition for two Mobius transformations L(z) 
and N(z) to be identical is that the equation 


L(z) A(z) 
hold for three distinct points z,, z, and z3. In particular, there cannot exist 


two distinct Mobius transformations taking three given values w,, W>, W3 at 
three given distinct points Z,, Z>, Z3. 


Proof. It follows from 


L(z,) = A(z,) = w, (i = 1.2.3) 


that 


Aw)=2 (k=1,2,3), 


and hence 
A“"L{(z,) = 2, (k = 1, 2, 3). 
Therefore the transformation A~'L has three distinct fixed points, which, 
according to the corollary, implies 
A“L = U, (5.14) 


where U is the unit transformation. Multiplying both sides of (5.14) by A from 
the left, we obtain 


A(A“L) = AU, 


which implies 


as asserted. 


We now set about determining the (unique) M6bius transformation w = L(z) 
carrying the points z,, Z, z; into the points w), w>, w3. First we consider the 
problem of finding the special M6bius transformation w = A(z) carrying three 
finite points z), Z>, Z3 into the points 0, 0, 1. Since the function 


az+b 


= A(z) = 
. (2) cz+d 


vanishes for z = z, and becomes infinite for z = z, if and only if z, 1s a zero of the 
numerator and z, is a zero of the denominator, it follows that 


w = A(z) at ea, 


fod + 


But w must equal | for z = 23, Le., 


Q@z3-—Z 
ee 1 
which implies® 
a Za2— 2 
c Z3 — 22 


Therefore the Mobius transformation carrying Zz, Z, Z3 into 0, 0, 1 is 


wy mm A(z) oe ———) S28 (5.15) 


f— 2g 29 — 23 
Next we determine the more general Mobius transformation w = L(z) 
satisfying 
L(z,) = Wy, L(z_) = We, L(25) = Ws, 


where w , W>, w3 are three arbitrary (but distinct) finite points. As we have just 
seen, the transformation 


Z—W, Wy—W 
A(z) =——? : + 


Z— We W3 — We 


(5.16) 


carries the points w,, w>, w3 into the points 0, 0, 1. Therefore the transformation 


A,L carries the points z,, Z>, Z3 into the points 0, 00, 1, so that 


— 7. 


A,U(z) = A(z) = 2—41: 28 


- & > 
- - 


7 - oo. = 
= 2 “3 


Multiplying both sides of the equation 
A,L(z) = A(z) 


by A7!, from the left, we obtain 


L(z) = Aj'A(z). 


1 


(5.17) 


(5.18) 


This solves the problem, since the functions A(z) and A,(z), and hence A7',(z), 
are known [cf. (5.17) and (5.16)]. However, it is more convenient to use (5.18) 


directly, after writing w = L(z). The result is 


A il w) aa A(z) 


or 


2-5) 5, tS (5.19) 


W—We Wy—We Z—2Zg 23-2 


which expresses the M6bius transformation w = L(z) in implicit form. 


Remark. In finding the Mobius transformation carrying the points z, Z>, 23 
into the points w,, wz, w3, it was assumed that all six points are finite. However, 


the case of infinite points is easily handled. For example, the transformation 
carrying the points 00, z,, z3 into the points 0, 00, 1 has the form 


a | 


» = 
- -2 -3 -2 


> 


which can be found by inspection or by writing (5.15) in the form 


and then taking the limit as z,; — 0. Therefore (5.19) is replaced by 


w—W, Ws—w, 1 4 


W— We Wy— We 2—2Zg 23 —2 


where it is assumed that the points w,, w>, w3 are finite. Similarly, the 
transformation carrying the points z,, 0, z3 into the points 0, 00, 1 has the form 


A(z) = (z — 2;):(Zs — 2), 


and hence we have 


Ss , Sd oe (zs > 2.) (2 — 2), 

W— We Ws — We 
instead of (5.19). Finally, the transformation carrying the points z,, Z>, 0 into the 
points 0, 00, 1 has the form 


and hence we have 


instead of (5.19). 
In just the same way, we have to replace the left-hand side of (5.19) by 
1 : l w— WwW, 


; , (w— w,): (wy — w,) oF ; 
W— We Ws — We Ww — We 


depending on whether w, = ©, wy = © or w3 = ©. As a result, we arrive at the 
following mnemonic rule: If z,; = © or w, = © (k, / = 1, 2, 3), the differences 
involving z; or w; have to be replaced by 1. The reader can easily verify this rule 
by taking the appropriate limits (as z, — 0 or w; — 0) in equation (5.19). 


Equation (5.19) implies an important general property of Mobius 
transformations. If a, b, c and d are arbitrary distinct finite complex numbers, 
then the ratio 


c—a d—a 
e—b d—b’ 


denoted by (a, b, c, d), is called the cross ratio (or anharmonic ratio) of the four 
numbers (or points) a, b, c and d. If one of the four points a, b, c, d is the point at 
infinity, we define the cross ratio as the limit of the cross ratio of four finite 
points, three of which coincide with the three given finite points, as the fourth 
point approaches infinity. Thus, according to this definition, we have 


(00, b, ¢, d) = —— : + 


c—b d—b' 
(a, ©, c, d) = (c — a):(d — a), 
fab oo =— 1: 2—5. 
d—b 
c—a 
, b,c, ©) = ; 
(a a c—b 


Now let w = L(z) be an arbitrary Mobius transformation, and let 4, B, C, D be 
the points into which L(z) maps four arbitrary (but distinct) points a, b, c, d. 
Since the points A, B and D are the images of the points a, b and d, it follows 
from (5.19) that the relation between z and w = L(z) is given by 


= 4, D4 2s. Ee 
w—B D—B z—b d—b’ 


where differences involving the point at infinity have to be replaced by 1. 
Moreover, since the point C is the image of the point c, we have 
C—A D—A ¢e-6 4—6 


C=3F 5-3 6=b J=6' 


(where again differences involving the point at infinity have to be replaced by 1), 
or equivalently 


(A, B, C, D) = (a, b, ¢, d). 


In other words, the cross ratio of any four distinct points is invariant under a 
Mobius transformation. 


Problem 1. Prove that every Mébius transformation w = L(z) with a 
single finite fixed point zg satisfies a relation of the canonical form 


1 1 
= +h (h #0). 


7 nd 


wWw— Zp zZ—2Z% 


Problem 2. Prove that every Mobius transformation w = L(z) with two 
distinct finite fixed points z, and z, satisfies a relation of the canonical form 
w— 2 s= i 


=k ° 
w—2Zs Zz "Ze 


Problem 3. Suppose the Mobius transformation L(z) has two distinct 
finite fixed points z, and z>. Prove that 


L(z)L(zq) = 1. 
Hint. Use the preceding problem. 


Problem 4.Find the Mobius transformation which carries the points — 1, 
i, 1 +7 into the points 

a) 0, 27, 1 —i; b) i, «0, 1. 
2i(z + 1) 


Ans. WE rite NN A 
emer ms Ty 


Problem 5. Find the Mobius transformation which carries the points — 


1, 00, 7 into the points 
a) i, 1, 1 + 7; b) 0, 7, 1; c) 0, 0, 1. 
iz+2+i 
Ans. b) w = — 


— 2 
- l 
t 


Problem 6. Find the Mobius transformation such that 
a) The points | and 7 are fixed, but the point 0 goes into the point — 1; 
b) The points $ and 2 are fixed, but the point $ + 3; goes into ©; 
c) The point 7 is the only fixed point and the point 1 goes into «. 


al 4i)z 21 i) 
Ans. b) w — ~ 


26. MAPPING OF A CIRCLE ONTO A CIRCLE’ 


Using the circle-preserving property of Mébius transformations and the 
possibility of mapping any given triple of distinct points z,, z,, z3 into any other 
given triple of distinct points w,, w>, w3, we obtain the following basic 


THEOREMS.5. Let y and T be any two straight lines or circles, and let z,, 
Zn, Z3 ANd W), W, W3 be any two triples of distinct points belonging to y and I, 
respectively. Then there exists a Mébius transformation w = L(z) mapping y 
onto Tin such a way that 


L(z,)=w, (k= 1,2,3). (5.20) 


Proof. Construct the Mobius transformation w = L(z) satisfying the 
conditions (5.20), which according to Theorem 5.4 and the subsequent 
construction, exists and is unique. According to Theorem 5.2, w = L(z) maps 
the straight line or circle y onto another straight line or circle ['*. But since y 
goes through the points z,, z, and z3, [* must go through the points w,, w and 


w3. Moreover, since two different straight lines or circles cannot be drawn 
through the same three points, [* must coincide with I, as asserted. 


Remark. Again consider two arbitrary straight lines or circles y and I’ (which 
may coincide). Let G be one of the two domains with boundary y, and let # be 
one of the two domains with boundary I, so that G is either a half-plane, the 
interior of a circle or the exterior of a circle, and the same is true of . We now 
show how to map G onto ¥. Choose an arbitrary triple of distinct points z,, Z5, 23 


on y, and suppose an observer moving along y in the direction from z, to 23 


through z, finds the domain G on his /eft, say. Next choose a triple of distinct 
points w,, W>, w3 on I’ such that an observer moving along I in the direction 
from w, to w3 through w, finds the domain # on his left, but let w,;, wy, w3 be 
otherwise arbitrary. As in Theorem 5.5, we form the M6bius transformation w = 
L(z) which satisfies the conditions (5.20) and hence maps y onto I. Then w = 
L(z) also maps G onto g, 1.e., ¢ = L(G). In fact, if 6 is a segment of the normal to 
the curve y drawn from the point z, and pointing into the interior of G, so that an 
observer at z, facing in the direction established on y finds 6 on his left, then, 
since the mapping w = L(z) is conformal, an observer at w, facing in the 
direction established on I will also find the image A = L(8), which is a line 
segment or circular arc, on his left (see Figure 5.2.)® Therefore AN # # 0 and 
hence # contains images of certain points belonging to G (i1.e., points of the 
segment 0). But, according to the remark on pp. 94—96, L(G) is one of the two 
domains with boundary I = L(y), in fact just the domain containing the image of 
any point in G. In other words # = L(G), as asserted. 


FIGURE 5.2 


Example. Find a conformal mapping of the upper half plane Im z > 0 onto 
the interior of the unit circle. 


To solve this problem, we choose z, = — 1, z, = 0, z3 = 1, say, so that the 
upper half-plane is on the left of an observer moving along the real axis in the 
direction from z, to z3 through z,. We also choose three points w,, w>, w3 on the 
unit circle, such that the interior of the circle is on the left of an observer moving 
along the circle in the direction from w, to w;3 through wy. For simplicity, let w, 


= 1, w, = i, w3 = — 1. Then the desired Mobius transformation satisfies the 
conditions L(z;,) = w;,, k= 1, 2, 3 and can be represented in the form 


or 


where we have used (5.19). 


Problem. Find the Mobius transformation w = L(z) mapping the upper 
half-plane Im z > 0 onto itself and satisfying the conditions w(0) = 1, w(1) = 
2, W(2) = «, 


27. SYMMETRY TRANSFORMATIONS 


Let z, and z, be two points which are symmetric with respect to a given 
straight line y, 1.e., such that y is the perpendicular bisector of the line segment 
joining z, and z,. By definition, the straight line passing through z, and z, 1s 
orthogonal to y. Moreover, the center of any circle 6 passing through z, and z, 


lies on y, and hence 4 is also orthogonal to y. It is easy to see that the converse is 
true as well, 1.e., if every straight line or circle passing through a pair of points z, 


and z, is orthogonal to a given straight line y, then z,; and z, are symmetric with 


respect to y. Generalizing the concept of symmetry with respect to a straight line, 
we introduce the following definition: Two points z, and z, are symmetric with 


respect to a given circle y if and only if every straight line or circle passing 
through z, and z, is orthogonal to y. 
THEOREM 5.6. Let z,; and z, be any two points symmetric with respect to a 


given straight line or circle y, and let w = L(z) be any Mobius transformation. 
Then the points w, = L(z,) and wy = L(z,) are symmetric with respect to the 


straight line or circle T = L(y)’. 


Proof. We have to show that an arbitrary straight line or circle A passing 
through w, and wy is orthogonal to I. Let z = L~!(w) be the inverse of the 


transformation w = L(z). Clearly, L~! is also a Mobius transformation, and 


L-\w,) =2, L-\w) =z, LT) 


Moreover, 5 = L~!(A) is a straight line or circle passing through z, and z). 
Since z, and z, are symmetric with respect to y, by hypothesis, it follows that 


6 is orthogonal to y. But then, since the mapping w = L(z) 1s conformal, A = 
L(8) is orthogonal to I and the proof is complete. 


COROLLARY. There is only one point z symmetric to a given point z, with 
respect to a given straight line or circle y. 

Proof. If y is a straight line, the statement is obvious. Thus let y be a 
circle, and suppose that besides z,, there is another point z’, # z, symmetric to 
z, with respect to y. Choosing a Mobius transformation w = L(z) mapping y 
onto a straight line I, we find that w, = L(z,) and w’, = L(z’,) are two distinct 
points symmetric with respect to [, which is impossible. 


Remark. Suppose w = L(z) maps a straight line or circle y onto a circle T' with 
center w), and let z, be the inverse image of w,. Then the point z, symmetric to 


Zz, with respect to y must be mapped into the point at infinity. To see this, we note 
that w, = © 1s symmetric to w, with respect to the circle Ij since any straight line 


or circle passing through 0 and , 1.e., any straight line passing through the 
center of I; is orthogonal to I. The uniqueness of w, follows from the corollary. 


Let y be an arbitrary straight line or circle. A transformation of the extended 
plane into itself, which carries each point z into the point z* symmetric to z with 
respect to y is called a symmetry transformation with respect to y or a reflection 
in y. In the case where y is a circle, the transformation is also called an inversion 
in y. We now derive analytical expressions for symmetry transformations. 

First let y be a straight line with an assigned direction, and consider 
reflection in y. The straight line y is completely characterized by one of its points 
a and by the unit vector 


7 =cos#+ isin 6 (= = t) 


pointing in the direction of y. Suppose we carry out the entire linear 
transformation 


z= L(w) = a+ tw, (5.21) 


which obviously maps the real axis onto y, since (5.21) corresponds to a shift by 
the vector a (carrying the origin of coordinates into the point a), followed by a 
rotation through the angle 0 about the point a. Since the inverse transformation w 
= L'(z) maps y onto the real axis, it maps every pair of points z and z* 
symmetric with respect to y into a pair of points w and w* symmetric with 


respect to the real axis. But the points w and w* are represented by two 
conjugate complex numbers, 1.e., 


w=t, we=i. (5.22) 
Therefore z — a = tt, and 
z—a= ii, z* —a=tw* = ti. (5.23) 
Eliminating ¢ from (5.23), we obtain 
z* —a= tz — a). (5.24) 


According to (5.24), reflection in a straight line y going through a point a at an 
angle 8 with the real axis can be accomplished by first constructing the vector 
z>—@ which is the reflection of the vector z — a the real axis, and then rotating 
z—@ through the angle 20 about the point a. 

Next let y be a circle, and consider inversion in y. Let R (0 < R < «) be the 
radius and a the center of y. We begin by finding a Mobius transformation which 
maps y onto the real axis. The simplest approach is to choose the transformation 


which maps the three points w, = — 1, w, = 0, w3 = 1 of the real axis into the 
points z; = a — ik, z7 =a + R, z3 = a + iR of the circle y. The inverse 


transformation w = L~!(z) maps y onto the real axis, and maps every pair of 
points z and z* symmetric with respect to y into a pair of points w and w* 
symmetric with respect to the real axis. As before, the points w and w* are 
represented by two conjugate complex numbers (5.22). Therefore 


1+ if 
l— it 


z—a= 


and 


Multiplying the two equations (5.25), we obtain 


(z — aXz* — a) = R? 


(5.25) 


or 


(5.26) 


In particular, it follows from (5.26) that 


Arg (z* — a) = —Arg (z — a) = Arg (z — a) 


and 
|z — al |z* — al = R’*. 


Therefore the points z and z* lie on the same ray emanating from the center of y, 
and the product of their distances from the center of y equals the square of the 
radius of y. These two conditions, equivalent to formula (5.26), determine the 
position of one of the points z, z* with respect to the other, and completely 
characterize the operation of inversion in the circle y with equation |z — a] = R. 


Remark. We note that any symmetry transformation reduces to consecutive 
application of a linear transformation (entire or fractional), followed by 
reflection in the real axis. In fact, according to (5.24), reflection in a straight line 
can be represented in the form 


Zz, = 4 + F(z — a), z* = ¥,, 


while, according to (5.26), reflection in a circle can be represented in the form 


Since any MObius transformation is conformal and circle-preserving, and since 
reflection in the real axis has the same properties, except that while preserving 
the magnitudes of angles it reverses the directions in which they are measured, 
we see that the most general symmetry transformation is a conformal mapping of 
the second kind (see p. 57) which is also circle-preserving. 


Problem 1, Find the point symmetric to the point 2 + 7 with respect to 
a) The circle |z| = 1; b) The circle |z — i| =3. 
Problem 2. Invert each of the following curves in the unit circle: 


a) {z 4; b) iz -1 1; c) y~2; d) |z — zo] = lz; 
€) {z Zo) v lZol* - 1(jz| > 1); f) x* y* a3 


g) The boundary of the triangle with nonzero vertices Z,, 25, Z3. 


28. EXAMPLES 


We now give two examples illustrating the use of the symmetry-preserving 
property of M6bius transformations. 


Example 1. Find a conformal mapping of the upper half plane || y: Imz> 0 
onto the disk K: |w| < R, such that a given point a € [| y is mapped into the 
center of K.'° 


Any such mapping 


az+b 
cz +d’ 


w = L(z) 


provided it exists, vanishes for z = a, and hence a is the zero of L(z). But the 
point ; symmetric to a with respect to the real axis must be mapped into the 
point symmetric to the center w = 0 of K with respect to the boundary of K, 1.e., 
the circle C: |w| = R. Therefore ; must be mapped into the point at infinity (see 
the remark on p. 105), so that L(%) = 0 and g 1s the pole of L(z). It follows that 
L(z) has the form 


w= L(z) = (5.27) 


a(z—a) .z—«@ 
a(z— 4) _,Z—« 


c(z &) 


where A is a nonzero complex number. 
We now show that (5.27) maps [ |, onto K, with z = a going into w = 0, 1f we 
choose |A| = R. Since L(a) = 0 for any A, by construction, it is sufficient to show 
that (5.27) maps the real axis onto the circle C. If z = x is an arbitrary real 
number, then x — a and x — x are complex conjugates, and hence 
,—— 4}. 
x 


[Ww] = [L(x)| = lA 


= 


| = |a| = R. 

x 

Therefore (5.27) maps the real axis into C. But since any three distinct points of 
the real axis are mapped into three distinct points of C, it follows from Theorem 
5.5 that the real axis is mapped onto C. 

In (5.27) the argument of A is left unspecified. The geometric reason for this 
indeterminacy is clear: Going from one value of A to another in (5.27), while 
keeping |A| = R fixed, is equivalent to changing the arguments of all points w by 
the same quantity, i.e., to rotating the disk K about its center w = 0. Such a 
rotation transforms K into itself while leaving its center fixed, and hence does 
not violate the conditions of the problem. Thus, if the problem is to have a 
unique solution, we must impose an extra condition on L(z). For example, we 
might require either that 


1. A given point x = Xq of the real axis should go into the point w = R of the 
circle C, or that 


2. The derivative L'a) should be a positive real number. (Geometrically, 
this means that the mapping does not change the slopes of tangents to 


curves passing through the point a.) 


Imposing condition 1, we find from (5.27) that 


R = L(x) = A a 


Xp — & 


so that 


and hence 


L{z) = R2—S2—* 
Xp —-az—a4 
Moreover, we still have 
jal = R Xo — Fi R, 
Xo = ¢€@ 


as required. Imposing condition 2, with « = & + i (4 > 0), we have 


a _— 


Lia) =~ =+ 
a—& 2in 


’ 


so that A/i is a positive real number. But, on the other hand, |A| must equal R. 
Therefore A = iR, and 


L(z) = in=—=. 
z—&@ 


- 


Example 2. Find a conformal mapping of the disk K: \z| < R onto itself such 
that a given point a € K is mapped into the center of K. 


Any such mapping 


az+b 


w = L(z) = . 
(2) cz +d 


provided it exists, vanishes for z = a, and hence a is the zero of L(z). But the 
point a* symmetric to a with respect to the boundary of K, i.e., the circle C: |z| = 
R, must be mapped into a point symmetric to the center w = 0 of K with respect 
to C. Therefore «* must be mapped into the point at infinity, so that L(a*) = 
and a* is the pole of L(z). It follows that L(z) has the form 


w= L(z)=iA 


—— (5.28) 


~ 


[cf. (5.27)], where A is a nonzero complex number. According to (5.26), the point 
a* symmetric to a with respect to C is 


and hence (5.28) becomes 

z—@ sa ao & 
R'—az " R*— az’ 
We now show that (5.29) maps K onto K, with z = a going into w = 0, if we 


choose |u| = R*. Since L(a) = 0 for any w, by construction, it is sufficient to show 
that (5.29) maps the circle C:|z| = R onto itself. If 


w= L(z) = —r& (5.29) 


z= Rr 
is an arbitrary point of C, where 


+= cos 6 + isin 98 (0 < 0 < 2n), 


then 


Rr—a Rr —« 
wm UR) ap Rat BER 
Rt) = boa are ReRE 


and hence 


uw Rr—«@ 


Rr R= — &% 


2 
a Bee &: 
RR 


|w| = |L(Rs)| = 


Therefore (5.29) maps C into C, and hence onto C, by the same argument as 
before. This example is considered further in Probs. 4—6. 


Problem 1. Map the upper half-plane Im z > 0 onto the unit disk |w| < 1 
in such a way that 


a) w(i) = 0, arg w'(i) =—2/2; 
b) w(2i) = 0, arg w'(2i) = 0; 
c) w(a) = 0, arg wa) =0(Ima> 0). 


Ans. Det 


Problem 2. Map the disk |z| < 2 onto the half-plane Re w > 0 in such a 
way that w(0) = 1, arg w’(0) = 7/2. 


Problem 3. Map the disk |z — 4i| < 2 onto the half-plane v > u in such a 
way that the center of the disk goes into the point -4, while the point 27 on 
the circumference of the disk goes into the origin. 


Problem 4. In formula (5.29), the argument of u is left unspecified. If 
the problem is to have a unique solution, we must impose an extra condition 
on L(z). Find the form of the mapping (5.29) if 

a) A given point a on the circle C: |z| = R goes into the point w = R on C; 
b) The derivative L'(a) is a positive real number. 


Comment. Cf. the corresponding conditions on p. 108 for the mapping 
G27): 


Problem 5. Find the Mobius transformation w = L(z) mapping the unit 
disk |z| < 1 onto itself in such a way that 
a) w(4) = 0, arg w’(4) = 0; b) w(4i) = 0, arg w(hi) = 7/2; 
c) w(0) = 0, arg w’(0) = —n/2; d) w(a) =a, arg w(x) = 8 ([2| < 1). 


Problem 6. Find the Mobius transformation mapping the unit disk |z| < 1 
onto itself in such a way that two given points z, and z, of the disk go into 


the points +a (|a| < 1). Find the expression for a in terms of z, and zp. 


' Here we allow p or q to take the improper value 00 
* Henceforth, for simplicity, we shall often omit the argument z, writing L, 
instead of L,(z), U instead of U(z), etc. 


> See e.g., G. Birkhoff and S. MacLane, op. cit., Chap. 6, Sec. 2. 
4 See e.g., G. Birkhoff and S. MacLane, op. cit., Chap. 6, Sec. 7. 


> Therefore, in the class of Mdbius transformations, an entire linear 
transformation is characterized by the fact that at least one of its fixed points is 
the point at infinity. 


© By x:y is meant the ratio of x to y, i.e., the quantity x/y. 
7 As usual, a straight line is regarded as a limiting case of a circle (cf. p. 93). 
° Note that the assertion that the observer at z, finds G on his left is 


equivalent to the assertion that in order to enter G along the segment 6 at the 
point z,, the observer must make a “left turn,” 1.e., a counterclockwise rotation 


through 90°. But w = L(z) has a nonzero derivative at z,, and hence is a 
conformal mapping of the first kind which preserves not only angles but also the 
directions in which they are measured (recall p. 57). Therefore, in order to enter 
g along the arc A at the point w,, the observer at w, must also make a left turn 
and hence finds ¢# on his left. 

° It is in this sense that Mébius transformations are said to be symmetry- 
preserving. 

'0 Tn expressions like II: Im z > 0 and K:|w| < R, the colon means “defined 
by the condition.” 


CHAPTER 6 


EXPONENTIALS AND LOGARITHMS 


29. THE EXPONENTIAL 


An entire function which is not a polynomial is called an entire transcendental 
function. The simplest example of such a function is the exponential (function) e7 
or exp Z, obtained by suitably extending the familiar function e*, defined for the 
real variable x, to the case where x takes arbitrary complex values, 1.e., is 
replaced by the complex variable z = x + iy. It is not hard to show that the real 
exponential f(x) = e* is the unique function with the following properties: 


1. f(x) is defined and single-valued for all real x, takes only real values, and in 
particular takes the value e when x = 1; 
2. f(x) satisfies the addition theorem 


SX. + Xa) = f (01) f%); 
3. f(x) is continuous for all x.! 


The complex function f(z) = e? can be characterized in much the same way: 


THEOREM 6.1. There is a unique function fiz) = e with the following 
properties: 
1’. f(z) is defined and single-valued for all (finite) complex z, takes real 
values when z is real, and in particular takes the value e when z = 1; 
2'. f(z) satisfies the addition theorem 


S (zy + 22) = f(z) f(z); (6.1) 
3". fiz) is differentiable for all z, i.e., f(z) is entire.” 
Proof. Since 
Sif — z) =f) =e £9, 


the function f(z) cannot vanish for any z. Therefore |f(z)| > 0 and Arg f(z) are 
defined for all z (the latter function is defined only to within an arbitrary integral 
multiple of 27). It follows from (6.1) that 


f(a + Z,)| = | f(z)| | f (z2)| 
and 
Arg f(z; + Z2) = Arg f(z,) + Arg f (22), 


and hence the real functions of a complex variable In |f(z)| and Arg f(z) both 
satisfy the functional equation 


F(z, + 22) = F(z.) + F(z). (6.2) 
When F(z) is the multiple-valued function Arg f(z), equation (6.2) means that 
given any value of F(z, + z>), values of F(z,) and F(z,) can be found whose sum 
is F(z, + Zz), and conversely, given any values of F(z,) and F(z,), their sum is 
one of the values of F(z, + 25). 

It follows from property 3’ that f(z) is continuous, and therefore In |f(z)| and 
Arg f(z) are also continuous. As applied to Arg f(z), this means that given any 
value of Arg f(z) and any sequence {z,} converging to z, there is a sequence of 
values of Arg f(z,) such that Arg f(z,) — Arg f(z) as n — (cf. footnote 4, p. 
55). Thus In |f(z)| and Arg f(z) are to be found among the continuous real 
solutions of (6.2). To find these solutions, we need only solve (6.2) for the case 
where the independent variable is restricted to real values. In fact, 


F(x + iy) = F(x) + Fliy), (6.3) 
where F(x) and F(iy) are functions of the real variables x and y, respectively, 
satisfying the equations 
F(x, + X_) = F(x,) + F(x), 
Fli(y; a i ye)) = Fliy,) -}- Five). 
Therefore, once we know F(x) and F(iy) separately, we can immediately write 
down F(x + iy) by forming the sum (6.3). 


First suppose F(x) is a single-valued continuous real function, and let F(1) = 
a. Then 


which implies 


and 
ri) +~+4() =F) 2 
m times 
Moreover 
F(0) = 0, 
since 
F(x + 0) = F(x) + F(O) = F(x). 
It follows that 
F(x) + F(—x) = FO) = 0, 
and hence 


Therefore F(x) = ax for all rational x. If x = & is irrational, and if {x,} is a 
sequence of rational numbers converging to £, we find that 


F(&) = lim F(x,) = a&, 


n~ 2 


since F(x) is continuous. Thus we see that F(x) = ax for all real x. Similarly, we 
have F(iy) = by, so that 


F(z) = F(x) + Fliy) = ax + by. 


Moreover, since F is real, so are the constants a and b. 


Next suppose F(x) is a multiple-valued continuous real function, all of whose 
values are obtained from one value by adding arbitrary integral multiples of 27, 
where F(x) is continuous in the sense just described in connection with the 
function Arg f(z). Then from the relation 


F(x) + F(O) = F(x), 


we deduce that the values of F(0) are all integral multiples of 27, and hence that 
there exists a value of F(0) equal to 0. Therefore, since F(x) is continuous, there 
must exist a 6 > 0 such that 


|F(x)| < (6.4) 


for all |x| < 6. Because of the way in which F(x) is multiple-valued, it follows 
that F(x) has only one value satisfying (6.4). Let this value be denoted by (x). 
Obviously, ®(x) is continuous (in the ordinary sense) in the interval [-o, 6]. If x, 


and x, are two numbers in [—0d, 6] such that x, + x, also belongs to [-d, 6], then 
@(x,) + O(x,), being one of the values of F(x,) + Fy) = F(x; + x»), can differ 
from ®(x, + x5) only by a multiple of 27. But 


|D(x,) + O(x)| < x, D(x, + x)| < =, 
and therefore 


D(x, + X2) = D(x) + D(x). (6.5) 
Writing ®(6) = a6 and applying our previous argument to the single-valued 
continuous function ®(x) satisfying the functional equation (6.5), we find that 


O(x) = ax 


for |x| < 6. If we use this formula to define D(x) for arbitrary real x, then, as 
before, one of the values of F(x) equals O(x). In fact, any x > 0 can be uniquely 
represented in the form 2nd + £, where n is a nonnegative integer and |5| < 6. 
Therefore, if x => 0, one value of the sum 


F(8) + --- + F(8) + FS) = F(x) 
iceman 


2n times 


is 2n®(d) + &(&) = ®(x). In other words, if x > 0, all the values of F(x) are of the 
form 


O(x)+2jn (j=0,+1,42,..,). 
On the other hand, if x < 0, we deduce from the relation 
F(x) + F(—x) = F(O) = 2kr (k = 0, +1, +2,...) 
that 


F(x) = 2kn — F(—x) = 2kx — O(—x) — 2jx = O(x) + 2k — j)x 
= M(x) + ln (k, j, / = 0, +1, +2,...). 


Thus, if F(x) is a multiple-valued function of the type under discussion, we have 


F(x) = ax+2jr  (j=0,+41, 42,...) 
for all real x. Similarly, we have 
Fliy) = By +2kx = (kK =0, +1, 42,...), 
so that 
F(z) = F(x) + Fliy) =ax+By+2%m (/=0,+1, +2,...). 


Moreover, since F is real, so are the constants a and B. 

It follows from these considerations that any single-valued continous real 
function satisfying (6.2) must have the from ax + by, Whereas any multiple- 
valued continous real function satisfying (6.2), with the “same kind of multiple- 
valuedness” as Arg f(z), must have the form ox + By + 2/a (J = 0, £1, +2,...), 
where a, b, a and f are all real constants. Therefore, any continuous complex 
function which satisfies property 2’ (the addition theorem), and is not identically 
zero or unity, must be of the form 


f(z) - eal f(z)! e’ Arg f(z) 
i+ =< (6.6) 
= e***"" [cos (ax + By) + isin (ax + By)). 
We now apply property 1’, which states that f(z) takes real values when z is real. 
setting z = x, y = 0 in (6.6), we see that cos ox + i sin ax must be real for all x, 
which implies a = 0. Moreover, property 1’ also requires that f(1) = e, so that e@ 
=e or a = 1. therefore any continuous function with properties 1’ and 2’ must 
have the form 


f(z) = &**"(cos By + isin By). (6.7) 


Finally we impose the full force of property 3’ upon f(z), i.e., we require that 
fiz) be differentiable. Applying the Cauchy-Riemann equations to the function 
(6.7), we find that 


e***¥ cos By = be**+” sin By + Be*** cos By, 


be**** cos By — Be*t” sin By = —e**™” sin By, 
or 
b sin By + (8 — 1) cos By = 0, (6.8) 
bcos By — (8 — 1) sin By = 0. (6.9) 


Each of these relations by itself is sufficient to determine 5 and B. In fact, setting 
first y = 0 and then y= 7/2 in (6.8), we find that B = 1 and b = 0, and these values 
also satisfy (6.9). Thus, finally, the unique function f(z) = e* with all the 
properties listed in the statement of the theorem is 


J (z) = e& = e(cos y + isin y). (6.10) 
Moreover, the fact that (6.10) has all the desired properties is obvious by 


inspection. 


Remark. If instead of requiring f(z) to be differentiable (property 3’), we had 
only required f(z) to be continuous, then we would have obtained an infinite set 
of functions of the form (6.7), where b and f£ are arbitrary real numbers. 
However, only the function (6.10) is entire, 1.e., analytic everywhere in the finite 
plane. 


Problem 1. Prove that property 3, p. 111 can be replaced by the condition 
that f(x) be continuous at x = 0, while property 3’, p. 112 can be replaced by 
the condition that f(z) be differentiable at z = 0. 


Problem 2. Give another proof of Theorem 6.1. 


Hint. First prove that f(0) = (0) = 1 and that /(z) = f(z). Integration of the 
differential equation then gives (6.10). 


30. THE MAPPING w =e? 


It follows from (6.10) that e* is nonzero for all z and 


le*| = *, Arg e* = y + 2kr. 


For z = iy (x = 0) we obtain Euler formula 
e’* = cos y + isin y. (6.11) 
Using (6.11), we can replace the trigonometric form of a complex number 


z = r(cos ® + isin ®) 


by the more concise polar form 


z = re™, 


It is apparent from (6.10) that the exponential is periodic in z with period 
2ni. In other words, if z is changed by 277, so that y is changed by 27, the value 
of e* does not change: 


We now show that 277 is the fundamental (or primitive) period of the function e’, 


i.e., that any other period @ of e* must be of the form 2Azi, where k is an integer. 
To see this, let a =a + iB. Then 


for any z, and in particular, 


e” = e**® — e%(cos B + isin B) = 1 


for z = 0. But this means that |e®| = e* = 1 which implies a = 0, and hence cos B 
+ i sin 8 = 1 which implies B = 2kz7i, so that 


@ = a+ i8 = 2kni, 


as asserted. 
The expression e” will be regarded as meaningless, since 
lim e* 
does not exist. This can be seen from the fact that e* — 0 as x — + o, whereas 


e* — 0 as x — -co. In particular, it follows that e* cannot coincide with any 


polynomial, 1.e., e* is actually an entire transcendental function, since any 
polynomial (excluding the trivial case of a constant) approaches infinity as z > 


Next we study the geometric behavior of the mapping w = e’. As already 
noted, e* is nonzero for all z. This means that the origin of coordinates in the w- 
plane does not belong to the image of the finite z-plane under the mapping w = 
e*. However, as we now show, any other finite point of the w-plane does belong 


to this image. In fact, from the equation w = e’, where w # 0 Is given and z= x + 
iy is unknown, we obtain 


Iw] =e or x=In|wi 


and 


Argw=y+2kx or y= Argw. 


Therefore the inverse images of the point w can only be points of the form 
z = In|w| + i Arg w. (6.12) 


Obviously there are infinitely many points (6.12), since Arg w takes infinitely 
many values, all differing by integral multiples of 2x. Moreover, each of these 
points is actually an inverse image of w, since 


exp [In |w| + i Arg w] = e'™"(cos Arg w +- i sin Arg w) 


= |w| (cos Arg w + isin Arg w) = w. 


Therefore the set of all roots of the equation e* = w (w £ 0) is given by the 
formula 


z=In|w| + i Argw = In|w| + arg w + 2kn), (6.13) 


where k = 0, +1, +2,.... These points all lie on the same straight line parallel to 
the imaginary axis, and the distance between any two consecutive points along 
the line is 2x. Thus the function w = e* maps the finite z-plane onto the domain 
obtained from the finite w-plane by deleting the single point w = 0, but the 
mapping is not one-to-one, since every point w # 0 has an infinite number of 
inverse images (6.13). On the other hand, the mapping is conformal at every 
point of the finite z-plane, since the derivative 


AHe* cos y) Ae sin y) 


te) Ox ox 


e*(cos y + isin y) = & 


does not vanish for any value of z. 


FIGURE 6.1 


Now suppose z traces out a straight line parallel to one of the coordinate axes 
(see Figure 6.1). For example, consider the line 


z=6b+ it, (6.14) 


parallel to the imaginary axis. Then the image of (6.14) under the mapping w = 
e” is the curve 


w = e(cos ft + isin ft), (6.15) 


i.e., w traces out a circle of radius e? with its center at the origin. Moreover, as z 
describes the line (6.14) once in such a way that ¢, the ordinate of z, increases 
continuously from —co to +00, w describes the circle (6.15) an infinite number of 
times in the positive (counterclockwise) direction. 

Next consider the line 


z=t+iec, (6.16) 


parallel to the real axis. Then the image of (6.16) under the mapping w = é7 is the 
curve 


w= e(cosc + isinc), (6.17) 


i. e., w traces out a ray of slope tan c emanating from the origin. Moreover, as z 
describes the line (6.16) once in such a way that ¢, the abscissa of z, increases 
continuously from —so to +00, w describes the ray (6.17) once in such a way that 
the distance of w from the origin increases continuously from 0 to oo (of course, 
the limits 0 and 00 are excluded, since |w| = e’). Thus, under the mapping w = e’, 
a family of lines parallel to the imaginary axis is transformed into a family of 
concentric circles with the origin as center, and a family of lines parallel to the 
real axis is transformed into a family of rays emanating from the origin. 


Now consider the domain G consisting of all points z such that 
Go <Imz < 4, 


where ©, — @) = A; such a domain will be called an (open) strip of width h. 


Suppose 0 < / < 27, and let Y be the image of G under the mapping w = e’. It 
follows from the considerations just given that @ is the interior of the angle of h 
radians with vertex at the origin, formed by the rays 


Arg w = 9, + 2kx, Argw= 9, + 2kr (k = 0, +1, +2,...) 


(see Figure 6.2). Moreover, the correspondence between the domains G and ¢ 
under the mapping w = e7 1s one-to-one. To see this, we recall that the inverse 
images of a point w € @ are all of the form (6.13), and hence differ only in the 
values of their imaginary parts. In fact, any two points (6.13) lie on a line 
parallel to the imaginary axis, and the distance between them is an integral 
multiple of 2x. However, by assumption, the width / of our strip does not exceed 
2n, and G can contain only one inverse image of the point w, i.e., not only is w = 
f(z) a single-valued function on G, but its inverse z = f!(w) is a single-valued 
function on @ ={(G). Thus, the exponential function w = e is a one-to-one 
conformal mapping of an open strip of width h < 2n with sides parallel to the 
real axis onto the interior of an angle of h radians with vertex at the origin. 


FIGURE 6.2 


Next consider a straight line with equation 


z= (1 + iat + ib (—«2o <t< o), (6.18) 


which is not parallel to one of the coordinate axes. Here o # 0 is the slope of the 


line (6.18), and 5 is its y-intercept. The image of (6.18) under the mapping w = e” 
is the curve 


w = exp [f + i(at + 5)] = e'[cos (at + b) + isin (at 4- d)). 
Therefore 
lwl=r=e, o=Argw=at+ b+ 2kx, 
and eliminating the parameter ¢, we obtain 
r= exp [(p — 5 — 2kn)/«). (6.19) 


If we set 0 = » — 2k, (6.19) becomes 


r= ce, (6.20) 


where c = e’'", This is the equation (in polar form) of a logarithmic spiral. 
Since the mapping w = e” is conformal, and since (6.20) is the image of the line 
(6.18) intersecting all lines parallel to the real axis at the same angle arc tan a, it 
follows that the logarithmic spiral intersects the images of all these lines, i.e., all 
rays emanating from the origin, at the same angle arc tan a, a property which 
characterizes the logarithmic spiral (see Figure 6.3). 


(z) (w) 
ys v 


arc tan & 


arc tana 


FIGURE 6.3 


Problem 1. Express the complex numbers +1, +7, 1 +7, —1 +7 in polar form. 


Problem 2. Find the moduli and principal values of the arguments of the 
following complex numbers: 


a) e?##; b) e? $4; oc) ec; d) oF; Oe) —ae* (a > 0, || < =). 


Problem 3. What is the image under the mapping w = e’ of the strip in the 
z-plane whose sides consist of the parallel inclined lines 


y = k(x a), B = k(x — ao) (k #¢ 0, co)? 


What is the condition for the mapping to be one-to-one? 


Problem 4. What is the image under the mapping w = z + e’ of the closed 
strip — 71 < y <7 in the z-plane? 


31. SOME FUNCTIONS RELATED TO THE EXPONENTIAL 


According to the formulas 


e*—cosx+isinx, e * =cosx — isinx, (6.21) 
We have 
e* ei . e* ez 
cos x = me, sin x = 7; (6.22) 


2 al 
for arbitrary real x. If z is an arbitrary finite complex number, we define two 
(entire) trigonometric functions cos z and sin z, called the cosine and sine, by 
simply changing x to z everywhere in (6.22): 


ré ° 
9 sin z= 
2 2i 


cosz =~ 


(6.23) 


This seems quite natural, since the functions cos z and sin z are obviously 
analytic for all z, and reduce to the familiar functions cos x and sin x when z = x 
is real. It follows from the definitions (6.23) that cos z is even and sin z 1s odd, 
Le., that 


cos (—z) = cos z, sin (—z) = —sin z. 
Moreover, (6.23) implies the formulas 


e* = cos z + isin z, e~" = cos z — isin z, (6.24) 


which generalize (6.21). 

The functions cos z and sin z are both periodic with period 27, since 
changing z to z + 2x in (6.23) amounts to multiplying the exponentials by e*?™ = 
1. Actually, 27 is the fundamental period of cos z and sin z, 1.e., any other period 
is an integral multiple of 27, as we now verify for cos z. If @ is any period of cos 
z, then 


cos (Zz + w) Cos Z, 


and hence, setting z = 1/2, we obtain 


cos (« | 4 = 0, 
2 


But this implies 


exp |i(o + =) + exp | i{o += | = 0, 


or 
exp [(2m + x)]) = —1. 
Therefore, according to (6.13), 
i(2m + m) = In|—1| + i Arg (—1) = (x + 2kx), 
so that w = kn. But cos w = cos 0 = 1, and hence k is even, 1.e., 
@ = 2mzx, 


as asserted. Similarly, it can easily be verified that 27 is the fundamental period 
of sin z. 

Next we derive addition theorems for the functions cos z and sin z, 1.e., 
formulas relating the quantities cos (z, + z,) and sin (z, + z,) to the quantities cos 
Z1, SIN Z}, COS Zy, and sin Z>, where z, and z, are arbitrary complex numbers. As 
might be expected, the required relations are immediate consequences of the 
addition theorem 


exp (z, + 2.) = exp Z, exp Z, 


for the exponential. In fact, replacing z by z, + z, in the formulas (6.24), we find 
that 


cos (z, + Z,) + isin (z, + Z,) = exp [i(z, + 2,)] = exp (iz,) exp (iz,) 
= (cos z, + isin z,)(cos z, + isin z,) 
= (cos z, COS z, — sin Z, Sin z,) + i(sin z, Cos z, + COs Z, sin Z,) 
(6.25) 


and 


cos (z, + Z,) — isin (z, + z,) = exp [—i(z, + z,)] = exp (—iz,) exp (—iz,) 
= (cos z, — isin z,)(cos z, — i sin Z,) 
= (COs Z, COS Zz — Sin Z, Sin Z,) — i(sin z, Cos zz + COS Z, Sin Z,). 
(6.26) 
First adding (6.26) to (6.25), and then subtracting (6.26) from (6.25), we obtain 
the addition theorems 
cos (z, + 22) = COS Z, COS Z, — SiN Z, SiN Zz, 


; ; : (6.27) 
sin (z, + Z,) = Sin Z, COS Zz + COS Z, SiN Z., 


which are basic in the theory of trigonometric functions. In particular, the so- 
called reduction formulas are implicit in (6.27). For example, setting z, = z, Zz) = 
m/2 in (6.27) gives 


j 7 x ‘ . . 
cos |z + —} = cos zcos— — sinzsin— = —sin z, 
2) 2 2 


° 14 ‘ m4 = 
sin |z + —]} = sin z COS — + COS Zz SIN — = COS Z, 
2 2 2 


setting z; =z, Z) = 7, gives 


cos (z + =) = —cos z, 


sin (z + x) = —sin z, 


and so on. Moreover, substituting z, = z, z, = —z into the first of the formulas 
(6.27), we obtain the following basic relation between cos z and sin z: 


cos? z + sin? z = 1. (6.28) 


Thus we see that all the familiar trigonometric formulas involving cosines and 
sines of real arguments remain valid in the complex domain. However, we 
cannot infer from (6.28) that |cos z| < 1 and |sin z| < 1, since cos” z and sin z are 
generally not nonnegative real numbers. 

Closely related to the trigonometric functions cos z and sin z are the 
hyperbolic functions cosh z and sinh z, called the hyperbolic cosine and the 
hyperbolic sine, respectively, and defined by the formulas 


e* +4 e” . e — g* 
cosh z a ha . sinh z = 


(6.29) 


Clearly, the functions (6.29) are analytic for all finite z, and reduce to the 


familiar hyperbolic functions cosh x and sinh x when z = x is real. It will be 
recalled that the function cosh x is even and decreases monotonically from +co to 
1 as x increases from —co to 0, and then increases monotonically from 1 to +00 
again as x increases from 0 to +oo. On the other hand, the function sinh x is odd, 
and increases monotonically from —co to +oo as x increases from —co to +00, 
Comparing (6.29) and (6.23), we see that the trigonometric and hyperbolic 
functions are connected by the relations 


cosh z = cos (iz), sinh z = —i sin (iz). (6.30) 
In particular, it follows that 
cosh? z — sinh* z = cos® (iz) + sin* (iz) = 1. (6.31) 


Next we derive expressions for the real and imaginary parts, and also the 
moduli, of the functions cos z and sin z. Setting z = x + iy, and using formulas 
(6.27) and (6.30), we find that 


cos (x + iy) = cos x cos (iy) — sin x sin (iy) = cos x cosh y — / sin x sinh y, 
sin (x +- iy) = sin x cos (iy) + cos x sin (iy) = sin x cosh y + icos x sinh y, 


(6.32) 
Which imply 
Re cos (x + iy) = cos x cosh y, Im cos (x + iy) = —sin x sinh y, 
Re sin (x + iy) = sin x cosh y, Im sin (x + iy) = cos x sinh y. 
Hence for the moduli of cos z and sin z we obtain the expressions 
|cos z| = V (cos x cosh y)* + (sin x sinh y)* 
= cosh? (1 — sin? x) + sin® x sinh* y = Vcosh* y — sin? x, 
|sin z| = V(sin x cosh y)* 4+- (cos x sinh y)* 
= Vsin® x(1 + sinh? y) + cos* x sinh? y = sinh? y + sin’ x, 
which in turn imply the inequalities 
sinh y| = Vcosh? y — 1 < |cos z| < cosh y, 
- aki (6.33) 


|sinh y| < |sin z| < V sinh? y + 1 =cosh y. 


Thus we see that the moduli of the functions cos z and sin z increase without 
limit as |y| increases, 1.e., as the distance from z to the real axis increases, but this 


increase is no faster than that of cosh y and no slower than that of sinh y. 

Since sinh y # 0 for y # 0, it follows from the inequalities (6.33) that cos z 
and sin z cannot vanish except on the real axis, 1.e., the equations cos z = 0 and 
sin z = 0 have no imaginary roots. Therefore the roots of the equation cos z = 0 
reduce to 


z=(k { h)x (k = 0, +1, +2,...), 
while those of the equation sin z = 0 reduce to 
z=kx (k=O, +1, +2,...), 


which are just the roots familiar from elementary trigonometry. 
Finally we introduce the functions 


sin z cos z 1 1 
tanz=-, cotz=——, scz= , ccz=- > 
cos Zz sin z cos Zz sin z 
sinh z cosh z | 1 
tanh z= ——-, cothz = ——,, sechz = , cchz=— : 
cosh z sinh z cosh z sinh z 


(6.34) 


which for real z = x reduce to the familiar trigonometric functions tan x, cot x, 
sec x, csc x and hyperbolic functions tanh x, coth x, sech x, csch x. Each of the 
functions (6.34) is a transcendental meromorphic function, by which we mean a 
meromorphic function which is not a rational function. In fact, unlike the case of 
rational functions, each of the functions (6.34) becomes infinite at infinitely 
many points, 1.e., at the infinitely many zeros of cos z, sin z, cosh z or sinh z. 


Problem 1, Find the real and imaginary parts of the following complex 
numbers: 


a) cos(2 +1); b) sin2i; c) cosh(2 —i); d) sinhe’. 


Problem 2. Prove the formulas 


d d 
—cosz = —sinz, —sinz = cos z, —coshz = sinh z, — sinh z = cosh z. 
dz > dz ” dz oe 


Find formulas for the derivatives of tan z, cot z, sec z, csc z and the 
corresponding hyperbolic functions. 


Problem 3. (M1, Secs. 41 and 42). Make a detailed study of the mapping 
w = cos z. In particular, find the images of straight lines parallel to the 


coordinate axes, and find domains of univalence for w = cos z. 
Problem 4. Deduce the estimates (6.33) directly from (6.23). 


Problem 5. (M1, p. 205). Make a detailed study of the mapping w = tan z. 
In particular, find the image of the strip xy) <x <xj9 t+h(O<h<7). 


Hint. Regard w = tan z as the result of making the following four 
mappings in succession: 


‘et _ ae ” ic—1 
C =iz, t=, c= 13, w=-——, 
i<+1 


Ans. A circular lune with angles of 2h radians and vertices +i (see M1, p. 
206). 


32. THE LOGARITHM 


The inverse of the function 
z =e” = e“(cos v + isinv) 


is defined for any value of z different from 0 and «, and is represented by the 
formula 


z =e” = e“(cos v + isinv) 


[cf. (6.13)]. This function, which is obviously multiple-valued (in fact, infinite- 
valued), is called the /ogarithm and is denoted by Ln z, i.e., 


Ln z = In |z| + i Arg z, (6.35) 
by definition. The value 


In |z| + iargz 


of the logarithm 1s called the principal value, and is denoted by In z. Then (6.35) 
can be written in the form 


Ln z = Inz + 2kni (kK = 0, +1, +2, ...). (6.36) 


It follows that every complex number different from 0 and « has infinitely many 
logarithms (i.e., values of the function Ln z), and any two of these logarithms 
differ by an integral multiple of 27i. 


If z is a positive real number, the principal value of the logarithm is just In |z], 
which is exactly what is meant by the logarithm in elementary mathematics; for 
example, 


Ini=0, Ine=], In2= 0.69315... 


For negative real numbers and for imaginary numbers, the principal value of the 
logarithm is an imaginary number 


In|jzi+iargz (argz 40, —x < argz < zx) 


and all the other values of the logarithm are also imaginary numbers, calculated 
by using (6.36); for example, 


Ln (—1) = (2k + 1)zi, 
Ln (—2) = 0.69315... + (2k + I)ni, 
Ln (i — i) = In. 2 — = + 2kni = 0.34657... + (8k — =. 


The familiar rules for finding logarithms of products and quotients remain 
valid for the multiple-valued logarithms of complex numbers, since 


Ln (2,22) = In [2,2,| + i Arg (2,22) 
= In |z,| + In |z.| + (Arg z, + Arg 22) (6.37) 
= Lnz, + Lnz, 
and 
Ln? = In | i Arg— 
Z2 Za 29 
= In |z,| — In |z,| + i(Arg z, — Arg z,) (6.38) 
= Ln z, — Ln 2,, 
where z, and z, are arbitrary nonzero complex numbers. In (6.37) and (6.38), 
both the left and right-hand sides (for fixed z, and z,) represent infinite sets of 


complex numbers, and the equalities have to be understood in the sense that 
these two sets are equal, 1.e., have the same members. Failure to remember this 
fact can lead to paradoxical results. For example, in a sophism constructed by 
John Bernoulli, it is claimed that Ln (—z) = Ln z for arbitrary z # 0, and the 
following chain of equalities 1s adduced as “proof”: 


1. Ln [Cz] = Ln (z’); 

2. Ln(—z) + Ln(-z) = Ln z+ Lnz; 
3.2 Ln (-z) =2 Lnz; 

4. Ln (-z) = Lnz. 


However, the conclusion that Ln (—z) = Ln z is false, since 


Ln z = In |z| + i Arg z = In |2| + i arg z + 2kzi, 


Ln (—z) = In |—z| + i Arg (—z) = In |z| + iargz + (2k + I)xi, 


and obviously none of the numbers representing the values of Ln z is the same as 
any of the numbers representing the values of Ln (—z). The fallacy in the “proof” 
occurs in going from equality 2 to equality 3. The first of these relations is based 
on formula (6.37), and is of course true. However, the sum Ln (—z) + Ln (-z) 
cannot be replaced by 2 Ln (—z), since the sum in question is obtained from the 
set of numbers Ln (—z) by adding each of these numbers to itself and to all the 
other numbers of the set Ln (—z), whereas the set 2 Ln (-z) is obtained by simply 
doubling all the numbers Ln (-z), 1.e., by adding each such number fo itself 
only.° Therefore 


Ln (—z) + Ln (—z) + 2 Ln (—z), 
and by the same token, 
Lnz+Lnz42Lnz. 
Setting z,; =z) =z #0 in (6.38), we obtain the relation 


Ln 1 = Lnz — Lnz, (6.39) 


which is a correct formula. However, the right-hand side of (6.39) cannot be 
replaced by 0, since here we are talking about the set of all possible differences 
between values of the logarithm of the same number. This set consists of all 
possible multiples of 277, so that to be perfectly explicit, we should write (6.39) 
as 


Ln | = 2kxi (kA = 0, +1, +2,...). 


We now study the single-valued branches of the logarithm. We begin by 
finding domains of univalence for the exponential function z = e”, which is the 
inverse of the logarithm w = Ln z. All the numbers w for which e” takes any 


given value z are given by the formula 


w = In |z| + i Arg z, 


i.e., all the numbers w can be obtained by shifting any one of them by 2kzi 


where k = 0, +1, +2,.... Therefore a domain of univalence for z = e” cannot 
contain any pair of points such that one point can be obtained from the other by a 
shift of this kind. The simplest way to satisfy this requirement is to start with an 
open rectilinear strip 


Goitg <0 <0, + 2k 


of width 27 parallel to the real axis in the w-plane. Then, subjecting Gp to all 


possible shifts of the form 2kni, we obtain an infinite family of domains of 
univalence: 


G,:09 + UAkn<v<ot+Ak+ ix (k=O, +1, +2,...). 


Obviously, every point of the w-plane is either an interior point of a domain 4, 
or a boundary point of two domains 4, and G,,, [see Figure 6.4(b)]. 
The image (under z = e”) of each of the strips G; 1s the same domain G in the 


z-plane, i.e., the interior of an angle of 27 radians with its vertex at the origin. 
The boundary of G is a single ray of inclination v) emanating from the origin 


[see Figure 6.4(a)]. We can define infinitely many different single-valued 
branches of Ln z on the domain G be specifying that the Ath branch Ln, z (k = 0, 


+1, +2,...) have GY, as its range. Each of these branches is uniquely characterized 
by the value wy which it assigns to any given point z) € G, since one and only 
one of the domains 4, contains the point wo. Expressed somewhat differently, 


3 si v (w) 
Y a4 
NS y+ 41r)/ N23 
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FIGURE 6.4 
Ln, z = In |z| + i Arg, z, 
where Arg, z is the value of the argument satisfying the inequality 
Uo + 2kx < Arg, z < v9 + Ak + Il)x (kK = 0, +1, +2,...). 
Moreover, since w = Ln; z is a one-to-one continuous mapping of G onto GY, and 


since z = e” has a nonzero derivative e” on @,, the branches Ln, z all have 
nonzero derivatives on G, 1.e., 


(cf. Rule 5, p. 48). 
The points 0 and « are both branch points of the function Ln z, as defined on 
p. 76. To see this, suppose that at a point z) € G we choose a value of Ln z 


corresponding to the branch Ln, z and represented by the point 
w, = Ln, Zo = In |z9| + i Arg, Zo. 


belonging to the strip G,. Then, as z moves continuously around the circle |z| = 
[Zp| n the counterclockwise direction, starting from the point Zp, the value of 


w = In|z| + i Argz (6.40) 


changes continuously, and when z returns to its original value Zo, (6.40) goes into 


the value 


Weya = In [Zl + 1 Arg, Zo + 2x7 = In |Z] + i Argysy 2 = Lng. Zo. 


Thus, since the point zg € G is arbitrary, one circuit around the origin z = 0 (or 
about the point at infinity z = 00) causes the branch Ln, z to change continuously 
into the branch Ln,,, z.4 Obviously, as we make additional circuits around the 
origin in the counterclockwise direction, the branch Ln; z undergoes the infinite 
sequence of transformations 


Ln, z— Ln,,, 2, Ln,,,z—~> Ln,,.2, Ln, z—~ Lny,s2,..., 


so that Ln, z is never carried back into itself. For this reason, the points 0 and oo 
are called branch points of infinite order or logarithmic branch points. 


Remark. Single-valued branches of the function Ln z can be defined on 
domains more general than G. Let y be any Jordan curve joining the points z = 0 
and z = o. Then the curve y has infinitely many images I’; (k = 0, +1, +2,...) 


under the mapping w = Ln z. The curves I’,, which are all Jordan curves, divide 
the w-plane into infinitely many open curvilinear strips #,, where the boundary 
of g, consists of the pair of curves [, and T;,,, and @, does not contain any of 
the other curves I,. Thus we can define a countably infinite family of single- 
valued branches of Ln z on the domain D with boundary y by specifying that the 
Ath branch (Ln z);, where k = 0, +1, +2,..., have Y, as its range”. Clearly, 


(Ln z), = (Ln z), + 2x(k — Di, 
and, as before, we find that 
(6.41) 


Since (6.41) is independent of how the branches of Ln z are defined, we can 
simply write 


where by the left-hand side we mean any single-valued branch of Ln z, defined 
on a domain containing the given point z. 


Problem 1. Calculate the following logarithms: 


1 


] x 
a) Ln4; b) Ln(—1); c) Lni; d) aan fi, e) Ln(2 — 3i). 
iy 


Problem 2. Suppose we make a complete circuit in the positive direction 
around the circle |z| = 2, starting and ending at the point z = 2. Assuming that 
the value of Im f(z) is zero at z = 2 and that f(z) varies continuously with the 
point z, find the final value of 


a) f(z) =2Lnz; b) f(z) = Las; c) f(z) =Lnz + Ln(z + 1). 


Problem 3. The inverse trigonometric functions Arc cos z, Arc sin z, Arc 
tan z, Arc cot z and the inverse hyperbolic functions Arc cosh z, Arc sinh z, 
Arc tanh z, Are coth z are defined as the inverses of the corresponding 
trigonometric and hyperbolic functions. Verify the following relations: 


a) Arccosz = —iLn(z + Vz* — 1); 


b) Arcsinz = —iLni(z + Vz? — 1); 


i i+z 1 1 + iz i z—-i 
c) Arctanz = = Ln- —Ln —: d) Arccotz =-Ln—— ; 
2 i—z 2i 1 —iz ZL z+i 
e) Arccosh z = Ln(z + Vz* — 1); f) Arcsinhz = Ln(z + Vz? + 1); 
1 1l+z | z+1 
g) Arc tanh z =5 L277: h) Arccothz = >Ln-——. 


Problem 4. (M1, Sec. 58). Prove that w = Arc cos z has algebraic branch 
points of order 1 at +1 and a logarithmic branch point at o, but no other 
branch points in the extended z-plane. 


Problem 5. Find all values of the following expressions: 


a) Arcsin}; b) Arccos$; c) Arccos2; d) Arc sini; 
e) Arctan(1 + 2/); f) Arccosh2i; g) Arctanh(1 — i), 
Ans. b) 2kn +4; d) 2knr — iIn(v2 — 1), (2k + 1)n — iIn(Vv2 +1); 


f) In(V5 + 2) + (2k + Pri. 


33. THE FUNCTION z*. EXPONENTIALS AND LOGARITHMS TO AN 


ARBITRARY BASE 


We begin by defining the expression a“, where a # 0 and @ are arbitrary 
complex numbers. We first assume that a is real, and examine in turn the cases 
where @ is an integer, a rational number and an irrational number. 


Case 1. If a =n 1s an integer, then 


a* = a" = |a|"(cos (n Arg a) + isin (nm Arg a)}, (6.42) 
and a" has just one value. 


Case 2. If a = r is a rational number, then r = m/n where m and n > 0 are 
relatively prime integers. As we already know [cf. formula (1.19)], in this 
case, 


a® = qg™*= lai™*| cos (“ Arg a) + isin (= Arg a) 
n n 
= |a|"[cos (r Arg a) + isin (r Arg a)], (6.43) 
and a“ has n different values. 


Case 3. If a = p is an irrational number, we define a? by continuity, 1.e., as the 
limit 


lim a™ = lim |a|"*{cos (r, Arg a) + isin (r, Arg a)], (6.44) 


where {r,,} is an arbitrary sequence of irrational numbers converging to p. In 
taking the limit (6.44), we hold Arg a fixed. Then 
lim r, Arg a = p Arga, 


na~m@ 


and (6.44) implies 
a’ = |a|*[cos(p Arg a) + isin (p Arg a). (6.45) 


To obtain all the values of a?, we now let Arg a take all its values. Since two 
values of p Arg a differ by a number of the form 2kpz, where k is a nonzero 
integer, and since kp can never be an integer, it follows that different values 
of Arg a give rise to different values of a?. Thus, in this case, a® has 
infinitely many different values. 


Remark. It should be noted that formulas (6.42), (6.44) and (6.45) are all 
special cases of the formula 


a“ = |a|*[cos (a Arg a) + isin (a Arg a)], 


which can be written in the form 


a* = exp («In Ja|)[cos (x Arg a) +- i sin (« Arg a)] (6.46) 


exp (a In ja] +- ix Arg a) = exp (a Ln a). 


For the time being, we make a distinction between exp z and e’, with only the 
former being used to denote the exponential function defined in Sec. 29 (see 
Example 2 below). 


Now let a be an arbitrary complex number. Observing that in this case the 
right-hand side of (6.46) still has meaning, we write 


a* = exp («Ln a), 


by definition. If a is imaginary, all the values of a® corresponding to different 
values of Ln a (or equivalently, to different values of Arg a) are also different, 
since two distinct values of a Ln a differ by a number of the form 2zia, which 
cannot be an integral multiple of 277 if a is imaginary. It follows from (6.46) and 
the addition theorem for the exponential that 


a*a” = exp (« Ln a) exp (8 Lna) = exp(« Lna + 8 Lna) 
= exp [(a + 8) Ina + 2ni(ka + /8)], 
a*** — exp [(« + 8) Ln a] = exp [(« + 8) Ina + 2xi(ma + m§)], 


where k, / and m are all integers. Thus every value of a%*? is a value of a%a?, but 
the converse is true only for special values of @ and B. 
Similarly 


(a*)’ = [exp (a Ln a)}? = exp [8(« Ln a + 2/ri)] 
= exp [x8 Ina +- 2xi8(ka + /)), 
a™ = exp (#3 Ln a) = exp (a8 Ina + 2xi8mz), 


where k, / and m are all integers. Thus every value of a“? is a value of (a")?, but 
again the converse is true only for special values of o and f. 


Example 1. 


v3 — exp (,/2 In 1) = exp (2kry 2i) 
= cos (2kn/2) + isin(2km/2) (k= 0, £1, 42,...). 


Example 2. 


e* = exp (z Lne) -— [2(1 + 2kzxi)] (6.47) 
exp z exp (2kziz) (kK = 0, +1, +2, ...). 


It follows from (6.47) that only one of the values of the power e’ coincides 
with exp z. In fact, the other values are 


exp z exp (27/2), exp z exp (—27iz),... 


In particular, only one of the values of e* (where x is a real number) coincides 
with the positive real number exp x, and in this case, the other values are 


exp x exp (27ix), exp x exp (—2mix),... (6.48) 
[If x is rational, there are only a finite number of different values (6.48), but if x 
is irrational, there are infinitely many different values.] Despite this, we shall 
continue to denote the exponential function by e’, as well as by exp z. This use of 
the “multiple-valued symbol” e” to denote a single number is analogous to the 
conventional use of the symbol yg, (where a is a positive real number) to 
denote the unique positive value of the th root of a (cf. footnote 7, p. 10). 
We are now in a position to study the functions z® and a’, where a and a # 0 
are arbitrary complex numbers. First we consider the function 


f(z) = 2* 


(which in general is defined only for z # 0), and examine in turn the cases where 
@ is an integer, a rational number and an irrational or imaginary number. 


Case 1. If a =n 1s an integer, then 

f(z) = z* = 2" 
is a particularly simple rational function. In this case, f(z) is defined for z = 0, 
where it has a zero (if n > 0) or a pole (ifm < 0). 


Case 2. If a = r is a rational number, then r = m/n where m and n > 0 are 
relatively prime integers, and hence 


In this case, f(z) is an n-valued function, with branch points z = 0 and z = 00 
of order n — 1. Let y be any Jordan curve joining 0 and ©, and let G be the 
domain with boundary y. Then we can define n single-valued differentiable 
branches of f(z) on G, which change continuously into each other as we go 
around any closed Jordan curve whose interior contains the origin. 


Case 3. If a is not a rational number, 1.e., if @ is an irrational real number or 
an imaginary number, then f(z) = z® is an infinite-valued function, all of 
whose values are given by the formula 


z* = exp (a Ln z). 

In this case, z = 0 and z = » are branch points (as in Case 2), but now they 
are of infinite order. In fact, if we go around the point z = 0 (say, in the 
positive direction), Arg z varies continuously and increases by 22. Therefore 
the value of « Ln z increases by 2zia, i.e., f(z) is multiplied by factor e?”* 4 
1. 


Next we consider the exponential to the base a, 1.¢., the function 


a® = exp(z Lna), 


defined for any finite z and any a ¢ 0. To obtain a definite single-valued branch 
of f(z), it is sufficient to fix one of the values of Ln a, say 


Lna = b= Ina + 2kgzi. (6.49) 


After this has been done, we obtain a single-valued, everywhere differentiable 
function exp (bz). Taking all possible values of Ln a, we obtain all possible 
single-valued branches of the function a’. Since two values of Ln a differ by a 
term of the form 2Ami, where k is an integer, two branches of the function a” 
differ by a factor of the form exp (2Aniz). This factor is also a single-valued, 
everywhere differentiable function, which takes the value 1 only when z is a 
rational number of the form m/k (where m is an arbitrary integer). 


Remark. The branches of the multiple-valued function a’ differ in an 
essential way from those of the multiple-valued functions considered previously. 
In all the cases considered so far, we can find points of the extended plane, 
called branch points, with the property that by going around each branch point 
along suitable closed Jordan curves we can carry any single-valued branch into 
any other. However, in the case of the function a’, this is impossible, since every 


branch is a single-valued continuous function defined in the whole finite plane 
(and not on some domain whose boundary consists of certain curves joining the 
branch points). In fact, after making a circuit around any (finite) closed Jordan 
curve whatsoever, we return to the original complex number z (perhaps with a 
different value of the argument) and hence to the same value of the function exp 


(bz), where b is a fixed value of Ln a. Thus the multiple-valued function a’ has 
no branch points at all, and its single-valued branches cannot be carried 
continuously into each other by making circuits around closed Jordan curves. In 
other words, the different branches can be regarded as _ self-contained, 


independent, single-valued, everywhere differentiable functions,° i.e., as nothing 
more or less than the infinite set of entire functions 


exp(zIna), exp [z(Ina + 2ni)], exp [z(Ina — 2zi)],... 


The fact that all these different entire functions can be represented as branches of 
a single infinite-valued function a’ is no more surprising than the fact that sin z 
and —sin z can be regarded as branches of the double-valued function 


V1 — cos* z, (6.50) 


or that cosh z and sinh z can be regarded as branches of the double-valued 
function 


(exp z + Vexp (—2z)]. (6.51) 


[It should be noted that just like the function a’, the functions (6.50) and (6.51) 
have no branch points. ] 
Finally we consider the logarithm to the base a, denoted by Log, z and 


defined as the inverse of the function 
z= a" = exp(wLna). (6.52) 
If we again write (6.49), thereby choosing a branch of a”, (6.52) becomes 
z = exp (bw), 


and hence 


w = Log, z b Ln z, (6.53) 
) 


which differs from Ln z only by the factor 1/b. Since b is a value of Ln a, it 


follows from (6.53) that 
Log, z=——, (6.54) 


where in the denominator we fix one of the infinitely many values of Ln a 
(which is then kept the same for all z). Thus, to define Log, z, we must specify 


not only the base a, but also a particular value of Ln a. 
Example. Let a = e, and choose the value of Ln e equal to 1. Then 


Log, z = Lnz, 


which is just the ordinary definition of the natural logarithm. However, we can 
also choose another value of Ln e, say 1 + 277. In this case, (6.54) gives 


Lnz 


1 + 2ni 


Log, z = 


It is easy to see that with this second definition of the natural logarithm, Log, z 


will have a real value (in fact, exactly one) only if z = e*, where & is an integer. 


Problem 1. Prove that 


if = elfk-27/2 (KA = 0, +1, +2,...). 


Problem 2.. Find all values of the following expressions: 
1+i 


V2 , 1 -i = 
a) (—2)”*; b) 2%; c) I-*; d) (——] - e) (3 — 4), 


Problem 3. Calculate Im Log,,(1-— 1), choosing as Ln (1 + 7) the principal 
value of the logarithm. 


Problem 4. Find imaginary values of a and B such that the multiple-valued 
functions a%a® and a°*® coincide. Do the same for the functions (a)? and a. 


' This result follows at once by a specialization of the proof of Theorem 6.1. 

* It will be apparent in the course of the proof that the assumption that f(z) is 
merely continuous for all z is not sufficient to determine f(z) completely (unlike 
the real case). 

3 The following simple example may help clarify the situation: Let A be the 


set consisting of the two numbers 0 and 1. Then 4 + A is the set consisting of the 
three numbers 0 + 0 = 0,0 + 1 = 1 and 1 + 1 = 2, whereas the set 24 consists 
only of two numbers 2-0 =0 and 2: 1 =2. 
4 Similarly, one circuit around the origin in the opposite (i.e., clockwise) 
direction causes the branch Ln, z to change continuously into the branch Ln,_, z. 
> Note the distinction between Ln, z and (Ln z);. 


© The same situation has already been encountered in Example 2 above, in 
connection with the function e* (where a = e and In a = 1). However, in the case 


of e*, we agreed to interpret e” as the particular single-valued branch exp z, 1.e., 
as the branch which takes real values when z is real (see p. 112). We shall make 
the same choice whenever a is a positive real number. 


CHAPTER 7 


COMPLEX INTEGRALS. CAUCHY’S 
INTEGRAL THEOREM 


34. RECTIFIABLE CURVES. COMPLEX INTEGRALS 


Let L be a (continuous) curve with equation 
z=Ath=u()+imt) (a<te« d), (7.1) 
and suppose we divide the interval [a, b] into n subintervals 


tet] &=—1,..., n) (7.2) 


by introducing n — 1 intermediate points ¢,,..., ¢,,_; satisfying the inequalities 
a=h<h< <i <=). 


The set 
PF = {to b1,. 205 ba} (7.3) 
is called a partition of the interval [a, b], and the largest of the numbers 


ty ~ to, fg = tua cicng ly. — Fe_is 


i.e., the maximum length of the subintervals (7.2) is called the norm of the 
partition #, denoted by |#|. Corresponding to the partition (7.3), the curve L is 
divided into n arcs! 


Gy = 2,123 |g eee | (7.4) 


where 


Z, = A(t) tf? ee n), (7.5) 


and the final point of each arc (except the last one) coincides with the initial 
point of the next arc. Joining each of the points Zp, z),..., z, to the next by a 
straight line segment (as illustrated by Figure 7.1 for the case n = 5), we obtain a 
polygonal curve A inscribed in L. The segments of A are the chords joining the 
end points of the arcs o;,, and the length of A is _ obviously 


FIGURE 7.1 


> Iz —Zp-1 (7.6) 


The curve L is said to be rectifiable if 
sup > |1z, — mal =! < , 
F k=1 


where the least upper bound (denoted by the symbol sup) is taken over all 
possible partitions (7.3). The nonnegative real number / 1s called the /ength of 
the curve L. However, if the sums (7.6) become arbitrarily large for suitably 
chosen partitions, the curve is said to be nonrectifiable. In this case, L is 
considered to have no length at all (or, if preferred, infinite length). 

Now let L be a rectifiable curve with equation (7.1), and let P(x, y) and O(x, 
y) be two real functions, defined and continuous at every point z = x + iy of L. 
Given an arbitrary partition = {fo, t),..., ¢,} of the interval [a, b], let o, and z, 
be the same as in (7.4) and (7.5), and let Se = 5 + ite = Me) (ha < % <4) 
be an arbitrary point of 0, (k = 1,..., 1). Then it can be shown (see Prob. 7) that 
> [PCE TeAX_ — Xp-1) + O(E;, eM Ve — Vee vd) (7.7) 
the sum #=1 
approaches a unique limit, denoted by 


[ PC, ») dx + OGe, ») dy}, (7.8) 


as the norm of the partition # approaches zero. An expression of the form (7.8) 
is known as a line integral (along the curve L). Similarly, let 
f(z) = u(x, y) + iv(x, y) 

be a complex function, defined and continuous on L, and consider the sum 


S = 2 SOX — Zq-1)- 


Introducing the additional notation 


ub = Ulex, Ne) » = v(Ex, Ni) Ax, = Xp — Xp Ay, = Vu — Yew 


we have 


SG) = Uy + iv,, Zp — Zp = Ax, — i Ay, 


and hence 


S=> fC NZ_ — Ze-1) = D (us + iv, KAx, + i Ay,) 
tel | (7.9) 


> (u, Ax, — o, Ay,) + i> (x, Ax, + u, Ay,). 
k=1 k=1 


Thus we see that the real and imaginary parts of S are both sums of the form 
(7.7), corresponding to the partition #, where in the first case the role of the real 
functions P and Q is played by the functions u and —v, and in the second case by 
the functions v and u. By the (contour) integral of f(z) along the curve (or 


contour) L,” denoted by . J(z) dz, (7.10) 


we mean the quantity 


lim > SOXze Zp-1), (7.11) 
IFi--0 pm 


i.e., the limit of the sum S as the norm of the partition # approaches zero. Since 
the real functions u and v are continuous on L [being the real and imaginary parts 
of the continuous function f(z)], and since L is rectifiable, it follows from (7.9) 
and the definition of the corresponding line integrals _ that 
| f@ dz = J fue, y) dx — o(x, y) dy} + i} {olx, y) dx + u(x, y) dy}. 
(7.12) 

In other words, evaluating the integral of a complex function reduces to 
evaluating two line integrals of real functions. 


Example 1. If Kz) = i (7.10) becomes 
§ dz=lim > (z, — Z,-1) = lim (z, — zo) = Z — 2o, 
Pos \Fil--0 k=1 |P|—-0 
where Zy 1s the initial point and Z the final point of the curve L. In particular, if L 


is closed, Z = zp and dz = 0. 


Example 2. \f f(z) = z, we first choose ¢; to be the initial point z,_, of the arc 


6, ="e1%r, and then the final point z of o,. This gives 


n n 


| zdz = lim Zy—1(Z_ — Zp-1) = lim ZZ, — 2, 
Je is 2. p-1(Z_ rv (ora 2 Zn Pa?) 


n 


= 


ba ~ hints 
== lim D(z + 2esX2e — Zea) => lim D(z — zh) 


2 |P|-0 ket 2 |\Plo 74 
= lim (z? — z’) = | 72 - 23), 
21a\-0° ™ 2 


In particular, if L is a closed curve, so that Z = zp, we again find that (7.10) 
vanishes. 


Example 3. Suppose f(z) = 1/(z — a), and let L be the curve with equation 
z=a+re* (O< t < 2n), 
i. e., the circle of radius r with center at the point a, traversed once in the 
positive direction. Dividing L into n equal arcs o; where 
z=atre™* (k=0,1,...,R) 
(z, = Zo, since L is closed), we choose ¢; to be the midpoint of the arc o;: 


en, 
Zp—-12 


ae ioe (18 Sree | 9 


As a result, 


—(2k—-1) ri /n 
> 


= 
Xt 
x 
i 
II 

~~ | 
% 


and 


n n 
> SGX _— fin) = ae — ais ania | 
k=1 k=1 


er arr ee 5 srgsigieT 
= > (er — eo ™") = 21} sin — = 2in sin — . 
=1 k=1 oon n 
It follows that 
dz , ee: 4: sin (tt/n 
( — =lim 2in sin — = 2xilim sin (n/n) = 2ni. 
*L 2—-@4 n> @ n no t/n 


Next we derive some elementary properties of complex integrals. The first 
three properties can be verified immediately either by using (7.12) to go over to 
line integrals, or by using (7.11) directly. In each case, we assume that L is a 
rectifiable curve, and that f(z) is defined and continuous on L. 


Property 1. 
[f@d=—-] saz, 
where —L denotes the curve L traversed in the opposite direction. 
Property 2. Suppose that 
L=L,+1L,4+°++ +L 
where the final point of L; coincides with the initial point of L;,, (A = 1,..., m— 


1). Then we have j, SG) dz = J, f@) dz + I f® SE het {f@ dz. 


Property 3. 
L [esfi(Z) + °° * + CmSm(Z)] dz = cy [ f(z) dz + +++ + Om [: Sn(z) dz, 


where /;(Z),..., f,,(Z) are arbitrary complex functions which are defined and 
continuous on L, and c),..., c,, are arbitrary complex constants. 


Property 4. Suppose f(z) satisfies the inequality 
f()| < M 


at all points of the curve L, e.g., suppose M is the quantity 


max | f(z). 
zeL 


Then we have the estimate 


| #@) dz | < Ml, (7.13) 


where / is the length of the curve L. To prove (7.13), we need only take the limit 


‘ ‘ > GHz = mn) < YIFGWI lZ_ — Zral < M > |z, — Z,4| < MI 
of the inequality ! =: 1 es 


as the norm of the partition # goes to zero. 


Problem 1, Given a continuous curve L with end points A and B, let C 
be any other point of L. Prove that the curve L= 4 is rectifiable if and only 


if the subcurves 4 and Gp are rectifiable. Assuming that these curves are 
rectifiable, prove that the length of AB is the sum of the lengths of AC and 
CB 

Problem 2 (Ml, p. 253). Let L be a rectifiable curve of length /, and let 


A(#) be the polygonal curve inscribed in L corresponding to the partition g. 
Prove that A(P) — las |A — 0. 


Problem 3. A real function f(t) defined on a closed interval [a, b] is said 


; 5 f(t.) — f(t. DI < ©, 
to be of bounded variation on [a, b] if ms p> Fd = fir <0 


where the least upper bound is taken over all possible partitions A = {i, t), 
., t,} of the interval [a, b]. Prove that the curve with equation z = A(4) = (0) 


+ iv(t), a < t < bis rectifiable if and only if both w(A) and v(t) are of bounded 
variation on [a, 5]. 


Problem 4. Show that the function 


t sin = for t #0, 
f(t) = 2t 
0 for t=0 


is continuous but not of bounded variation on [0,1]. Give an example of a 
continuous nonrectifiable curve. 


Problem 5. Prove that f(t) is of bounded variation on [a, b] if and only if 
f®) =AO -fi 
on [a, b] where f,(2) and f,(0) are both increasing functions on [a, b] (see Sec. 
12, Prob. 1). 


Hint. First prove that f(t) is of bounded variation on [a, b] if and only if 
fit) has a majorant F(t) on [a, 5], i.e., a bounded increasing function F(t) 
such that |f@) —/@)| < F@’) — FW) 
whenever a <?t'< ft" <b. 


Problem 6. Let f(t) and g(t) be two functions defined on the same 
interval [a, b], let A= {tp, t),..., ¢,,} be an arbitrary partition of [a, b], and let 
t be any poimt in the interval [t,), ¢]. Then the limit 


lim ») Sowvlelt) — gtr), 


|Fl-o0 k=1 


provided it exists, it called the Stieltjes integral of f(t) with respect to g(t) 


Ww 
from a to b, and is denoted by |, JOGO. 


Prove that this limit exists if f(t) is continuous on [a, b] and g(t) is of bounded 
variation on [a, 5]. 


Hint. First consider the case where g(f) is increasing on [a, b], and repeat 


b 
step by step the familiar proof that the ordinary Riemann integral I, fue 


exists if f(t) is continuous on [a, 5]. Then use the preceding problem. 


Problem 7. Let L be a continuous rectifiable curve, with equation 
z=Mi)=—wt)+imt) (a@a<t <b), 
and let P(x, y) and Q(x, y) be two real functions which are defined and 
continuous on JL. Prove the existence of the line integral 
[, {P(x, y) dx + Q(x, y) dy}, 
as defined on p. 139. 


Hint. Write the line integral as a sum of Stieltjes integrals with respect to 
u(t) and v(t), and use Probs. 3 and 6. 


Problem 8. Verify that the definite integral of a real function of a real 
variable is a special case of the integral of a function of a complex variable 
along a curve. 


Problem 9. Let L be a rectifiable curve with equation z = A(t), a <t<b, 
and let s(t) be the length of the arc of L joining A(a) to A(A) [cf. Prob. 1], 
where s(a) = 0 by definition. Prove that the nonnegative function s(f) is 
continuous and increasing on [a, b], in fact, strictly increasing if L is a Jordan 
curve. 


Problem 10. Let f(z) be a continuous function on a rectifiable curve L of 
length /, with equation z = A(t), a < t < b, and let s(t) be the arc length 
function introduced in the preceding problem. By Lure =» «at or 


[, f(z) \dz|, we mean the Stieltjes integral J, SPA, 


whose existence 1s guaranteed by the fact that s(t) is of bounded variation on 


[a, b]. Prove that [[,f@ae| < [fds < mi, 


which sharpens the estimate (7.13). 


Hint. If #, and o, and ¢ are the same as on p. 138, then 
[, fle) ds =lim > Cle 


F\—-0 k= 1 


where /; is the length of 6;. 


35. THE CASE OF SMOOTH CURVES 


Suppose L is smooth, 1.e., suppose there is at least one parametric 
representation (7.1) such that A(t) has a continuous nonvanishing derivative A(t) 
at every point of the interval [a, b].° The geometric meaning of smoothness is 
clear from Sec. 15, where it was proved that if A’(¢)) 4 0, then L has a tangent of 
inclination Arg A’(t)) at the point z) = A(fo). Therefore a smooth curve has a 
tangent at every point, and moreover the inclination of the tangent varies 
continuously as the point of tangency moves along the curve (why?). It is not 
hard to show (see Probs. 3 and 4) that a smooth curve is rectifiable, with length 
{= rs {u'(t)}? + [v'(o]* dt. (7.14) 


Since 
MO=vO+ vO, ROP = (OP + OP, 
(7.14) can also be written as 
I= |" olde. 
similarly, (7.8) becomes 
ik {Plu(t), wt)Jn'(t) + Qlult), Wt)]v'(O} dt (7.15) 
(see Prob. 5), while (7.12) takes the form 
[ fe) az = J (ula, KOO — ola, KOO} at 
+i]? fou, vol’) + ula, vOIV(O} dt 
‘ (7.16) 
- ih {ulu(s), (1)) + ivfe(), WO) {e'(D) + iv'(O} dt 
= Peppy ae 


Example. Formula (7.16) can be used to simplify the evaluation of the 
integral in Example 3, p. 140. In fact, since 7 = Mt) = a+ re", W(t) = ire", 


we have 


Se Ale 
“Lz—a °* ref 7 

Remark. The formulas just written for the case of a smooth curve L remain 
valid if Z is merely piecewise smooth, 1.e., if [a, b] can be divided into a finite 
number of subintervals @ = 4 < f < 4,@ Sf < ay..., An1 <<a, =b 
such that A(t) has a continuous nonvanishing derivative on each subinterval, but 
not necessarily on [a, b] itself. Thus 1‘(¢) is now allowed to have discontinuities 
at finitely many interior points of [a, b], provided nonzero one-sided derivatives 
(and hence one-sided tangents) exist at every such point. 


Problem 1. Let L and L' be two identical curves, in the sense of p. 38. 
Prove that L is smooth if and only if L’ is smooth, provided the parameter 
change t = a(f) has a continuous nonvanishing derivative on [a, b]. How 
about piecewise smoothness? 


Problem 2. Give an example of a curve z = A(t), a < t < b, with 
continuously differentiable 4(4) which fails to have a tangent at some point of 
[a, 5]. 


Ans. Let A(t) = 6 +i |e] in the interval [-1, 1]. 
Problem 3. Verify formula (7.14) for a smooth curve L. 


Hint. Use the mean value theorem to write 


n n 


> Zp — Zpyl = 3 Vu) — w(t, PF + My) — MQ_pP 


kel k=1 


(7.17) 


where t, and % are two points in the interval [t,_,, ¢], and A = t — t1. 
Except for the fact that 7, and * are in general different, (7.17) is an 


approximating sum of the Riemann integral (7.14). Use the fact that w(t) and 
v(t) are continuous to circumvent this difficulty. 


Comment. Note that we have not used the fact that A’(f) is non vanishing 
on [a, 5]. 


Problem 4. Prove that if f(t) is continuously differentiable on [a, b], then 


Jit) is of bounded variation on [a, 5]. 


Comment. Together with Sec. 34, Prob. 3, this gives another proof of the 
fact that a smooth curve is rectifiable. 


Problem 5. Verify the equivalence of (7.8) and (7.15) if LZ: z = A(d) 1s 
smooth. 


Hint. Recall the definition of (7.8) as a Stieltjes integral (Sec. 34, Prob. 
7). Then use the mean value theorem to replace du(t) and dv(t) by u'(dt and 
v'(t)dt. 


Problem 6. Evaluate the integrals 


J; ~[ xa, Jo =[ ye 


along the following paths: 
a) The line segment joining the point z = 0 to the point z = 2 + 7; 
b) The semicircle |z| = 1, 0 < arg z <a, with initial point z = 1; 
c) The circle |z—a| = R. 


Ans. b) J, = 4ni, J, = —4n. 


Problem 7. Evaluate the integral 


[, |z| dz 


along 
a) The circle |z| = R; 
b) The semicircle |z| = 1, — 2/2 < arg z < z/2 with initial point z = — i. 


36. CAUCHY’S INTEGRAL THEOREM. THE KEY LEMMA 


We are now in a position to formulate 


THEOREM 7.1 (Cauchy’s integral theorem). Let G be a simply connected 
domain, and let f(z) be a single-valued analytic function on G. Then 
J} S(@) dz =0, 

where L is any closed rectifiable curve contained in G. 


The proof of Theorem 7.1 is rather complicated, and will be given in the next 
section. We begin by proving the following weaker version of the theorem: 
THEOREM 7.2. Let G be a simply connected domain, and let f(z) be a single- 


valued continuously differentiable function on G. Then J a) ae =, 


where L is any closed piecewise smooth Jordan curve contained in G. 


Proof. According to formula (7.12), 


[f@ dz = [w dx —vdy)+ i} dx + udy), (7.18) 


where u = Re f(z), v = Im f(z). Since f(z) is continuous on G and 
712) = MH 4 522 0 Ou 
ax ay) ax.sy’ 


it follows that the first-order partial derivatives of u and v are continuous on 


DB, where D = J(L) is the interior of an arbitrary closed piecewise smooth 


Jordan curve L C G. We now apply Green’s theorem* 


| »— (f. (22 _ oP 
| (P dx 4 Qdy) = }}p (== - 5 dy (7.19) 


to each of the integrals in the right-hand side of (7.18), where the line integral 
in (7.19) is taken in the positive (1.e., counterclockwise) direction. The result 
| (u dx — vdy) = | Is = ot ax dy, 

. 7 (7.20) 


| rr (du av 
»dx + udy) = [{, (4 —2)ax ay. 
iS 1,¢ wi a SIo(5: = a 


But the integrand of each double integral in (7.20) vanishes, because of the 
Cauchy-Riemann equations (see Theorem 3.2). Therefore both sides of (7.18) 
vanish, and the proof is complete. 


Remark 1. The strengthening of Theorem 7.2 represented by Theorem 7.1 
consists in dropping the requirement that f'(z) be continuous and that L be a 
Jordan curve, and in assuming that L is only rectifiable instead of piecewise 
smooth. 


Remark 2. Actually, it turns out (see Theorem 8.5, Corollary) that f(z) is 
analytic (and hence automatically continuous) on G, if f(z) is analytic on G. 
However, Theorem 7.1 will be needed to prove this! 


In proving Theorem 7.1, we shall need the following 


LEMMA (Key lemma). Let fiz) be a continuous function defined on a 
domain G, and let L be an arbitrary rectifiable curve contained in G, with 
equation z = A(t), a<t<b. Then, given any ¢ > 0, there exists a 6 = 0(€) > 0 
such that for every partition P = {to, t,..., t,} of the interval [a, b] with norm 


less than 6, the polygonal curve? 


A = 22, + ° °° + Zn_-1Z 0 (7.21) 

where Zz, = A(t), is contained in G and moreover 
| '(z Zz | 7 4 7\la € ye 
|, fe) dz — |, f@)dz| <«. (7.22) 


Proof. The curve L is a compact set (see Theorem 2.6). Hence there is 
another compact set E C G and a number p > 0 such that F contains all the 
closed neighborhoods .#(z; ¢), z € L. This is obvious if G is the whole finite 
plane. Otherwise, let be the boundary of G, let d be the distance between L 
and I’ (cf. Theorem 2.4 and Sec. 9, Prob. 10a), and choose E to be the set of 
all points whose distance from L does not exceed p = $d.° Since f(z) is 
uniformly continuous on E (see Theorem 2.8), given any ¢ > 0, there exists an 

If) — f(z) <= (7.23) 
n > 0 such that 21 
for every pair of points z, z’ in EF’ such that |z — z'| < n where / is the length of 
L. Moreover, the function z = A(f) is uniformly continuous on [a, b] and hence 
there exists 5, > 0 such that |? — 2'l = lA) — A(r*)| < min (q, ¢ 


if |¢—1'| <8. 


Now suppose 


if a : 
J, f(z) dz — > f(zNz_ — Zp-1)) < 5 (7.24) 
‘ k=l 


if |P| < 0, (such a 6, exists by the very definition of the complex integral) and 
let 6 = min (6), 65). Choose a partition = {f, t,,..., ¢,} with norm less than 
0, and let A be the corresponding polygonal curve (7.21). Clearly A C G, 


since if A, is the segment 7 2, then z € A, _ implies 


|z — Z| < |Z, — Zy-1] < min (y, p) < p, 

and hence z € W(z;e) C E C G. Furthermore, as we now prove, 
| f(z) dz — > f(zZe — 2-1) | < =. 

ic ket ys 


in fact 


SleNer — zn) =I) |, dz = J, flay) dz, 


so that 


[ s@ a —S seve, —-|=|3 f toae— Ef, sens 


“|S Loose 


1, LF) — f(@)) dz]. (7.25) 


But ifz € A,, then, as already noted, both z and z, ase to E, and moreover 
|z — zy| < |Z, — Z~-1| < min (4, p) < 9, 


\ 
. 


. 


which implies 
= 
If(z) — f(%)| < rr 


[cf. (7.23)]. It follows from the general estimate (7.13) that 


| ln f(z) — f(z,)] dz | = 5 lZp — Zp-als 


and hence (7.25) becomes 


| [ f(z) dz — 3 f(zXze — 2) PS = IZ — Zral < = (7.26) 
JA k=1 k=1 21 2 


(recall the definition of 7). Comparing (7.26) and (7.24), we obtain the 
inequality (7.22), and the proof is complete. 


Problem 1. Let L be a closed piecewise smooth Jordan curve enclosing 


an area S. Prove that ® | pte = 


Sp) , ydz = —S;c) [ 24 = 2iS. 
Hint. Use Green’s theorem. 


Problem 2. Let E and G be the same as in the proof of the key lemma. 
Prove that FE C G. 


Hint. Obviously F cannot contain a boundary point of G. But if EF 
contains an exterior point of G, then E must contain a boundary point of G. 
This in turn follows from the fact that a line segment joining an interior point 
of G to an exterior point of G must contain a boundary point of G (why?). 


Problem 3. As on p. 28, let p(z, E) be the distance between a point z and 
a set FE. Show that p (z, £) is a continuous function of z if E is compact, or for 
that matter only closed. 


Hint. According to Sec. 11, Prob. 4, there is a point ¢ € F such that. 
e(z, E) = |z — 4. 
Clearly, given any 2’, 


lz? —T =I’ —2z) + ( — OI < lz’ — 2] + lz — 8] = 2’ — 2] + ef, 2), 


and hence 


e(2’, E) < |z’ — | < |z’ — 2| + ofz, E), 


or 


p(z’, E) — e(z, E) < |2z’ — 2I. 


Interchanging z and z’, we obtain 


e(z, E) — o(z’, E) < |z — 2’| 


and hence 
le(z, E) — ez’, E)| < |z — 2’ |. 


Problem 4. Let E and G be the same as in the proof of the key lemma. 
Prove that E is closed. 


Hint. Use the preceding problem. 


37. PROOF OF CAUCHY’S INTEGRAL THEOREM 


We now turn to the proof proper of Theorem 7.1 (Cauchy’s integral 
theorem). First we prove the theorem for closed polygonal curves, and then we 
use the key lemma to prove the theorem for arbitrary closed rectifiable curves. 
The proof will be divided into six steps, of progressively increasing complexity. 


STEP | (‘“‘2-gons”). If L is a straight line segment A, traversed twice in 
opposite directions, — _ then obviously 
|, f@) dz 1 f(z) dz + | SF 2) dz iP f(z) dz — |, f(2) dz = 0, 

Thus, in this simplest case, the differentiability of the function need not be 
invoked at all. 


STEP 2 (Triangles). As we shall see in the course of the proof, this is the basic 
step, and here essential use will be made of the fact that f(z) is differentiable. Let 
L be a triangular contour contained in G, and suppose L is traversed once in a 
d . , . ; | | f(z) dz | M, 

efinite direction (say counterclockwise). Moreover, let ! /x 
where obviously M > 0. Our goal is to show that M = 0. To this end, we draw the 
line segments joining midpoints of the sides of the triangle, thereby obtaining 
four congruent subtriangles L!, L", Z™ and L'Y, as shown in Figure 7.2.’ 


FIGURE 7.2 


Forming the sum of the integrals taken along L', L", L™ and L'Y in the 
directions shown by the arrows in the figure (1.e., in the counterclockwise 
direction), we obtain ISO) dz + Iu S@)d2 + Jaf) dz + Jw S2)dz. (7.27) 
Each of these four integrals can be replaced by the sum of three integrals taken 


along the separate sides of the subtriangles. Of the resulting integrals, six have a 
sum equal to J LJAz)dz (1.e., the integrals along the segments whose union is ZL). 


LY 


The remaining six integrals can be grouped into three pairs, where each pair is 
taken along the same segment traversed twice in opposite directions. According 
to Step 1, the sum of each of these pairs of integrals equals zero. Therefore the 


whole sum (7.27) equals } ee) dz, and moreover 
M =|], f(z) dz | 
< L,f@ a:| { | n SC2) ae| ' Ju Se) | ~ | Jn f(z) dz, 
(7.28) 


since the modulus of a sum does not exceed the sum of the moduli of the 
summands. It follows from (7.28) that at least one of the terms in the right-hand 
side must be no less than M/4. Denoting the corresponding triangle by L, (so that 


f M 
(2)dz| > . 
f 4 


“Li 


L, is one of the triangles L', L™ L™ LIV), we have 

Next we apply the same argument to the triangle L, as to the original triangle 
L. Thus, dividing L, into four congruent subtriangles Lj), L,", L,"' and L,!Y, we 
note that the integral along L, equals the sum of four integrals along L,4, L,") 


L,"" and L,!Y, taken in the same (counterclockwise) direction. It follows that the 


1M M 


modulus of one of these integrals is no less than 44 4° 
If this integral is along L, (so that Ly is one of the triangles L,!, L,4, £,"") L,!¥), 


; M 
be f(z) dz | ai 4° F 


we have 
Continuing this argument indefinitely, we obtain a sequence of triangles L = Lo, 


Ly, Ly,..., Ly,-..such that 1. L,,,; is a proper subset of L,, (n = 0, 1, 2,...), and in 
fact L,,, 18 one of the four triangles obtained by drawing the line segments 
joining the midpoints of the sides of L,. 


i 
_=-—. 
2. If / = Ip is the length of L = Lp and J, the length of L,, then "2" 
3. Each triangle is contained in G, since the curve L C G and hence J(L) C 
G: 


4. The integral of f(z) along L,, satisfies the inequality 


r M 
j,_ #2) de| > rr (mn = 1, 2,...). (7.29) 


It follows from the first of the properties just enumerated that there is a 
unique point ¢ belonging to all the triangles (why?), and from the third property 
that C € G. Therefore, by hypothesis, the function f(z) has a derivative f'(C) at the 
point ¢ (recall the statement of Theorem 7.1), i.e., for any ¢ > 0, we can find a 6 
> 0 such that f(z) —f@) —f'CXz — Ol < e lz — FI (7.30) 
whenever |z — ¢| < 6 (cf. Theorem 3.1). Since ¢ belongs to all the “nested” 
triangles, and since the triangles become arbitrarily small, then, starting from 
some value of n > N, the triangles are all contained in the disk |z — ¢| < 6, so that 
the inequality (7.30) is satisfied at all their points. 

We now integrate the function f(z) — f(C) — f(o)(z — ¢) along the closed 
curve L obtaining 


| UO —/O —£'COXz — Ol dz 


n? 


=| f@dz-fO), dz-f'@), zdz+ts'@O), dz 


=|) s()dz, 
“La” 
where we have used the fact that the integrals J L, 42 and J L, 2 4 vanish (see Sec. 
34, Examples 1 and 2). Therefore, according to (7.30) and (7.13), if n > N, 


|, 4 ae| = |, YO -s0- fe — Olde | <n =, (7.31) 


where, in writing the inequality, we note that the distance between any two 
points of the same triangle must be less than the perimeter of the triangle. 


= . ( f(z) dz <f 
Comparing (7.29) and (7.31), we find that 4" 1°“ n? 


~ 


which implies 


M < ei, 


or 
M <0 


if we let e > 0. But M= 0, since M is intrinsically nonnegative. Therefore 
M = fs az | =0, 


and the proof of Cauchy’s integral theorem for triangles is complete. 


STEP 3 (Convex polygons). Next let L = AjA)...4,_;Aq (n = 4) be the 
boundary of an arbitrary convex n-gon (see Sec. 12, Prob. 3), traversed in a 


definite direction.® If we divide the polygon into n — 2 triangles by drawing 
diagonals from the vertex Ag to the other vertices, the integral of f(z) along Z can 


be written in the a 
i. I@)az= Li at® dz 
. : (7.32) 
+ bitekel f(z) dz i, 24n-iAdo f(@) dz, 


where each of the triangular contours 494;4;,)A9 (A = 1,..., 1 — 2) is traversed in 
the same direction (as illustrated by Figure 7.3 for the case n = 6). But according 


to Step 2, each of the integrals in the right-hand side of (7.32) vanishes.’ This 
proves Cauchy’s theorem for convex polygons. 


FIGURE 7.3 


STEP 4 (Closed polygonal Jordan curves). Now let L = AgA,...A,_1Ap (n = 4) 
be any closed polygonal curve (traversed once in a definite direction), which 
does not intersect itself. Then Z is a Jordan curve, and ((L) C G. The case where 
K(L) is convex has already been considered in Step 3. If (ZL) is not convex, the 
extensions of some of the sides 4041, Aida «- - » An+Ao 
in one direction or the other (possibly both) intersect /(L), as illustrated by 
Figure 7.4 for the case n = 6 (see Prob. 2). Extending each side A; A; (k = 1,..., 
n; A,, = Ag) which intersects /(L), and terminating the extension of A;_,A, (in the 
appropriate direction) at the point where it first intersects the boundary L, we 
decompose the original boundary into a finite number of subpolygons, each of 
which is convex (why?). Since he fiz) dz 1s obviously the sum of the integrals of 
fiz) along the boundaries of these convex subpolygons, the fact that J LAz) dz 
vanishes follows at once from Step 3. 


FIGURE 7.4 


STEP 5 (Arbitrary closed polygonal curves). Next let L be an arbitrary closed 
polygonal curve. By definition (see p. 39), L consists of a finite number of line 
segments A,, A5,..., A, with definite directions, such that the final point of each 


segment A; coincides with the initial point of the next segment A;,, (A,+; = Aj). 


Some of these segments may have points in common other than those just 
indicated, 1.e., the curve may intersect itself. In this case, some of the segments 
A; may be parts of other segments, or may even coincide with other segments. In 


other words, as we go along the polygonal curve L, some of its segments may be 
partially or totally traversed several times. 

To keep the notation simple, we will study the polygonal curve shown in 
Figure 7.5, consisting of eight segments A, = A, A, (k = 1,..., 8; Ag = Ao), 
where A¢d, C A<A¢. Starting from Ap, we move along L until a new segment 
intersects a previously traversed segment for the first time. In our case, 4,A; is 
such a segment, since it intersects AjA, in the point B. Then the closed polygonal 
curve (here, the triangle BA,A,B), obtained by starting from the point B and 
traversing L until the first return to the point B, is a closed polygonal Jordan 


7h 
\\ 
| 
| 
| 
| 
| 


J 
curve contained in G. Therefore A 
FIGURE 7.5 


les 14,8 


f(z) dz = 0, 


and we do not change the value of the integral of f(z) along L if we remove 


BA,A,B from L, thereby obtaining a new polygonal curve & = 40B43444546474o, 


with one vertex less than L.!° 
There is still another possibility which must be considered. Starting from Ag 


and moving along the new polygonal curve L’, we find that L’ does not intersect 
itself before the point A,. After 4g we encounter previously traversed points, 


since A¢A_ is a part of A;A¢, but none of these points can be called the first, since 
the point Ag is a common end point of the two consecutive segments 4;A¢ and 
A¢A,, and hence is not classified as a point at which L’ intersects itself. 
Therefore, starting from A¢, we retrace the segment A,<A¢ in the reverse direction 
until we encounter either 4; or A, (the vertices adjacent to A¢). In the case shown 
in Figure 7.5, the vertex C = A, 1s encountered first. The closed polygonal curve 
consisting of the segment CA, C A;5A¢ followed by the segment 4,C C A647 is a 


“2-gon,” along which the integral of f(z) vanishes (see Step 1). Therefore, 
removing the polygonal curve C4¢C from L' we obtain another closed polygonal 
curve L” = ApBA,AqAsCAy 


such that 
| -S@) dz = | .f@ dz. 


The curve L" has one less vertex than L’, since one vertex (A¢) is lost along with 
the 2-gon, and no new vertex replaces it, since C = A, (if C= As, we also lose 
one vertex, but if C= A; = A, we lose two vertices). 

This argument is of a perfectly general character. After a finite number of 
steps, we obtain either a closed polygonal curve which is a Jordan curve (L” is 
such a curve in our example), or else we obtain a 2-gon. Thus, in either case, we 
find that I fi2dz vanishes, thereby proving Cauchy’s integral theorem for 
arbitrary closed polygonal curves. It should be noted that in extending the 
theorem from the case of triangles to the case of arbitrary closed polygonal 
curves, we used no function-theoretic considerations, but only geometric 
arguments of an elementary character. 


STEP 6 (Closed rectifiable curves). Finally let L be an arbitrary closed 
rectifiable curve contained in the domain G. According to the key lemma (see p. 
147), given any ¢ > 0, we can find a closed polygonal curve A inscribed in L and 
z)dz (z)dz| < «. 7.33 
contained in G, such that JJ J, vn 
But as we have just seen, 


I, f(z) dz = 0. 


It follows that 

[Wore | = sy, 
and since ¢ is arbitrarily small, 

|, f@ dz =0, 


The proof of Theorem 7.1 is now complete. 

In proving Theorem 7.1 we have assumed that G is simply connected. It is 
easy to see that this fact has only been used to guarantee that for sufficiently 
small ¢, G contains the closed polygonal domains bounded by the segments of 
the polygonal curve A inscribed in LZ and satisfying (7.33). This observation 
leads to the following variants of Cauchy’s integral theorem, where we drop the 
requirement that G itself be simply connected: THEOREM 7.1'. Let G be an 
arbitrary domain, and let f(z) be a single-valued analytic function on G. Then 


| £2) dz = 0, 


where L is any closed rectifiable curve contained in a simply connected 
subdomain of G. 


THEOREM 7.1". Let G be an arbitrary domain, and let fz) be a single- 


valued analytic function on G. Then } SG) dz = 0, 


where L is any closed rectifiable Jordan curve such that G contains both L 
and its interior I(L). 

Remark. The conditions given in Theorems 7.1’ and 7.1" are sufficient but 
not necessary for J 1 Az)dz to vanish. For example, the functions 1/z and 1/z* are 
both analytic on the domain G consisting of the whole plane with the single 
point z = 0 deleted, and G contains any circle y: |z| = r > 0 but not /(y). However, 

| ee | iach 
Z . re “0 
(recall the example on p. 145), while, on the other hand, 
[ dz [** ire® dO 


‘| edo =0. 
0 
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FIGURE 7.6 


Furthermore, Figure 7.6 shows a doubly connected domain G and a curve L C G 


such that /,.f) #2 = 0, 


where f(z) is an arbitrary single-valued analytic function on G, even though L is 
not contained in any simply connected subdomain of G. 


Problem 1. Prove that the intersection of two or more convex sets is also 
convex. 


Problem 2. Let L = AgA,...4,_;49 be a closed polygonal Jordan curve, 
with interior /(L). Prove that the polygon /(Z) is convex if and only if none 
of the extensions of its sides A;_,A;, (k= 1,..., 1; A, = Ap) intersects [(L). 


Problem 3. Prove that every convex polygon is the intersection of a 
finite number of (closed) half-planes. 


Problem 4. Prove that every convex domain is simply connected. 
Problem 5. Prove Theorem 7.1" in detail. 
Hint. Recall the proof of the key lemma. 


Problem 6 (MI, p. 270). Prove the following generalization of Cauchy’s 
integral theorem: Let G be the interior of a closed rectifiable Jordan curve L, 
and let f(z) be a single-valued function which is analytic on G and continuous 


on ¢. Then Jz S@) 4 0, 


if G is starlike, i.e., if G contains a point C such that every ray emanating 
from C intersects Z in only one point. 


Comment. It turns out that the restriction to starlike domains is actually 
unnecessary (see M3, Sec. 12). 


38. APPLICATION TO THE EVALUATION OF DEFINITE INTEGRALS 


Cauchy’s integral theorem can be used as a tool for evaluating various 
definite integrals of functions of a real variable, especially improper integrals.!! 


Example. Evaluate the Fresnel integrals 


4. ‘cos x* dx, I, ‘sin x* dx, (7.34) 
encountered in the theory of diffraction. 


We begin by deriving two preliminary results which will be needed to 
- - /t 
calculate (7.34), i.e., the formula“? © ) (7.35) 


and the inequality 


2 T 
sin § > —6 (0 <60< ). (7.36) 


~ | 


To prove (7.35), let O be the square —R <x < R, —R<y<R, let C,:|z| = R be 
the circle inscribed in Q, and let C):|z| = \/2 be the circle circumscribed about Q. 
Then, if K, and R, are the closed disks with boundaries C, and C,, respectively, 


tile en?" dx dy< | | et" dx dy 

JJKy ~JIJ@ ° 

(* : } 7 (7.37) 
= en" dx == = a dx d sy 

we have ( -R }™~ SLUR: J 

since the exponential is positive. If we introduce polar coordinates r and 9, 


*R 2 {pR 7 \2 “tx »V OR : 
(7.37) becomes *° J, asia 4(], dx) ioe if i er dr dO. 


Evaluating the integrals, and taking the square roots of all terms of the resulting 


; ME a ee ae dx << Vn(l — e**), 


[ 2n 


inequalities, we find tha 


Thus 
lim 2 [*e-=" dx = ./rx, 
R-a °° 
which implies (7.35). 
To prove (7.36), we note that 


sin 6 


[O=-—- 
is a decreasing function in the interval (0, z/2), since 


00) Ss 
f'(8) 62 92 -0 


sin 6 a 2 


if 0 < 0 < 2/2) (why?). Therefore f(0) > f(x/2) if0<0<7/2,i.c, 0 ~ 


or 


4 Ir 


sin§8 > 6 (0 <@< ) : 
2) 


+ 


Moreover, it is obvious that sin 0 = 20/z if 0 = 0 or 8 = 2/2, and hence (7.36) is 
proved. 
Turning to the evaluation of the Fresnel integrals (7.34), we consider the 


function /@) = e* 


FIGURE 7.7 


(the reason for this choice will soon be apparent). Since both e? and iz? are entire 
functions, it follows from the rule for differentiating a composite function (see p. 
46) that f(z) is entire, with derivative f(z) = 2ize’*. Therefore we can apply 
Cauchy’s theorem to f(z), with any closed rectifiable curve as the contour L. For 
L we choose the contour shown in Figure 7.7, consisting of the segment OA: 0 < 
x < R of the nonnegative real axis, the arc AB of the circle of radius R with center 
at the origin, and the segment BO of the line bisecting the angle formed by the 
nonnegative real and imaginary axes. According to Cauchy’s integral theorem, 
Jet dz =| et dz+ | et dz+) et dz=0. (7.38) 

On the segment OA, z reduces to a real number x, so that dz = dx, and 

F 2 rR 

SF ,(R) = ie dz = L e” ax. 
On the arc AB 


z= Re® (0<0< x/4), z* = R*e*, dz = iRe* dé, 


so that 


- e ond 
IR) =| e* dz = - exp (iR°e™”) iRe® dO. 


“AB 
Finally, on the segment BO 


zg=r&™ (R>r>0), 2=re™ = ir’, dz = e™ dr, 


and consequently 
F ro ' i (Rk 
JF ,(R) = La dz= | ae e*!* dr = —e™* i ev? dr 


> r 2 
aoe a Vee ie 
, “0 


= 


Next let R —+ oo Then .£3(R) approaches the limit 


— v2 4 + i) [dr =— v2r + i), 

2 a 4 
where we have used formula (7.35). Moreover, %>(R) — 0 as (R) — o. To show 
this, we estimate the modulus of L,(R), obtaining 


fx/4 
|%AR)| < RK}, lexp [iR*(cos 26 + i sin 26)}] |e*| 40. 
since |e!*| = 1 and 


lexp [iR°(cos 20 +- i sin 26)]| = exp (— R? sin 29), 


we have 


tif 
“0 


|F(R)| < R[ exp(—R® sin 26) dO. 


But according to (7.36), sin 20 > 40/n if 0 < 2 @ < 72/2. Therefore 


px/a _ = 
|¥(R)| < R [* exp (—4R°0/n) dd = R ( —— 
—4R*/x 


6=0 


so that 


lim .%(R) = 0, 
Ra 


as asserted. Finally, we consider the integral 


SFR) = Pe dx = ips cos x* dx + i ke sin x” dx. 


Since 


JF (R) + F(R) + 4%,(R) = 0 
[cf. (7.38)], it follows that 


lim ¥,(R) = — lim ,{R) — lim ¥,{R) = ~ZZ. (1 +p, 
R-2x R-a@ R-ax 4 
Le., 


/ 
lim (® cos x* dx +i (* sin x* dx = VOT oy + i), 
R= °° “9 “4 


which implies that the improper integrals 


om _. ii 
| cos x" dx = lim cos x* dx 
“0 R-«@ °° 


and 


eam an 
| sinx*dx =lim | sin x* dx 
Jo ‘ R="? 
exist, and have same value. 
nae al roo 7 ie 
I, cos x* dx = |, sin x?dx = — 


Problem I (Ml, p. 275). Prove that 


P00 mes ‘ ™ P 
| e—**" cos (22ax) dx = - e-? (a >0,4 > 0). 
Ce.) 5 


Problem 2 (Ml, p. 277). Prove that 


roo SIN X Tr 
lige eee 
JO x 2 


Problem 3. Prove the inequality 


28 7 
cos6 > 1 -— (o<e< ). 


39. CAUCHY’S INTEGRAL THEOREM FOR A SYSTEM OF 
CONTOURS 


We now prove a result which will be used repeatedly later on: 


THEOREM 7.3 (Cauchy ’s integral theorem for a system of contours). Let G 
be an arbitrary domain, and let f(z) be a single-valued analytic function on G. 
Moreover, let J *, y,,..., Y, be a system of n + 1 closed rectifiable Jordan 


curves contained in G which satisfy the following conditions: 


ae | 
1. [ I ) contains every curve Y..., Yy; 2. For every k = 1,..., n, E(y,) 
contains y{j # k); 3. G contains the multiply connected domain 


D = KT) — Ky) — +++ — Ty), 
with boundary TU y,; Ur++ UY. 


Then 


[.S(2) dz = [ fe dz +--+] fe) dz, (7.39) 


where all the integrals are taken in the same direction, e.g., in the positive 
(counterclockwise) direction.'* 

Proof. First we note that the theorem is trivial in the special case where G 
is simply connected, since then all the integrals in both sides of (7.39) vanish. 
To prove the theorem in the general case, we draw n + 1 rectifiable Jordan 
arcs 0’), 6’5,..., 6’; contained in G such that 6’, joins a point zg € I* to a 
point C, € 1, 6’> joins a point z, € y\(z, # ¢) to a point C, € y>, and so on, 
until finally 6’, joins a point z, € y, to a point Gy € Jf * (Co # Zp). In general, 
these arcs may partially leave the domain D, but they can always be replaced 
by n + 1 new arcs 0), 55,..., 0,1; Which, except for their end points, are 


contained in D. In fact, as we go along 6’, from the point z) € J] * to the point 
¢, € y;, we need only note the last point of intersection of 5'; with J “and the 
first point of intersection of 6’; with y,. Then the part of 6’; lying between 
these two points of intersection gives the required arc 6, and similarly we can 
construct the rest of the arcs 55,..., 5,.).!° The initial and final points of the 
arcs 5), 55,..., 5,4; divide each of the closed curves J", yj,..., y, into two 
arcs, which we denote by adding one or two primes to the symbols denoting 


the original curves '4 


FIGURE 7.8 


aD ila OM tt ell (OU Yn = Yn — Yu 


As the common initial point of the arcs I a ] “’ we choose the initial point zo, 
of the arc 5,, and as the common final point of J”, J ™’ we choose the final 
point Cy of 6,,,. Similarly, the arcs y’), y"’; have initial point the final point C; 
(the final point of 6,) and final point z, (the initial point of 5,) and so on, with ¢,, 
(the final point of 6,) and z, (the initial point of 6,,,) as the initial and final 
points, respectively, of the arcs y’,, y”,,. The whole construction is illustrated by 


Figure 7.8, which corresponds to the case n = 3. 
Now consider the two closed rectifiable Jordan curves 


B= + 8 typ te t+ Ye + Sen 


and 
Pear -tuw- te = i 
Clearly L' and L"” are both traversed in the same (positive) direction, and 
UcG, L’cG, KL)yc DcG, KL)“ DcG. 


Therefore, by Theorem 7.1”, 


[,f@ dz =| se) az =0, 


or 
o=(J,,+ f,,) #0) az 
=(Lette tht hat het gt 40 


. J | an Saas t {JI dz. 


But it is easy to see that 


(i, 5 [jr dz=0 (j=1,..., n+ 1), 


and 


ths i j,-) f(z) dz = [.£@) dz, 


while 
iF 7 Ls) f(z) dz = L f(z) dz = — I, f(z)dz (k=1,...,n). 


Therefore (7.40) implies (7.39), and the proof of Theorem 7.3 is complete. 
Problem 1, Prove the assertion made in footnote 13, p. 164. 


Hint. The new disjoint arcs need not connect the points Zo, C),..., Z,. Gp in 
the same order as the old intersecting ones. 


Problem 2. Prove that 


r dz 
| 


=a a +2ni, 
J/Lz—a 


if ZL is any closed rectifiable Jordan curve whose interior contains the point a, 
where we choose the plus sign if L is traversed in the positive direction and the 
minus sign if LZ is traversed in the negative direction. 


' By 4p we mean a curve joining the points A and B (the curve in question 
is always apparent from the context). In the case where the curve is the line 
segment joining A to B, we write 4p as well as 4p. If y and 6 are two curves 
such that the final point of y coincides with the initial point of 6, then by y + 6 
(as opposed to y U 5) we mean the oriented curve obtained by first going along y 
from its initial point to its final point and then along 6 from its initial point to its 
final point. All curves figuring in line integrals and complex integrals (see 
below) are regarded as oriented (recall the remark on p. 38). 

* As in the case of a line integral, L is often called the path of integration. 
The term contour is used as a synonym for curve, mainly when the curve is 
closed. 

3 At t= a, A(t) denotes the right-hand derivative and is continuous from the 
right; at t = b, X'(t) denotes the left-hand derivative and is continuous from the 
left. Thus Z has a right-hand tangent at A(a) and a left-hand tangent at A(b), in the 
sense of Sec. 15, Prob. 1 (verify this assertion). 

4 See e.g., D. V. Widder, op. cit., p. 223. 

> Recall footnote 1, p. 138. 

© The fact that E is contained in G and closed is somewhat less than obvious 
(see Probs. 2 and 4). 


’ For simplicity, we shall use the same symbols L, L', L, etc., (and the same 


word “triangle”) to denote both triangular contours and the closed domains 
bounded by such contours. Whether we are talking about contours or domains 
will always be clear from the context. 

8 Simplifying our earlier notation somewhat, by A,A, we mean an arc (or line 
segment) joining 4; to 4;, where the arc in question is always clear from the 
context. By 44:4 44% *** 4q_s4ig 
we mean the oriented curve 4,4), + 4i,4; + °°" + 44,4 


tn” §9* 


Note that 4)4;Aj4149 C G, since L C Gand I(L) C G. 


'0 In general, the curve L' obtained by removing a closed polygonal curve 
like BA,A,B from L will have at least one vertex less than L, since we must 


remove at least a triangle, thereby losing at least two vertices, while creating at 
most one new vertex. 

'! In Sec. 60 we will systematically exploit a more powerful method for 
evaluating definite integrals, of which the present method is merely a special 
case. 

2 The positive direction, which is easily determined in the simplest cases 
(e.g., when the curves are circles or polygons), can be defined in complete 
generality by methods beyond the scope of this course (see e.g., P. S. 
Aleksandrov, op. cit., Chap. 2). 

'3 In general, the arcs 5), 55,..., 5,4) 80 obtained have points of intersection, 


but they can always be replaced by disjoint arcs (which we denote by the same 
symbols) satisfying the same conditions (see Prob. 1). 

'4 By y — 5 is meant the curve y + (-5), where y and 5 are two curves (arcs) 
with a common final point. The context precludes any possibility of confusion 
with the settheoretic difference between y and 6. 


CHAPTER 8 


CAUCHY’S INTEGRAL FORMULA AND ITS 
IMPLICATIONS 


40. INDEFINITE INTEGRALS 


Let G be a simply connected domain, and let f(z) be a single-valued analytic 
function on G. Suppose zy and z are any two points of G, while L, and L, are any 


two rectifiable curves joining zy to z and contained in G. Then it is an immediate 
consequence of Cauchy’s integral theorem that 
|, $@ az |, f@) dz, (8.1) 


. 


since 


O= hie 1, J (2) 42 = i f(z) dz - |, f(2) dz. 
Therefore the integral of the function f(z) along any rectifiable curve joining Zp to 
z 18 path-independent, 1.e., depends only on its end points zy) and z, a fact which 


can be emphasized by writing (8.1) as ° [" IO) a 


If the lower limit of integration zp) is held fixed, while the upper limit of 

integration z is allowed to vary, we obtain a single-valued function 

F(z) = | SOG (Zz €G). (8.2) 

We now " show that F(z) is itself an analytic function on G, with derivative f(z). 
THEOREM 8.1. Let G be a simply connected domain, and let f(z) be a 


single-valued analytic function on G. Then the single-valued function F(z) 
defined by (8.2) is analytic on G and 


F'(z) = f(z). 


Proof. C Given a point z € G, let the modulus of Az be so small that G 
contains Ried where y is the circle with center z and radius |Az|. Then 


ar =|" 9 at — J pe at = f"'7@ at, 
where the last fiitesral can be evaluated along the line segment joining z to z 
AF=| f(z) dt4 [- UO —f@) a 


“Zz 


+ Az. It follows that = Azf(z) + _ “UO f(z)) d%, 


and hence 


AF 1 2+As . 
Oe be male Fue -feonat 


or 


AF 
ie ~s12] = 


= ig 
|Az| 


z+Az - 1 
i [9©) ~ fG2)] d&| < = M(Az) [dz] = M(A2), 


where 


M(Az)= max [f(%) — f(z)I. 
1t—2]< [As] 


[The existence of M(Az) follows from Theorem 2.7 and the continuity of /(C) 
— fiz) on the disk j(y).] Since f(Q) is continuous at z, 


lim OF f(z) | = lim M(Az) = 0, 
Az~0 r4 Az-0 
i,€., 
AF 
lim — = F(z) = f(z), 
Ac~0 Az ( ) I( ) 
as asserted. 


Let f(z) be a single-valued analytic function on a domain G. Then a 


function ®(z) is said to be an indefinite integral (synonymously, a primitive or 
antiderivative) of f(z) on G if ®(z) is single-valued and analytic on G, and 
®'(z) = f(z) (z EG). 

Thus, according to Theorem 8.1, the function (8.2) is an indefinite integral of f(z) 
on G. We now show that (8.2) is essentially the most general indefinite integral 
of f(z) on G, if G is simply connected. 


THEOREM 8.2. Let G be a simply connected domain, and let f(z) be a 
single-valued analytic function on G. Then any indefinite integral of f(z) on G 
can be represented in the form 


(2) = | ©) db +C, (8.3) 
where zy) © G and C is a constant. 


Proof. Writing 


(z) = D(z) i f(G) dv = u(x, y) + iv(x, y), 


we have 


where (z) is 
@= 2412 
re Be ox 


¢'(z) = O(z) — f(z) =0 


analytic on G. But 


Ov =. Ou 


i—, 
dy oy 


(z € G), 


according to Theorem 


Sak 


so that 


du du a _ a 
Ox Oy Ox uy 


everywhere in G. Since u(x, y) and v(x, y) are differentiable functions of x 
and y, it follows that 4 )) = Gy 805») = Ce» 
where C, and C, are’ real constants (why?). Therefore 
Az2)=C,+1C,=C (z€G), 
which implies (8.3). 
COROLLARY (Fundamental theorem of integral calculus for complex 
functions). Let G be a simply connected domain, and let fiz) be a _ single- 


It = D(z) — O(zp), 
valued analytic function on G. Then if zo, z € G, I, IG e (2) 0 


where ®(z) is any indefinite integral of fiz) on G. 
Proof. We merely use the fact that 


P(z) = C. 


Remark. According to the corollary to Theorem 8.2, we can calculate 
integrals of elementary functions of a complexy variable by using formulas 
resembling those for elementary functions of a real variable. For example. 


[, on ag = 


= n+1 
if n is an integer other than —1, and 
[ e* dt = e* — e*, 
[ cos § dt = sin z — sin Zp. 
iE sin © d& = cos Zy — cos z. 
Next let G be a multiply connected domain, and let f(z) be a single-valued 


analytic function on G. If ¢z i aler=9 
for every closed rectifiable curve contained in G, then (8.2) again turns out to be 
a single-valued analytic function on G, in fact an indefinite integral of f(z)on G 


1 
For example, this is the case if IO a1 
and G is the ring-shaped domain or annulus 1 < |z| < R, where R > 1 is arbitrary 
(see Prob. 1). However, suppose G contains at least one closed rectifiable curve 
L = BCDE such that! 


(8.4) 


[ dz #0, 


and let A = zp, F = z be arbitrary points of G (see Figure 8.1). Then 
lanopr S@) @z lL peprs (2) az 


= | f(z) dz — | f(z) dz 


= | fe) dz £0, 


and therefore 


1 FG) av 


FIGURE 8.1 


has at least two different values at z, 1.e., we can continue to write (8.2), but now 
the function F(z) is multiple-valued on G. The appropriate generalization of 
Theorem 8.1 to the case of multiply connected domains is given by THEOREM 
8.3. Let G be a multiply connected domain, and let f(z) be a single-valued 
analytic function on G. Then the function (8.2), which is in general multiple- 
valued, has single-valued analytic branches on any simply connected subdomain 
DCG, and 


F(z) = f(z)  (zeéD), 


where F'(z) denotes the derivative of any of these single-valued branches. 


Proof. If G contains no closed rectifiable curve L such that 


|S) dz 40, 
then F(z) is single-valued and the proof of the theorem is identical with that 
of Theorem 8.1. Otherwise, let 
F2)= | 4@at+} sOdl=]' sO aot o2), (85) 


where z, is any fixed point of D, and the path of integration z,z for the 


second integral lies in D. Then, according to Theorem 8.1, g(z) is a single- 
valued analytic function on D such that @'(z) = f(z), while by the argument 


just given, the integral ix JQ)de ez = G) 

takes at least two different values, thereby generating at least two different 
single-valued branches of F(z) on D, whose values differ by a constant. 
Obviously, every such branch is an indefinite integral of f(z) on D, and the 


proof is complete. 


Remark. Actually, every value of the integral 
I 900 at 


is of the form (8.5), and therefore belongs to one of the single-valued branches 
constructed in the proof of Theorem 8.3. In fact, given a curve I C G joining Zp 


to z, let y C D_ be any curve joming z, to z. Then 
1,f@ ie i yf) 4 4 I, f( dv = lagdl® d+ 9(z), 
where [ —y C Gis acurve joining Zp to 2. 
( dz 
Problem 1, Prove that /42* +1 

if L is an arbitrary closed rectifiable curve contained in the annulus | < |z| < 

R (R> 1), but not if Z is an arbitrary closed rectifiable curve contained in the 

domain consisting of all points z such that z* + 1 40. 


Hint. Use 


=0 


1 a 1 1 
2+ d\z-i zi, 


and Sec. 39, Prob. 2. 
Problem 2 (M1, p. 286). Let 


rz dt 
F@)=|'> (eG), 
“Eg 


where G is the finite plane minus the origin. Prove that F(z) = Ln z. Define 


single-valued branches of F(z) on appropriate simply connected subdomains 
of G. 


41. CAUCHY’S INTEGRAL FORMULA 


We now prove a result of fundamental importance in the theory of analytic 
functions: 


THEOREM 8.4 (Cauchy's integral formula). if f(z) is analytic on a domain 
G and if G contains a closed rectifiable Jordan curve L and its interior I(L), 
then 


=e ; Ie) aemja Uf reitl), (8.6) 
2ni““ z — 2 
where the integral on the left is called Cauchy's integral.” On the other hand, 
na [ JQ g2=0 if meEE(L), (8.7) 
2ni*“ z— 2 


where E(L) denotes the exterior of L. 
Proof. First let z) be an arbitrary point of the domain /(L). Then the 


ge) = LO (8.8) 
function Z— 29 
is defined and analyic on the domain G’ = G— {zy} (why?). Let p be so small 
that (L) contains [y,), where y,is the circle |z — zo| = p traversed in the 


positive direction(see Figure 8.2). Then Theorem 7.3, applied to the contours 


L and y,, implies 
FIGURE 8.2 


i g(z) dz = iz g(z) dz 


or 
{2 ,,_f I 
= ae I, = de. (89) 
{@) 4, 
According to (8.9) and the choice of y,, the value of the integral Zz — 2% 
does not change if we decrease the radius p, and hence 
[, LO az = tim [, LO az. 


zZ— Zo e770 °Z— Ze 


Therefore,to prove (8.6), we need only show that 


lim 2) dz = 2xif(z,), 


ero” Pz — Zp 
ie., that given any ¢ > 0, there exists a 6 = o(¢) > O such that 
[, LE az —2nif(z)| < (8.10) 
°z— Ze 


whenever p < 6. since; 


i dz = 2ni 


OZ— Ze 


(see Example 3, p.140), we can write the left-hand side of (8.10) in the form 
(z) , (z) d 
a fos — 2nif(z,)| = f, LO as — f(Z») a 


r 4 
a=, 
— f@) = S04, 
eo z—2Z, 
since f(z)is continous at Zp, given any ¢ > 0, we can find a 6 = d() > 0 such 


€ 
that If(z) — f(z) < mas 


whenever 


z—z/=e <8. 


Therefore 


_ o/2n 


i LG) dz — 2xif(zZ,) 2xp =e 


whenever p < 6. This proves (8.10) arid hence (8.6). 


To prove (8.7), we use theorem 7.1”, p. 158 and the fact that (8.8) is 
analytic on the domain G’= G — {zo} which now contains both L and J(L). 


CoROLLARY. Jf f(z) is analytic on a domain G and if G contains the circle 
Yp: |Z —Zol = p and its interior, then 


fiz) == f ** flzo + pe!) dO, (8.11) 


i.e., the value of fiz) at the point zy equals the average of its values on the 
circle y, (with center Z9). 


Proof. The equation of y, is 


z=Z+pe® (0< 6< 2). (8.12) 
It aah from (8. 12) and ele integral formula (8.6) that 
st fon (29 + pe )ioe”® 9 1 
f (Zo) rt ~ [ a d a S (Zo + pe™) dO, 


which proves (8.11). 


~ {™ 


A particularly important consequence of Theorem 8.4 is 


THEOREM 8.5. If f(z) is analytic on a domain G, then f(z) has derivatives of 
all —— on G, and in fact, given any zw € G, 


se) => [© 


i*L(z o yr+t dz (n = 0, l, : ee (8.13) 
o — &@ 
where Li is any closed rectifiable Jordan curve such that zy € IL), KL) < G.. 


Proof. We will prove (8.13) by mathematical induction, noting first that 
(8.13) reduces to Cauchy’s integral formula for n = 0.° Assuming that (8.13) 
holds for a nonnegative integer n — 1, we now show that (8.13) also holds for 
n. This will be accomplished by direct calculation of the quantity 


(n=1) ee oe ee (n—1) z 
- '(z5) = tim? ( 0 ? f ( o) 


, 


where Zp 1s an arbitary point of /(L) and hence of G (since L C G is itself 


arbitrary). Using Theorem 7.3, we can repalce (8.13) by 
! 2 
fr") —_ At ( _ f(2) dz, (8.14) 


2ni “6 (z — z,)**" 


where y,:|Z — Zo| = p is a circle so small that y, C J(L). Therefore 
fr", a. h) — f'*-"(z,) 


oc a 
2nih IOC — (z — z,)" 


provided that |h| < p. Writing z — z) = t, z-— z) - hh = t — h and using the 
algebraic identity @" — 6" = (a — ba" + a®*b +--+ + b”), 


we find that 


fr-M (zo + hy) — Sf M(29) 
h 


=D!) gy titewahe seo, OO 
= 2Qni Yo mrt — hy" “4 
In the new variables, the right-hand side of (8.14) becomes 
Hf a: (8.16) 


Ini Yo pvr 


It follows from (8.15) and (8.16) that 


ss, 4 h) — fiz.) 7 nt f(z) 
h -— sr 
i" + 2°-"(t — h) + +++ + (t — hy" — v(t — h)” 4 
i | / Hn ON See) Ae. | Ae! A 
r"+(¢ — h)* 


- (n — 1)! 
2ni °% 


f(z) 


Therefore, by (7.13), 


f(z, + hy — (zo) ni f(z) a, 


h ni Yp pnt 
2p)-1 + 2(2p)M-2 + «++ + n(2p)"-2 
<(n—1)! pik M (9) 22" Ae eee 


(8.17) 


where 


M(e) = max | f(z)|. 
Y5 


But the right-hand side of (8.17) approaches zero as h — 0, and hence 
Me) — fimt ot I Mo) _ a! (Lo, 
SG) mn h ei hleon pe 


which is equivalent to (8.14) or (8.13). This eles the proof. 


COROLLARY. Jf f(z) is analytic on a domain G, then every derivative 


fo 


f"G) = (n = 0, 1,2,...) 


is analytic on G. 


Problem 1, Evaluate the integral 


d. 
Laas 


given that 


a) (L) contains the point 37, while E(L) contains the point —37; b) J(L) 


contains the point —37, while E(L) contains the point 3 
c) (L) contains both points +33. 


Problem 2. Assuming that none of the points 0, | and —1 lies on L, 


dz 


calculate all possible values of the integral iP 2(z*—1) 


for various positions of L. 
Problem 3. Evaluate the integral 


| ee = eee, | z ( - ). 
Problem 4. Evaluate the integral 


1 ¢ e* 


—_— ————= dz 
2ni I, z* + qa* 


if ((L) contains the closed disk |z| < a 


Problem 5. Evaluate the integral 


given that a € J(L). 
Hint. Use formula (8.13). 
Problem 6. Prove that 


i cos (cos 9) cosh (sin 8) d6 = 2x. 


Hint. Apply formula (8.11) to the function f(z) = cos z. 


Problem 7. Prove that if f(z) is a nonvanishing analytic function on a 
domain G and if G contains the circle y,:|z — Z| = p and its interior /(y,), then 


1 fis . 
In | f(z0)| = = , In | f(zo + pe*)| dO. 
Problem 8. Prove that 


[" In [cosh (sin 6) — sin* (cos 9)] d0 = 0. 


Hint. Apply the preceding problem to the function f(z) = cos z. 


42. MORERA’S THEOREM. CAUCHY’S INEQUALITIES 


The next result serves as the converse of Cauchy’s integral theorem: 


THEOREM 8.6 (Morera’s theorem). Let f(z) be continuous on a domain G, 
and suppose that 


I f(z) dz=0 (8.18) 


for every closed rectifiable curve L contained in G. Then f(z) is analytic on 
G. 


Proof If z) and z are any two points in G, it follows from (8.18) and the 


considerations given in Sec. 40 that the integral /“”? J, SOX 
is path-independent. Therefore F(z) is single-valued, and hence, by the same 
argument as in the proof of theorem 8.1, F(z) is analytic on G with derivative 
F'(z) = fiz). But then the corollary to Theorem 8.5 implies that f(z) itself is 
analytic on G. 


THEOREM 8.7. Let f(z) be analytic on a domain G, and suppose G contains 
the circle y,:\z — Zo| = p and its interior. Then 
M(oe) 


f'"'(z6)| < n! (n = 0, 7 2. eee ), (8.19) 


where 


M(¢) = max | f(z)]. (8.20) 


Proof. The inequalities (8.19), known as the Cauchy inequalities, are an 
immediate consequence of the representation (8.13) and the estimate (7.13) 
which together imply ae.f p 

It should be noted that knowledge of the single maximum modulus function 
(8.20) is sufficient to write estimates for all the derivatives of f(z). 


Problem 1, Prove (8.19) for the case n = 0 directly from the corollary to 
Theorem 8.4. 


Problem 2. A point ¢ is said to be a limit point of a sequence {z,} if given 


any neighborhood .4/(C), there is a subsequence {z;, } all of whose terms 
belong to #”(¢). Equivalently, ¢ is said to be a limit point of {z,} if every 
neighborhood ,f(¢) contains infinitely many terms of {z,}. Prove that every 
bounded sequence {z,} has at least one limit point. 


Hint. Use theorem 2.2. 


Comment. Note that the set EF consisting of the distinct terms of {z,} need 


not have a limit point as defined on p. 25. In other words, when referring to a 
sequence, the phrase “infinitely many terms” means infinitely many terms 
with distinct indices, but only finitely many of these terms need be distinct 
complex numbers. 


Problem 3. \f {a,,} 1s a bounded sequence of real numbers, then, according 
to the preceding problem, {a,} has at least one limit point. An unbounded 
sequence {a,} also has at least one limit point if we allow the values +oo and — 
00,4 The largest limit point of the (bounded or unbounded) sequence {a,,} is 
called the limit superior or upper limit of the sequence, denoted by> 


lim a,. 
no» © 


Starting from (8.19), prove the following Cauchy-Hadamard inequality: If 
— | f""(z_)I 1 
l - _= 
f(z) is analytic on a domain G, then bse n! 4 
for every Zz) € G, where A is the distance between zp and the boundary of G 


(A = « if Gis the whole finite plane). 


lim * =0 
Problem 4. prove that if f(z) is an entire function, then ba / n! 
for every finite z). Verify this formula for the function f(z) = e? (see M1, p. 
304). 
Problem 5. The smallest limit point (possibly +00) of a sequence of real 
numbers {a,} is called the limit inferior or lower limit of the sequence, 


lim g,, 
denoted by == 


Prove that 


a) lim a, = —lim (—a,); 
nerw n--@D 
1 . 
b) lim a, = i if a, > 0. 
no lim — 
n-2 Fp 


' E.g., suppose f(z) = 1/z and G is the domain consisting of all points z 4 0 
(recall Example 3, p. 140), or suppose f(z) is given by (8.4) and G is the set of all 
points z satisfying z* + 1 4 0 (see Prob. 1). 

* It is assumed that L is traversed in the positive direction (cf. footnote 12, p. 
163). This can be thought of as the counterclockwise direction or the direction 
such that /(L) lies to the left of an observer moving along L. 

3 By definition, f(z) = fz) and 0! = 1. 

* In fact, {a,,} has +oo as a limit point if it contains arbitrarily large positive 
terms and —co as a limit point if it contains negative terms of arbitrarily large 
absolute value. 

> Obviously 


lim a, = lim a, 
a-@® n-—-2 


in the case where {a,,} has a limit (infinite limits are defined in the natural way). 


CHAPTER 9 


COMPLEX SERIES. UNIFORM 
CONVERGENCE 


43. COMPLEX SERIES 


Let 
- 7 Se a (9.1) 
be an infinite series (briefly, a series) with complex terms z,, and let 


{s,} = {z, +°°* + 2,} (9.2) 


be the sequence of partial sums of (9.2). Then the series (9.1) is said to converge 
or to be convergent if the sequence (9.2) converges, and the limit of the sequence 
is called the sum of the series. Moreover, if 


lims, = 5s, 


n~= 


we write 


SN - - i oe a ee F 


A series which does not converge is said to be divergent. 


If we set 


Zu —=Aet a SH Oy tity =(M tee txt tees + Yas 


it follows from Theorem 1.1 that the series (9.1) converges if and only if both of 
the sequences {o,} and {t,} converge. But these are the sequences of partial 


sums of the following series with real terms: 


LDeeHemte tate, (9.3) 
nel 
L¥e= Wt + Mat. (9.4) 
newl 


Therefore a series with complex terms converges if and only if the series formed 
from the real and imaginary parts of its terms converge. Moreover, if 


yx, = lim (x, + -+++x,) = 4, 


nel no 


E vq =lim(y, ++) =r, 


then 


lim (z, + °°* + 2,) =o + it. 
a~*<2 


Thus the sum of the series (9.1) equals o + it, where o and Tt are the sums of the 
series (9.3) and (9.4), and conversely, the sums of (9.3) and (9.4) are the real and 
imaginary parts of the sum of (9.1). 

Applying the Cauchy convergence criterion (Theorem 1.2) to the sequence of 
partial sums (9.2), and noting that 


Snip Sn = Zag T° °' T Zaegs 


we find that the series (9.1) converges if and only if given any ¢ > 0, there exists 
an integer M(€) > 0 such that 


IZn+1 Ge Zarsl <€ 


for all n > M(z) and p > 0. In particular, a necessary condition for the series (9.1) 
to converge is that 


lim z, = 0. 


a~« 


The series (9.1) is said to be absolutely convergent if the series 


to 


2 zal = leak +°°* + [zal +°°° (9.5) 


n= 


formed from the moduli of its terms converges. Since 


“n+l Zea+sl = IZn+al a IZnspls 


a series with complex terms is convergent if it is absolutely convergent. The 
converse is not true, as shown by the familiar example 


mie 
win 
a 


It follows from the inequalities 
IX nl to Znl, Wal = IZ,| and Z,l ms |x,| r Val 


that the series (9.1) is absolutely convergent if and only if the series (9.3) and 


(9.4) are absolutely convergent. 

Let the series (9.1) be absolutely convergent with sum o + it Then the series 
(9.3) and (9.4) are also absolutely convergent with sums o and Tt, respectively. 
Suppose we make an arbitrary rearrangement of the terms of (9.1), thereby 
obtaining a new series 


» 


> A ee ee oe A (9.6) 


nel 


where the sequence k),..., &,,...contains all the positive integers, each just once. 


Correspondingly, the series formed from the real and imaginary parts of (9.6) 
have the form 


> Xr Fig ee ee ge a 
nel 
A 
> Wi gg eae 
nel 


These series are obtained by rearranging the terms of the absolutely convergent 
series (9.3) and (9.4) and therefore, by a familiar property of real series, they 
converge to their previous sums o and Tt. It follows that the series (9.6) with 
complex terms also converges to its original sum o + it. 
Problem 1. Prove the following properties of complex series: 
a) For any integer N > 1, the two series 


converge and diverge together; 
b) Ifthe series z; + -- +z, ++: converges and its sum is s, then the series Az 
++ )z, +--+ converges and its sum is As; 


c) Ifthe series z,; +: +z, +++ converges and its sum is s, then 


— 


(z, bees + Ze) + ays ri''+ 2%) 4 


where 0 <k, <hy <0 <k, <kyyy <0 
d) If 


then 


Problem 2. What is the analogue for complex series of the familiar ratio 
and root tests for real series? State the analogue of the comparison test. 


Problem 3 (M1, p. 39). Prove that if the series 
i ox 
n=l n=1 
are absolutely convergent, with sums s and s’ respectively, then the series 


= 
“ ’ ' , 
Dd (eyz4, + Zz, t+ + 2q2y) 
nel 


is also absolutely convergent, with sum ss’. 
Problem 4. Investigate the convergence of the following series: 


a I 7 a ae =) 
a) aa rae b) > (cos F 4 isin); 


/ 


o 


i 2 Se « ~— (1 + i)" 
c} 2, aap ples 5 + isin 7) d) 2, iq si 2" 


44. UNIFORMLY CONVERGENT SERIES AND SEQUENCES 


Having discussed series whose terms are complex numbers, we now consider 
series whose terms are complex functions. Thus let 


> filz) =f(z) + °° +S,(z) +°°° (9.7) 
nel 


be an (infinite) series whose terms are functions of a complex variable defined 
on a set EF in the complex plane, and let 


s,(z) = fi(z) + °° + f,(z) (9.8) 


be the nth partial sum of (9.7). Then the series (9.7) is said to be uniformly 
convergent on E, with sum (function) f(z), if given any ¢ > 0, there exists an 
integer M(¢) > 0 such that 


|s,(z) — f(z)| < 
for all n > Me) and all z € E. 


Remark 1. Obviously, if a series is uniformly convergent on £, it is also 
convergent on E (i.e., at every point of £). However, the converse is not true, as 
shown by the example below. 


Remark 2. In some problems, especially those involving power series, we 
will find it convenient to introduce an extra “zeroth” term f(z), writing 


¥ Sz) =fd2) +f) 2 + hz) to 
nO 


and 
$,(z) = fz) +f) +°°* +fa(2)s 
instead of (9.7) and (9.8). 


Remark 3. It follows from the Cauchy convergence criterion (Theorem 1.2) 
that a necessary and sufficient condition for (9.7) to converge uniformly on E to 
fiz) is that there exist an integer M(€) > 0 such that 


lS,+p(2) — S,(Z)| < 
for alln > Ms), all p > 0 and allz € E.! 


Example. The geometric series 


z=1+24+---4+2%4--- (9.9) 


if |z| < 1. Moreover, 


lSnsx(Z) = S,(Z)| -- jz"*"(1 4 a ~~ = 2?) 


fzi"** 1 — 27 _ jz" — |z}”) 
[1 — 2] [jt—z) 


and hence choosing 


we find that 
| f a 
z,) — S,(Z,)| > l ~ 1—{l—-} |> —> 0, 
lSan(Zn) — Sa(Zx)I : n 2 | “| co as no 


Thus, for sufficiently large n and appropriate p and z € K, we can make the 
difference |s,,,,(z) — s,,(z)| as large as we please. It follows that the series (9.9) is 


not uniformly convergent on K. 
Next we give an important sufficient condition for uniform convergence: 


THEOREM 9.1 (Weierstrass’ M-test). Given a convergent series 


i 6] 


> M,, (9.10) 


n=1 
whose terms are nonnegative constants, suppose the functions f,(z),..., f,(Z), 
...are such that 


If.(z)| < M, (9.11) 


for allz € E and all n exceeding a certain integer N > 0. Then the series 


2 fulz) =f(z) (ze) (9.12) 


is uniformly convergent on E. 
Proof. Since (9.10) converges, given any ¢ = 0, there is an integer N(¢) > 
0 such that 


MG gE ag 


for all n > N,(e) and p > 0. If No(s) = max {N,(e), N}, then, according to 
(9.11), 


ISnsg(Z) — Sa(Z)l < |fnsalz)l + °° + farol2)I 
CM bree 


ntp — € 


for all n > Nj(€), p > 0 and z € E, 1.e., (9.12) is uniformly convergent on E 


(recall Remark 3). We note, in passing, that (9.12) is also absolutely 
convergent on E. 


The sum of a convergent series of continuous functions need not be 


continuous, as the reader will recall from advanced calculus.? The situation is 
different if the series is uniformly convergent: 


THEOREM 9.2. If the series (9.12) converges uniformly on a set E with a 
limit point zy € E and if every term f,(z) is continuous at Zp, then the sum f(z) 


is also continuous at Zp. 


Proof. If z(# Zp) is any point of E, then 


f(z) — f(zo)| = ILf(2) — s,(z)] + [5,(z) — 5,(Z)] + [8,(Z0) — f(z) II 
< |s,(z) — f(z)| + |S,(z) — Sn(Zo)| + |8n(Z0) — f(Zo)I- 


Since (9.12) is uniformly convergent on EF, given any ¢ > 0, there is an 
integer M(¢) > 0 such that 


-£ 
Is,(z) — f(z)| < 3° 
for all n > Me) and z € E. In particular, 


Isu(Z0) — (201 <5 


for all n > N(g). Therefore, if mp is any integer greater than N(g), we can set n 


= ng and then combine the last three inequalities, obtaining 


2e 
“i. 
Moreover, since Sn (Z) is continuous at z) € FE, being the sum of a finite 


If(z) — f(Za)l < |Sng(Z) — Sng(Z0)| + (9.13) 


number of functions continuous at zo, we can choose 0(¢) > 0 such that 


ISng(2) — Sup(Z0)1 <5 


if |z — zo| < 6, and hence, according to (9.13), 


f(z) — f(z)| < € 


if |z — zo| < 0. But this is precisely what is meant by saying that f(z) is 
continuous at Zp. 


A related result is 


THEOREM 9.3. Given a rectifiable curve L, suppose the series 


> f(2) = f(z) (9.14) 


is uniformly convergent on L, and suppose every term f,(z) is continuous on 
L. Then (9.14) can be integrated term by term along L, i.e., 


= | faz) dz =} f(z) dz. (9.15) 


Proof. According to Theorem 9.2, f(z) is continuous and hence integrable 
along L. Since (9.14) is uniformly convergent on L, given any ¢ > 0, there is 
an integer M(€) > 0 such that 


Iss(2) — $@)1 <5 
for all n > Me) and z € L, where / is the length of L. Then obviously 
> |, Med — |, f@)dz| =| J, bs) —S@)dz| < 21 =, 


and since ¢ is arbitrary, the theorem is proved. 


COROLLARY. Given a rectifiable curve L contained in a domain G, 
suppose the series (9.14) is uniformly convergent on every compact subset of 
G, and suppose every term f,(z) is continuous on G. Then (9.14) can be 


integrated term by term along L. 


Proof. According to Theorem 2.6, any continuous curve (rectifiable or 
not) contained in G is a compact subset of G. 


Remark. Obviously, every series which is uniformly convergent on a domain 
G is uniformly convergent on every compact subset of G. However, the converse 
is not true. For example, consider the geometric series 


which, as we have already shown (see p. 185) is convergent on the disk K: |z| < 
1. Let F be any compact subset of K, and let 6 > 0 be the distance between F' and 


the circle |z| = 1 (the boundary of K). Then for any point z € F, we have |z| < 1 
— 6, and hence 


n+l ae a ee | gutm 


(9.16) 


Since (1 — 6)"*!(2/6) — 0 as n — ©, then, given any ¢ > 0, there is an integer 
N(F, €) > 0 such that the left-hand side of (9.16) is less than ¢ for all n > N(F, &) 
and z € F. It follows that the geometric series is uniformly convergent on every 
compact subset of K (but not on K itself, as already noted). 


Finally we turn our attention to (infinite) sequences of complex functions, 
defining uniform convergence in the natural way. Thus let {/,(z)} be a sequence 


whose terms are functions of a complex variable defined on a set E in the 
complex plane. Then the sequence {f,(z)} 1s said to be uniformly convergent on 


E, with limit (function) f(z), if given any ¢ > 0, there exists an integer M(e) > 0 
such that 


f(z) — f(2)| < 


for all n > Me) and z € E. Since {f,(z)} can be regarded as the sequence of 
partial sums of the series 


A + (@) -—AD+°°°+@—-fra@l+---, (9.17) 
{f,(z)} 18 a uniformly convergent sequence on £ if and only if (9.17) is a 
uniformly convergent series on E. Moreover, the terms of the sequence {f,(z)} 


are continuous if and only if the terms of the series (9.17) are continuous. It 
follows that every theorem of this section has an obvious counterpart for 
sequences. 


Problem 1. Find the set on which each of the following series converges: 


AER! 4 © sin mz © COS Nz o (—1)" 
> ; d ; 
a) p> 1 = Fe , » > n , °) a, n® ) >» z+ n 


«© Qn 
3 S 
2, z+ 1 


Hint. In part e) use the fact that 


Problem 2. Where does each of the series given in the preceding problem 
converge uniformly? 


Problem 3. Prove that uniform convergence of the series 


QD 


2, | fn(z)| 


i= 


on a set E implies uniform convergence of the series 


y frl2) 
n=1 


on E, but not conversely. 


Hint. Consider the series 


in the interval (—1, 0). 


Problem 4. A set E is said to be dense in itself if every point of FE is a limit 
point of EF. For example, any nonempty open set (in particular, a domain) or 
any continuous curve is dense in itself. Prove the following variant of 
Theorem 9.2: If the series (9.12) converges on a set E which is dense in itself 
and if every term /,(z) is continuous on £, then the sum f(z) is also continuous 
on E. 


Problem 5. Prove that if the series 


@ 


> frlz) = f@ 


tel 
is uniformly convergent on a set £, and if |@(z)| < const on E, then the series 


> ADL@ 
n=1 


is uniformly convergent on £, with sum ¢(z)f(z). 


Problem 6. State the analogues of Theorems 9.1—9.3 for sequences. 


45. SERIES AND SEQUENCES OF ANALYTIC FUNCTIONS 


We begin by proving the following 


LEMMA. A series 


2 Suz) = f(z) (9.18) 


which is convergent on a domain G is uniformly convergent on every 
compact subset of G if and only if given any point z) € G, there is a 


neighborhood A’(Zy) C G in which (9.18) is uniformly convergent. 


Proof. The condition is obviously necessary, since given any Zz) € G, 
(9.18) is uniformly convergent in some closed neighborhood 


N (2%): lz — zl < e 


contained in G, and hence uniformly convergent on .4(Zo). To prove that the 


condition is sufficient, suppose there is a compact set FC G on which (9.18) 
is not uniformly convergent, although the condition of the theorem is 
satisfied. Then there must exist a number ¢ > 0, a sequence {z,,} of points in 


F, and a sequence {k,,} of positive integers, where k, <---<k, <--, such that 


I, (Zn) —SZa)I > € (9.19) 
for all n = 1, 2,.... [This is the negative of the assertion that (9.18) is 
uniformly convergent on F’.] The sequence {z,}, being bounded, has at least 


one limit point C (see Sec. 42, Prob. 2), and moreover contains a subsequence 
{z’,} converging to ¢. Since F' is closed, ¢ € F C G and hence, by 


hypothesis, there is a neighborhood .#(¢) C G in which the series (9.18) is 
uniformly convergent, 1.e., 


|s,(z) — f(2)| < 


for sufficiently large n and all z € .(¢). On the other hand, for sufficiently 
large n, .4(C) must contain points (in fact, all the points of {z’,} starting from 


a certain value of n) satisfying the opposite inequality (9.19) This 
contradiction completes the proof. 


The next theorem is basic to the whole subject: 


THEOREM 9.4 (Weierstrass’ theorem on uniformly convergent series O,; 
analytic functions). If the series (9.18) is uniformly convergent on every 
compact subset of a domain G, and if every term f,(z) is analytic on G, then 
the sum f(z) of the series is also analytic on G. Moreover, the series (9.18) can 
be differentiated term by term any number of times, i.e.,° 


@ 


> f(z) =f"(z) (k= 1,2,...) (9.20) 
nel 
for all z € G, and each differentiated series is uniformly convergent on every 
compact subset of G. 
Proof. Let zg be an arbitrary point of G, and choose p > 0 such that G 
contains the circle y,: |z — zo| = p and its interior /(y,). By hypothesis, the 
series (9.18) is uniformly convergent on y,, and hence so is each of the series 


ki! < f,{Z) kK! f(z) 


2xi a-1(z —z,)*t* 2xi(z — z,)*"* 


(k = 0,1,2,...) (9.21) 
(0! = 1), since 


kt 


Te ~ rl 
2ni (z nm Zo) 


k! 
= 2npttt 


for all z € y, (see Sec. 44, Prob. 5). Therefore, by the corollary to Theorem 
9.3, we can integrate (9.21) term by term along y,, obtaining 


ES( £2) 4. ( f@ 


2ri nai’ ° (z — z9)*** 2ni*% (z — z,)**? 


dz (ke = 0,1, 2,45.) 


For k = 0, (9.22) reduces to 


or 


v , z 
f (20) = & Sn(Z0) 7 Le) az, (9.23) 
nel an 


v oe 


“Ye Z— Zo 
where we use Theorem 8.4 and the fact that every f(z) is analytic on i(y,). 
Therefore f(z) is represented by Cauchy’s integral at every point zy) € G. But in 
proving Theorem 8.5, we used the analyticity of f(z) only to establish (8.14) for n 
= 0 and hence if f(z) satisfies (9.23) it must have derivatives of all orders on G. 
In particular, f(z) is analytic on G. For k > 0, (9.22) reduces to (9.20), with z 
replaced by zy, where we now use formula (8.14) and the fact that f(z) itself, as 
well as f,(z) is analytic on i(y,). 
Finally we must prove that each differentiated series 


< k! ~ f SAD) ¥ k! r cA) ¥ 
(k)y, pales es y _ ky, 
2S @) 2ni 2, Jy, (ct am zy . 2x oe . sy" " f 2) 


(9.24) 
is uniformly convergent on every compact subset of G. To show this, we use the 
lemma, choosing the neighborhood .4’(Zp) to be the open disk |z — Zo| < 4p. Since 
the original series (9.18) is uniformly convergent on y,, there is an integer N(€) > 
0 such that 


|s,(z) — f(z)| < « 


for all n > Me) and z € y,, where s,,(z) denotes the nth partial sum of (9.18). It 
follows that 


{ *# x 
A f, lhe, at = leo at 
2ni j - s (9.25) 
kt ( s,(S) I() dt 4 19 _ 2ne 
2ni * “° (t — zy! 2x (p/2)* 1 


for all n > Me) and z € .#’(Z). The right-hand side of (9.25) obviously goes to 
zero with ¢ itself. Therefore the series (9.24) is uniformly convergent on .4(Zo), 
and the proof is complete. 
COROLLARY (Weierstrass’ theorem on uniformly convergent sequences of 
analytic functions). If the sequence {f,(z)} is uniformly convergent on every 
compact subset of a domain G, and if every term f,(z) is analytic on G, then 


the limit function 


f(z) = lim f,(z) 


is also analytic on G. Moreover, as n —> © each differentiated sequence {f,) 
(z)}, k= 1, 2,..., converges uniformly to f(z) on every compact subset of G. 


Problem 1 (M1, p. 329). Prove that Theorem 9.4 does not hold if G is 
assumed to be an arbitrary set instead of a domain. 


Hint. The series 


; sin 2x ’ ‘sin3x sin2x ; 9.26 
sinx + (— sin x) + (= — ae (9.26) 


converges uniformly to zero on the real axis. Examine the result of 
differentiating (9.26) term by term. 


Problem 2. Prove that (9.26) cannot converge uniformly on any domain 
containing points of the real axis. 


' For brevity, we usually just say “for all n > N(e), p > 0 and z € E.” It may 


sometimes be appropriate to write N(E, €) instead of M(e), to emphasize the fact 
that M(E, ¢) depends on the set E (which may not be fixed), as well as on the 
number ¢ (see the remark on p. 188). 


2 Note that lim (: = ee 
e 


n--c n, 


> See e.g., D. V. Widder, op. cit., p. 300. 
4 As always, we use the notation 


df,(z A(z 
Sn°(2) = fal2), f(z) = Se os foX) me _— 
dz 


CHAPTER 10 


POWER SERIES 


46. THE CAUCHY-HADAMARD THEOREM 


In the preceding chapter, we considered series whose terms are analytic 
functions. Of all such series, the simplest, and at the same time, the most 
important, are the power series. By a power series we mean a series of the form 


Ag t+ a,(Z — Zo) + °°* + 4,(Z — 2)" +°°:, (10.1) 
where dp, @j,..., d,,...and Zp are given complex numbers. 


THEOREM 10.1 (Cauchy-Hadamard theorem). Given the power series 

(10.1), det! 
7 | where A=lim Va,l, (10.2) 
and let y be the circle |z — zo| = R, with interior I(y) and exterior E(y). Then 
there are three possibilities: 

1. IfR = 0, the series is divergent for all z # Zo; 

2. If 0 < R < ~,the series is absolutely convergent for all z € I(y) and 

divergent for all z € E(y) 
3. If R = ~, the series is absolutely convergent for all finite z. 


R= 


Proof. We examine each of the three possibilities in turn (obviously, in 
every case, the series is absolutely convergent for z = z9): 


1. R=0, A=oo. In this case, 


A> = = 


\z - Zol 
for any z # Zp, 1.e., for any z # Z) we can find an infinite sequence {n;} of 
positive integers, where n, < - < nj, < + (recall the remark on p. 17) such 
that 


Vlanl > = - wl 200). (10.3) 
zc — Zo 
But this implies 
la, (z — Z)"*| > I fe Oe Bee | (10.4) 
and hence the necessary condition 
lim a,(z — 29)" =0 (10.5) 


no 


(recall p. 182) for the convergence of the series (10.1) cannot be satisfied for 
any z # Zp. Therefore, if R = 0, the series diverges for all z # z) and converges 


only at the single point z = Zo. 
2.0<R<o,0<A<o, In this case, if z € J(y), we can write 


6? 


|z Zol A 


where 0 < 8 < 1 (except for the trivial case z = zp). Then 


i) 


, 2 
IZ — Zo] 


i) 


and hence all the values of starting from some value of \’\q_) must be less 
than 


1.e., the inequality 
la,(z — Z»)"| < 6” 
holds, starting from some value of n. Therefore, since the geometric series 
1+ O0++-- +6" +--- 


is convergent, the series (10.1) is absolutely convergent if z € J(y). On the 
other hand, if z € E(y), then 


l 


- > 
lz — Zl 


and just as in the case R = 0, we can find an infinite sequence {n,} of 
positive integers, where n, < -- mn, < -, such that (10.3) and (10.4) hold. 


Therefore the necessary condition (10.5) for convergence of the series cannot 
be satisfied, and the series diverges. 


3. R=, A=0. In this case, 


§ 


oe ae 
“~ “0 


for any z # Zg and any 9 (0 < 0 < 1). Therefore the series (10.1) converges 
absolutely for any z # Zp by exactly the same argument as when 0 < R < ~, z 
€ I(y). 


Remark 1. The circle y is called the circle of convergence and R is called the 
radius of convergence [of the series (10.1)]. The formula (10.2) is called the 
Cauchy-Hadamard formula, and expresses the radius of convergence in terms of 
the coefficients a, of the power series. Obviously, the behavior of the series for R 
= (0 and R = ~ can be regarded as the appropriate limiting case of its behavior for 
0 < R o. It should be noted that Theorem 10.1 says nothing about the behavior of 
the series on its circle of convergence, i.e., for z € y From now on, we will only 
consider power series for which R > 0. 


Remark 2. In applying the Cauchy-Hadamard formula, the following relation 
often turns out to be useful: 


lim 9/* = -. (10.6) 
e 


To prove (10.6), we first note that 


n—1 n 2 
Siseiiat Mnccn Bese Le r +} + ..-], 
! n+1 (n+ 1)(n+ 2) 


which implies 


On the other hand, it is obvious that 


and hence 


e" on e 


from which (10.6) follows immediately. 


Example 1. The radius of convergence of the series 


2 . a 10.7 
7 maida i (10.7) 


equals 1/e, as we see at once from (10.2) and (10.6). 


Example 2. Consider the series 


Pe a re a aan, meee (10.8) 


In this case, 


(supply the details), and the radius of convergence equals 1. 


THEOREM 10.2. Let y: |Z — Z| = R be the circle of convergence of the power 
series (10.1). Then the series is uniformly convergent on every compact subset 
of I(y). 

Proof. Since any compact set F C /(y) is contained in some closed disk |z 
—Zo| <r <R, ifr is near enough to R, we need only prove that the series is 


uniformly convergent on every such closed disk. Thus, given a closed disk |z — 
Zol <r <R, let C be a point such that 


i 


r<i—za—e< 4. 


Since the series (10.1) is absolutely convergent for z = CG, the series 


a oo 
>) lanl IS — Zol* = 3 lanl 0” 
n—0O 


n=0 


converges. Therefore, by Weierstrass’ M-test (Theorem 9.1), the series (10.1) 
is uniformly convergent on the disk |z — zp| <7, since 


la,(Z — Zo)"| < |a,| e” 
for all z in the disk |z — zo| <r. 


Remark. The power series (10.1) need not converge uniformly on /(y) itself. 
In fact, as we already know (see the remark on p. 188), the geometric series 


which is a power series with radius of convergence 1, is not uniformly 
convergent on the unit disk K: |z| < 1, but only on every compact subset of K. 


Problem 1. Deduce the results of Examples | and 2 above by direct use of 
the ratio test (cf. Sec. 43, Prob. 2). 


Problem 2. Prove that if a power series is absolutely convergent at a single 
point of its circle of convergence, then it is absolutely convergent at every 
point of its circle of convergence. 


Problem 3. Find the radius of convergence of each of the following power 
series: 


al 2 © pk 
a) ¥ nt" (k =0,1,2,...)5 b) Da; 0) Y Gk =0,1,2,...); 
n=1 n=1 n=} %s 


a n! © 2" rs <0 2” on « 
a = 1 on. aay — gfe ni. 
2 ere 2 ai? * i PM : 8) 2. ae h) an" i) D2 : 


sgn 


j) Sanz; k) $2; D>B + (=1)"}"2";_ m) > (cos in)z"; 
n=0 neO 


n=O n=O 
wo 
n) > ( + a®)z". 
n=0 


Ans. b) 0; d)e; f) 0; h) 2; j) 1; 
1) 4; n) 1liflal <1, 1I/lal if jal > 1. 


Problem 4. Given that the radius of convergence of the power series 
> Cn2"™ 
n=0 


is R (0 < R < ©), what is the radius of convergence of each of the following 


series: 
Ch 


— gh 


D @D @ 
a) > atcaz” (k = 0,1,2,...); b) >" — Meat"; ©) > 2"; 
n=O ned nao": 


d) DR ot e) > chs" (K = 0,1,2,..); f) ya + 2$)¢n2"? 
nel n=O n=0 


Ans. a) R; c) ©; e) R*. 


Problem 5. Given that the radii of convergence of the power series 


© x 
> a,z" and > b,z" 
ne 


n=0 
equal R, and R,, respectively, what can be said about the radius of 
convergence R of each of the following series: 


a) > (a, + 5,)2"; 6) ¥ (@, — b,)2"; ©) > anb,2"; > oan (b, #0)? 
newd n=O n=O n 


=O nn 


Ans. a) R> min(R,, Ry); c) R> RyRo. 


Problem 6. Give an example of two power series 


x os 
z ay", > b,z” 
) 


n=( n=0 


with the same finite radius of convergence, such that the radius of 
convergence of the series 


> (an + 5,)z" 
n=O 
is infinite. 


47. TAYLOR SERIES. THE UNIQUENESS THEOREM FOR POWER 
SERIES 


According to Theorem 10.2, the power series 


JS (Z) = a + a,(z — 2) + °°> + .,(z — 2)" +°°°, (10.9) 


with radius of convergence R given by formula (10.2), is a series of analytic 
functions (in fact, entire functions) which converges uniformly on every compact 
subset of the disk K: |z — z,| < R. It follows from Theorem 9.4 that the sum 
function f(z) is analytic on K, and that f(z) can be calculated by differentiating 
(10.9) term by term, i.e., 
(k) (k 1 1)! dur ' n! a, n—-k | 
(z) = k!a, + ————" (z —z,) + °° + ——— (z —z,)"” "+ °°", 
j 1! (n — k)! ‘ 
(10.10) 
where the series (10.10) is uniformly convergent on every compact subset of K. 
Setting z = Zp in (10.10), we obtain 


f(z) = k! a, 
and hence 


ky. 
gue ie 1S (10.11) 
k! 
[The fact that (10.11) holds for k = 0 can be seen by setting z = Zp in (10.9) 


itself.] Substituting (10.11) into (10.9), we find that 


f( Zo) (2) n 
f(z) = f(29) + —— (z — z) + °°: pe tye Pte, 
1! n! 


where the series on the right is known as the Zaylor series (expansion) of the 
function f(z) at the point zp.° Thus we have proved that every power series is the 
Taylor series of its sum f(z). These results are summarized in 


THEOREM 10.3. The power series (10.9), with radius of convergence R, 
converges to an analytic function f(z) on the disk K: |z — zo| < R, and the 


coefficients dg, ay,..., d,...are given by the formula (10.11). Moreover, the 


series (10.9) can be differentiated term by term any number of times, and each 
differentiated series (10.10) is uniformly convergent on every compact subset 
of K. 


Remark. Together, Theorems 8.7 and 10.3 imply 
M(co ‘i 
la,| : — ‘(ge a Se (10.12) 
for any 0 < p< R, where 
M(e) max | f(z)| 


is the maximum modulus function. The formulas (10.12) are called the Cauchy 
inequalities for the Taylor coefficients. 


Now suppose two power series 
Ag + a,(z — 2_) + °°° + 4,(z — 2)" + °°" (10.13) 
and 
by + 6,(z — 2) + °°° + 5,(z — 2%)" +°°°, (10.14) 
with radii of convergence R, and R, respectively, have the same sum in a 


neighborhood of the point zg 1.e., suppose 


ay + a,(z — Zy) pet eo af — z,)° + **" 


= by + b,(z Zo) ibdtdion b,(z ~— Z)" za 


if |z—_Zo| <r, where 0 <r < min (KR, R,). Then, according to (10.11), 


do= be =flz), a, =b,=——~.,..., a, = b, = — 


where f(z) denotes the common sum of the two series. Therefore coefficients of 
the two series with identical indices are identical, and it follows that the two 
series have the same radius of convergence R, = R,. (Note that it is vital that the 


point z) be the same for both series.) Thus we have proved the following 
theorem, typical of a class of results known as uniqueness theorems: 


THEOREM 10.4. Jf the sums of two power series in the variable z — 29 
coincide in a neighborhood of the point Zo, then identical powers of z — Zp have 
identical coefficients, i.e., there is a unique power series in the variable z — Zp 
which has a given sum in a neighborhood of Zo. 


In the simplest case, where the power series (10.13) and (10.14) reduce to 
polynomials 


dy + az Zo) 79° Al — iy (a, ¥ 0) 
and 
by + 6,(z — Zp) + + °° + 5,(z — 29)" (6, # 0), 


the requirement that the values of these two polynomials coincide for all z 
belonging to a certain neighborhood of zp, as assumed in Theorem 10.4, is 


unnecessary. In fact, if NV = max (m, n), and if the values of the two polynomials 
are the same for more than N different values of z, then m = n and the 
polynomials are identically equal, i.e., 


Gg=be, a, =5,,...5 Gq =, 


(recall Sec. 18, Prob. 3). In the case of power series, which in many respects can 
be regarded as “polynomials of infinitely high degree,” one can deduce that two 
power series have identical coefficients only if it is known that the two series 
have the same sum on an infinite set. However, even in this case, it is not 
necessary to assume that the sums of the two series coincide at all points of some 
neighborhood of zp. Actually, as shown by the following generalization of 


Theorem 10.4, it is only necessary that the sums of the series (10.13) and (10.14) 
coincide on a set which has Zg as a limit point, for example, on the set of points 


Zn, = 2Zgt+- (mn = 1,2, ...). 


THEOREM 10.5 (Uniqueness theorem for power series). If the sums of two 
power series in the variable z — zy coincide on a set E with zp as a limit point, 


then identical powers of z — Zz have identical coefficients, i.e., there is a 
unique power series in the variable z — zy which has a given sum on E. 


Proof. Let the two power series be of the form 


Ay + a,(z — Z9) + a(z — 2)? +°°:, 


by + 6,(z — 29) + bz — 2)? +°°:, 
and suppose that 


lim z,, = Z¢; 


where z, € EF, z, #2Z (n= 1, 2,...). Then, since 


a 5 a,(Z,, roe Zo) T afz,, = z)* +: 


10.15 
= by + bi(Z, — 2) + bz, — 2)? + ° 


for all n = 1, 2,..., and since the sum of a power series is continuous on the 
interior of its circle of convergence (why?), we have 


dg =lim [ay + a,(z, — 29) + af2y — 2)? + °° 7) 


= lim [bo a bz, oo Zo) “1, b{z,, zo) oO | = bo, 
ice 
ay = by. 
Suppose it is known that 
Ae = Do, i? ee G, = b.. 


Then (10.15) implies that 


= » +1 » E+S 2 wee 
A 1(Z, a Zo) + Ay Zp = Zo) t 


a Des slZn > Z)**? T Dy ofZn = mr } ——— 


(10.16) 


Dividing (10.16) by (z,, — zo)**! # 0, and passing to the limit as n + ©, we 
find that 


Apia = Oyyr. 


The proof now follows at once by induction. 


Problem 1. Given a power series 


f(z) = dq + az + Gqz* + °° + agz™ +-°° (|z| < R), 
prove that 
a) The coefficients of odd powers of z vanish if f(z) is even, 1.e., if 
f(-z) = f@); 


b) The coefficients of even powers of z vanish if f(z) is odd, 1.e., if 
f(-z) = -f(z). 
Problem 2 (M1, p. 351). Series expansions of the form 


Qg%o(Z) ? Q1%,(z) rages ae An P,(Z) petit tia (10.17) 


with respect to given functions 


Po(Z), 3 (Z), - ++ 9,(Z),.-- (10.18) 


are said to have the uniqueness property on a set E if, whenever two such 
series (10.17) and 


Booz) + b19,(z) + °° * + OnPp(z) + °°: 
coincide for all z € EF, the corresponding coefficients coincide: 
Ae = be, A, = b;,..., Gn = Ons... 


In this language, Theorem 10.4 states that series expansions with respect to 
the functions 


Pn(Z) : (z : Zo)" (n 0, i. 2 er | 


have the uniqueness property in a neighborhood of the point zp. Give an 
example of a system of functions (10.18) and a set E such that expansions 


with respect to the given functions fail to have the uniqueness property on E. 
Ans. Let 


ez) = 1, o,(z) = z — 1,...,O(2) @ 2 — 2... 


with E : |z|<1. 


48. EXPANSION OF AN ANALYTIC FUNCTION IN A POWER SERIES 


According to Theorem 10.3, every power series represents an analytic 
function inside its circle of convergence. Conversely, every analytic function can 
be represented by a power series, in the following sense: 

THEOREM 10.6. Let f(z) be analytic on a domain G, let zp) be an arbitrary 
(finite) point of G, and let A = A(Zq) be the distance between zy and the 


boundary of G.* Then there exists a power series 


f(z) 2 an(2 Zo)" (10.19) 


converging to f(z) on the disk K: |z —Zo| < A. 


Proof. Let z, be an arbitrary point of K, and let y, be any circle with 
center Zp and radius p (0 < p < A) such that z; € /(y,) [see Figure 10.1]. Then, 
according to Cauchy’s integral formula, 

‘ i 4 
Me Naees' f(z) 


» JY, - 
2xi* "2 


FIGURE 10.1 


To convert this relation into a power series of the form (10.19), we represent 


Z3 — Zo 
where 
Zi — Zq __—«([Z) — Zl 1 
| ’ 
zZ-— Zo Pp 


Le., 


> i» 
a | -0 


1 
z—-Z% (s—2)—-(4-—2) 2 | 
Z— 2 
I 2; — Zo , Z;—2Zo)" 
z—2Z (z—2) (z — z,)*** 
_ $ G-2)" 
waa (Zz — Z_)**? 
Then, multiplying (10.20) by the function 
1 
rare ), 
we obtain 
1 f(z) <1 ff) (z, — z)". (10.20’) 


2niz—z, n=02ni(z — z)"* 


I (10.21) 


Ifz € yp, then 
1 f(z) (z, — 9)" e MEG) [ey = Zo| 
; aaa 71 20 |< “cA 
2ni (z — 29) 2x p \ e 
where, as usual, 
M(e) = max | f(z)}. 
ZEYp 


The right-hand side of (10.20') is uniformly convergent on y,, by Weierstrass’ M- 
test (Theorem 9.1).° Therefore, according to Theorem 9.3, we can integrate 


(10.20) term by term along y,. The result is 


Lf £0) 4, — 


oo 
f(z) == a a y > a,(z, nia Za)", 
2ni-"°z—2, n=0 


where 
° (ni, 
di, ate fl gee Lye 0, 152, 
. i-“Yo(z — z)"*? n! 


Since the point z; € K is arbitrary, this (Taylor) series expansion is just the 
desired result (10.19). 


Remark. According to Theorem 10.6, the Taylor series 


oo (n) 
f(z) = da,(z — a f Pe) Z0) (z — z,)” (10.22) 

n=0 n=O n: 
representing the function f(z) in a neighborhood of the point z) converges on the 
disk |z — z)| < A. Therefore the radius of convergence R of the series (10.22) can 


be no smaller than A, i.e., 
R ae A. 
Writing this inequality in the form 


aes | 
| a. 


and substituting from the Cauchy-Hadamard formula (10.2), we find that 


iim a,| =Him 2/2 Gol - 1 
! a. 


nx n-- x n. 


This is the Cauchy-Hadamard inequality, already encountered in Sec. 42, Prob. 
3. In particular, ¥\q,) = 0 if (10.22) is an entire function. 


Example 1. Choosing zg = 0 in (10.22), and calculating the derivatives of all 


orders of the entire functions e’, cos z, sin z, cosh z and sinh z, we immediately 
obtain the following power series expansions, valid for all finite z: 


o ~n 72” ntl 
pe oe —, cosz = -1 in z= — ’ 
Jnl en x . (2n n)!” 2 ” On + 1)! 
o ~2n x2 ntl 
cosh z = > ——, sinhz = > ——— 
2.0m! Zo Gn (2n + 1)! 


Example 2. Theorem 10.6 applies equally well to single-valued branches of 
multiple-valued functions. For example, let G be the domain with the half-line x 
< 0, y = 0 as its boundary (i.e., the whole plane “cut along” the negative real 
axis, including the origin), and let In z denote the single-valued branch of the 


multiple-valued function Ln z which is defined on G and satisfies the condition 
In 1 =0.° Then, since 


it follows from (10.22), with zp = 1 that 


(10.23) 


Inz = 5 (- pe E— ; 
nel n 


The distance between the point z) = | and the boundary of G equals 1, and 


therefore the expansion (10.23) is valid for |z — 1| < 1. Replacing z — 1 by z, we 
obtain the following power series for In (1 + z), valid for |z| < 1: 


In(i + 2z)=>(-1)7=. 
n=l n 
Here In (1 + 2) is the single-valued branch of the function Ln (1 + z) which is 
defined on the domain G and satisfies the condition 
In (1 + 2)|,-9 = Ini = 0. 
Problem 1 (M1, p. 365). Verify the binomial expansion 


© a(a —1)---(a —~nm + 1) 
d+ =14+ > —__——* 
n=1 . 


valid for |z| < 1 and arbitrary complex a. 


Problem 2. Sum the following power series for |z| < 1: 


Ans. a) — In(1i — z). 


Problem 3. Expand each of the following functions in a Taylor series at 
the point z = 0: 


ecco = Bay 
a) sin? z; ) cosh*z; c) Vz + i, where Vi =——= ; 


v2 
z z* 
Dare a weer 40 Daas? Grp: 
" *ssin C 
g) arc tan z, where arctanO = 0; h) |e dt; i) \; - dt. 


In each case, find the radius of convergence of the Taylor series. 


Problem 4. Expand each of the following functions in a Taylor series at 
the point z = 1: 


z z 1“ - —1+iv3 
‘ : v #1 = 
; D} Gai? c) Vz, where V1 


» 


a peor OF ie 


In each case, find the radius of convergence of the Taylor series. 


49. LIOUVILLE’S THEOREM. THE UNIQUENESS THEOREM FOR 
ANALYTIC FUNCTIONS 


THEOREM 10.7 (Liouville theorem). If f(z) is an entire function and if 
\{z)| < M for all finite z, then f(z) = const, i.e., every bounded entire function is 
a constant. 


Proof. Since f(z) is entire, the expansion 
f(z) = Ya,(z — 29)" (10.24) 
n=0 


implied by Theorem 10.6 is valid for arbitrary z. Writing Cauchy’s 
inequalities (10.12) for n > 0 only, we have 


_M(e) _ M 
ar ae 
for any p > 0. Taking the limit of (10.25) as p — © we find that |a,| < 0 and 


hence a, = 0 for all n = 1, 2,.... Therefore the power series (10.24) reduces to 


ja,| < (n = 1,2,...) (10.25) 


f(z) = %, 


and the theorem is proved. 


COROLLARY. Every function analytic in the extended plane must be a 
constant. 


Proof. If f(z) is analytic at infinity (see Remark 1, p. 63) as well as for all 
finite z, then f(z) is bounded (why’?). 


COROLLARY 2 (Fundamental theorem of algebra). Every polynomial 
P,(z) = dg + QZ + ° °° + 4,2" (a, ~0,n > 0) 


has a zero in the complex plane. 


Proof. If P,(z) had no zeros, then 1/P,(z) would be analytic in the 
extended plane and hence a constant, which is impossible, 


The next theorem, of basic importance in complex analysis, is a far-reaching 
generalization of the uniqueness theorem for power series (Theorem 10.5): 


THEOREM 10.8 (Uniqueness theorem for analytic functions). If two single- 
valued analytic functions f(z) and g(z) defined on a domain G coincide on a 
set E C Gwith a limit point z) € G, then f(z) and g(z) coincide on the whole 


domain G. 


Proof. Given any point z’ € G, z’ # zg we join Zg to z’ by a continuous 
curve L C G, with equation z = X(1), a<t <b. Let p be the distance between L 
and the boundary of G, and use the uniform continuity of A(¢) on [a, b] to 
choose a partition Y = {f, t),..., 4,} of the interval [a, b] such that 


FIGURE 10.2 


where 


Z, = Mt.) = (b) = 2’. 


Then, as shown in Figure 10.2, construct the disks Kj: |z — z| < p. Clearly 
each disk K; contains the center z;,; of the “next” disk K;,,;. According to 
Theorem 10.6, both f(z) and g(z) have convergent power series expansions on 
every K; (j = 0, 1,..., 1). Since f(z) and g(z) coincide on the set EM Ko with 
limit point Zp, it follows from Theorem 10.5 that they coincide on the whole 
disk Kp. But then they coincide on the set Kg M K, which has z, as a limit 


point (why?), and hence, using Theorem 10.5 again, we find that f(z) and g(z) 
coincide on K,. Repeating this argument m — 1 more times, we eventually 


find that f(z)and g(z) coincide on K,, and hence at the point z’. Since z’ is an 
arbitrary point of G, the proof is now complete. 


Remark. It follows from Theorem 10.8 that if f(z) and g(z) coincide on a 
subdomain D C G (in particular, in a neighborhood of a point z) € G), or on an 


arc of some continuous curve contained in G, then f(z) and g(z) coincide on G 
itself. In particular, if f(z) is analytic on a domain G and if f(z) is not identically 
equal to a constant on G, then f(z) cannot have a constant value in any 
neighborhood of a point z) € G or on any arc of a curve y C G. Moreover, if f(z) 


# const on G, and if zp is an arbitrary point of G, then at least one of the 
derivatives f'(Zo),..., fo), ..must be nonzero, since otherwise the Taylor series 
expansion of f(z) would have the form 


f(z) = a + 0+(z — Zp) +++ tQ0-(z—2z)"+-°- 


in a neighborhood of Zp, which implies f(z) = (zp) for all z € G. 


Problem 1. Give an alternative proof of Liouville’s theorem, based on the 
use of Cauchy’s integral formula. 


Hint. Consider the integral 


f@ : 
JizjmRr(z — aXz — 5) m 
where a ¢ 5, |a| < R, |b| < R, and take the limit as R — o. 


Problem 2. Prove the following generalization of Liouville’s theorem: If 
f(z) is an entire function, and if the function 


M(e) = et | f(z) 
z|=e 


satisfies the inequality 

M(e) < Mek, 
where M/ is a positive constant and k is a fixed positive integer, then f(z) is a 
polynomial of degree no higher than k. 


Problem 3. Verify that Theorem 10.8 reduces to Theorem 10.5 if G is a 
disk. 


Problem 4. Give an alternative derivation of the addition theorem for cos z 
and sin z (see Sec. 31). 


Hint. Use Theorem 10.8, regarding the addition theorems as known for 
real arguments. 


Problem 5. Does there exist a function which is analytic at the point z = 0 
and takes the following values at the points z = 1/n (n = 1, 2,...): 


BO, 1, OTS Oy 0 SOE, -0:0°5 


b 0, 0, | 0, 0,2 

) "58 74° ee Ay el 
: a ei Wa Sa Ta | 1 1 

ry ty 1y See) a) 
ie @ ios OD n 

d) = ai ntertorm : airy | 
rae Daa alee eal a n+l 


Problem 6. Does there exist a function which is analytic at the point z = 0 
and satisfies the following condition for every positive integer 7: 


a) f(i/n) = f(—1/n) = 1/n?; b) f(/n) = f(—1/n) = 1/n®? 
Ans. a) Yes; b) no. 


50. A-POINTS AND ZEROS 


By an A-point of a function f(z), we mean a root of the equation f(z) = A, 
where A is an arbitrary finite complex number. It follows from Theorem 10.8 
that if f(z) 4 A is analytic on a domain G, the set of A-points of f(z) cannot have a 
limit point in G. Moreover, any compact subset F C G can only contain a finite 
number of A-points (for fixed A), since if F' contained infinitely many A-points, 
these points would have a limit point belonging to F' and hence to G. If z) € G is 
any, A-point of f(z), then f(z)) = A, and hence the power series expansion of f(z) 
in a neighborhood of Zp is of the form 


i L"(20) = 


2! 


f(z) = A+f'(2Xz — 2) Z)?+ °°: 


or 


f(z) — A =f'ez — 29) + EM (e — 2 4-10.26) 


If f(z) * const, then, according to the remark on p. 209, at least one of the 
coefficients /'(zo), f"(Zo),..-is nonzero. Let (z — zy) be the smallest power of z— zp 
with a nonzero coefficient. Then (10.26) becomes 


f(z) + f**(z,) 
k! (k + 1)! 
where (zy) # 0. The integer k > 1 is called the order of the A-point zp, and zp is 


called a simple A-point if k = 1 and a multiple A-point if k > 1. It follows from 
(10.27) and this definition that 


f(z) -A=(z- al (z — 2) + °° |, (10.27) 


f(%) =A, f'(%) #0 


if zg 1s simple A-point, whereas 


S(2o) =A, f'(%) =0,..., f(z) = 0, f"(z9) 40 (10.28) 
if zy 1s an A-point of order k. From now on, in determining the number of A- 
points in a compact subset F' C G, we shall count each A-point a number of 
times equal to its order. Then the number of A-points in F' will still be finite, 


since F' contains only a finite number of multiple A-points and each is of finite 
order. 


THEOREM 10.9. If f(z) is analytic at Zp, then f(z) has an A-point of order k 
at Zy if and only if the function 


oz) = —4 (10.29) 
(z — Zp) 
is analytic at Zz) and 
(Zo) = lim ¢(z) 4 0. (10.30) 


Proof. \f f(z) has an A-point of order k at Zp, then, according to (10.27) and 
(10.29), @(z) has the power series expansion 


Pree F isolies (z 


Se ee 


mel. cs lata 
in a neighborhood of zo, where 


{khy 
LG) 4 9 


9(Zo) = ki 


[cf. (10.28)] Conversely, if @(z) is analytic at z) and the condition (10.30) 
holds, then 


92) = ay +: Opa (Z a Zo) Se 


in a neighborhood of zp, where a, = @(Z)) # 0. Substituting for @(z) from 
(10.29) and solving for f(z), we find that 


f(z) = A + az — Zo)* + ayys(z — 2)*42 + °° 


Then obviously the conditions (10.28) hold, 1.e., f(z) has an A-point of order 
k at a 


Everything just said about A-points applies equally well to the special case 
where A = 0. For simplicity, zero-points are called zeros. The reader can easily 
verify that our present definition of the order of a zero is consistent with the 
definition already given in the case where f(z) is a polynomial (see p. 66) or a 
rational function (see p. 79). Since the A-points of the function f(z) are the zeros 
of the function f(z) — A, any general property which we prove for the zeros of 
an analytic function (e.g., Theorem 10.10) is also valid for the A-points of an 


analytic function. 


Remark. If the function f(z) is analytic at 0 (see Remark 1, p. 63) and if f(%) 
= A, we say that f(z) has an A-point of order k at 00 if f*(C) = f(1/C) has an A-point 
of order k at C= 0. 


THEOREM 10.10. If f(z) is analytic on a domain G, then the set of all zeros 
of f(z) in G is countable. 


Proof. Since the union of countably many countable sets is countable (see 
Sec. 5, Prob. 5d), and since any compact set contains only finitely many zeros 
of f(z), the theorem will be proved if we show that G can always be 
represented as a union of countably many compact sets. If G is the whole 
plane, G is (trivially) the union of the closed disks 


lz ae | ie aa Sr hea, oe 


On the other hand, if I, the boundary of G, contains at least one finite point, 
let p(z, ) denote the distance between an arbitrary point z and I (see p. 28). 
Then let F,, denote the set of all points in G such that 


Clearly all the F’, starting from some value of 1 are nonempty, and every 
point of G belongs to all the F,, starting from some value of n. It follows that 


G=F,U-'*UF, Us 


Since the sets F’, are obviously bounded, it only remains to show that they 
are closed. If F, is empty, F,, is closed by definition (see p. 25). Every 
nonempty F’, is also closed, since if ¢ is a limit point of F,,, then ¢ is also a 
limit point of G, and moreover 


o(%, I) = lim e(z, I’) > a 
xP, . 
which implies ¢ € G, ¢ € F,,. Here we use the fact that p(z, I) is a continuous 
function of z (see Sec. 36, Prob. 3). The proof is now complete. 


Problem 1. Prove that if f(z) and g(z) are analytic at a point zy and have 
zeros at Z, of orders p and gq, respectively, then f(z)g(z) 1s analytic at z) and has 


a zero at Zy of order p + q. 
Problem 2. Find the order of the zero at z = 0 of the function 
a) ze — 1); b) 6sinz® + 2%(z® — 6); c) esim# — etane, 
Ans. b) 15. 


Problem 3. Find the zeros (possibly including ©), together with their 
orders, of each of the following functions: 


z4+9 
a) z*+9; b)—=—; c) zsinz; d) (1 — ez" — 4); 
(z? — x®)? sin z 1 —cotz 
e) 1 —cosz; f) ———;——-; g) ————_;;._ h)§ em; 
z z 
_— .. sin’ z ; st 
i) sin? z; j) ——; k) sin z*; 1) cos*z; m)cosz*; n) (Vz — 2); 


0) (1 — V2 — 20s z)*. 


51. WEIERSTRASS’ DOUBLE SERIES THEOREM 


In principle, the problem of finding the Taylor series expansion of an analytic 
function f(z) in a neighborhood of a point Zp is solved by using the formula 


(n = 0, 1,2,...) (10.31) 
to find the coefficients of the series 


f(z) Sa,(e A af (10.32) 


However, it often turns out to be a formidable task to calculate the coefficients 
(10.31) directly. Fortunately, in many practical problems, the Taylor series 
(10.32) can readily be deduced by starting from other series expansions with 
known coefficients. 


THEOREM 10.11 (Weierstrass’ double series theorem). Suppose the series 


f(z) => fe) (10.33) 


is uniformly convergent on every compact subset of the disk K:|z — zo| < R, 
and suppose every function f,(z) is analytic on K. Then fiz) has the Taylor 
series expansion (10.32) on K, where the coefficients (10.31) are related to 


the derivatives of the original series (10.33) by the formula 
« (nls. 
a, — > #2) tot | hey Pee 
k=1 on! 


Proof. According to Theorem 9.4, f(z) is analytic on K, and hence, 
according to Theorem 10.6, f(z) has the Taylor series expansion (10.32) on K, 
with coefficients (10.31). The rest of the proof follows at once by combining 
(10.31) and the formula 


f™2) =T Hf) = (n=0,1,2,...) 
kel 


[cf. (9.20)]. 


Remark. Since each of the functions /,(z) in the right-hand side of (10.33) has 
its own Taylor series expansion on K, 1.e., 


f{2) - > a,(z = Zo) (k = 1,2,...), 
iad 
where 


(Ds. 
si ee (1=0,1,2,...), 


it follows from Theorem 10.10 that 
a, = 5 die 
k=l 


In other words, the coefficient of a given power of z — Zp in the right-hand side of 
(10.32) is obtained by adding all the coefficients of the same power of z — Zp in 
the separate Taylor series expansions of /,(z), k = 1, 2,.... 


Example. If 


(10.33) becomes 


1 


f(z) — (10.34) 
kewl —Z 


Every term f,(z) is analytic on the unit disk K:|z| < 1, and the series (10.34) is 


uniformly convergent on every compact subset of K. In fact, let F C K be 
compact, and let 6 > 0 be the distance between F and the unit circle |z| = 1. Then 
Iz) < 1 —d=p<1 forall z € F, and hence 


Since the series 


k 


~ _? 
2 l—o 
is convergent (being a geometric series with ratio p < 1), it follows from 
Weierstrass’ M-test (Theorem 9.1) that the series (10.34) is uniformly convergent 
on F, as asserted. 

According to Theorem 10.11, to find the coefficient of z" in the Taylor series 
of the analytic function f(z), we need only add all the coefficients of z” in the 
separate Taylor series 

Pa 


f2) = A Pt Be 


In each such expansion, the coefficient of z” equals | if n is divisible by k, and 0 
otherwise. Therefore the coefficient of z” in the expansion of f(z) equals the 
number of positive integers which divide n (including 1 and 1). Denoting this 
number by 1(n),’ we have 


f(z) => Anz" — (|z| < 1). 


n=l 


Problem 1. The function 


(2) = Y= Seems (10,35) 
tothe k=l 


is known as the Riemann zeta function. Prove that the series (10.35) is 
uniformly convergent on every compact subset of the half-plane Re z > 1, so 
that C(z) is analytic for Re z > 1. Find the Taylor series expansion of C(z) at 


the point z = 2. What is the radius of convergence of this Taylor series? 


Problem 2 (M1, p. 431). Find the Taylor series expansion of 


D @ 1 
Ans. f(z) = -2 > | > ro ae (\zl <7). 


k=l 


52. SUBSTITUTION OF ONE POWER SERIES INTO ANOTHER 
Given a Taylor series 


S (2) = ay + a,(z — 2) + °°* +.4,(z — 2)" + °°: (10.36) 


at the point z, in the z-plane, and a second Taylor series 


o(w) = Ag + A;(w — Wo) + °° * + A,(W— wo)" +°°* = (10.37) 
at the point Wy. = f(Zp) = dg the w-plane, suppose we replace w by f(z) in (10.37). 


Then we obtain a new series expansion® 


F(z) = Ag + AyLf(z) — a) + °** + Anal f(z) — ao)" +°°*, (10.38) 


corresponding to the composite function F(z) = [f(z)]. Suppose the algebraic 
operations called for in the right-hand side of (10.38) are carried out formally: 
This involves raising f(z) — ap) to various powers after replacing f(z) by the series 


(10.36) and then grouping together and adding all the coefficients of each power 
(z—Zp)", n = 0, 1, 2,...1n the expression so obtained. The result is a Taylor series 
of the form 


Fz) == by + 0G — 2) + *** +0, — %)? + °**; (10.39) 
which is said to be obtained by formal substitution of the series (10.36) into the 
series (10.37). 

THEOREM 10.12. Jf f(z) is analytic at the point z = zp, and if p(w) is 

analytic at the point Wo = f(z), then the composite function F(z) = o[f(z)] is 
analytic at the point z = zy. Moreover, the Taylor series of F(z) is obtained by 


formal substitution of the Taylor series of w = f(z) into the Taylor series of 
p(w). 


Proof. Let (10.36) be the Taylor series of f(z), valid for |z — zp| <r, and let 
(10.37) be the Taylor series of p(w), valid for |w — wo| < R, where wp = f(Zo) = 
dy. (By hypothesis, such positive numbers 7 and R exist.) Since f(z) — f(zo) as 
Z —> Zo, there is a number 7’ (0 <7’ <7) such that |{z) — wo| < R'< R if |z — zo] < 
r’. Clearly the expansion (10.38) holds for all |z — zp| < 7’. This expansion is of 
the form 


F(z) px F(z), (10.40) 
where every function 
F(z) = A,[ f(z) — ao}* (k =0,1,2,...) 


is analytic on the disk K:|z — zo| < r’. Moreover, since (10.37) is uniformly 
convergent for |w — wo < R’ (recall Theorem 10.2), (10.40) is uniformly 


convergent on K, and hence, a fortiori, on every compact subset of K. It 
follows from Theorem 10.11 and the remark on p. 214 that F(z) is analytic 


on K (in particular at zg), and that the coefficient of a given power (z — Zo)” in 
the series (10.39) is obtained by adding all the coefficients of the same power 
(z — Zp)” in the separate Taylor series of F(z), k = 0, 1, 2,.... All that remains 
to be proved is that the Taylor series of F(z) is obtained by raising the Taylor 
series of f(z) — dp to the Ath power and multiplying the result by A,. But this 


is an immediate consequence of Sec. 43, Prob. 3 and the fact that the Taylor 
series of f(z) — dp 1s absolutely convergent on K. 


Remark. The fact that F(z) is differentiable for |z — zp| < r’ and hence analytic 
at Zj, also follows at once from the rule for differentiation of a composite 
function (see Rule 4, p. 46). 


Example. Let 


F(z) = +V cos z, (10.41) 


where +Vcosz denotes the single-valued branch of the double-valued function 
Jcosz which is analytic at z = 0 and takes the value +1 at z = 0. With this 
understanding, we shall henceforth omit the plus sign in (10.41). To apply 
Theorem 10.12, we write (10.41) in the form 


F(z) = [1 — (1 — cos z)}*/2. 


Then 
=? -4 a6 
w = f(z) =1—cosz= on rr } mm (|z| < ©) 
and 
4 2 3 
w)=(1—-w)#=1-[-[=-2~-... w| < 1) 
p(w) = ( ) a 8 16 (|| 
(recall Sec. 48, Prob. 1), so that 
ifz* 2 28 : 
F(z) = 9[f(2)) 1 — AR - 34 : 720 oe ‘ 
LY Ee er ee 
8\2 24 ite } 


where the omitted terms contribute only to the coefficients of z’, z!®)...in the 
Taylor series of F(z). Thus, writing 


we find that 


z* 2z* 1928 
aay a eee (10.42) 


The series (10.42) converges on the disk K:|z| < 2/2, since F(z) = Veosz 1S 
analytic on K, with derivative 


F(z)=——weme (26K). 
2,/cos z 


Moreover, the fact that F’(z) becomes infinite for z = 2/2 implies that K is the 


largest disk on which (10.42) converges (why?). 


Problem I (M1, p. 435). Find the power series expansion at z = 0 of the 
function exp [1/(1 —z)]. 


Problem 2. Find the terms up to degree 5 in z in the power series 
expansions of the functions 


a) er sinz. b) (i + zy = e7 In (142). c) ef. 


53. DIVISION OF POWER SERIES 


Let 


@y + a,(z — %) + °° + a,(z — %)* +°°° (10.43) 
be a power series with radius of convergence r > 0, and let 

by + 5,(z — 2%) + °°° + Oz — %)* +°°° (65 #0) (10.44) 
be a second power series (in the same variable z — zp) with radius of convergence 


p > 0. Since we assume by # 0, there is a disk K:|z — Zp| < R such that both series 


converge on K, while the second series has no zeros in K. In fact, we need only 
choose 


R = min(r, ¢, |2; — Zl), 
where z, is the zero of (10.44) which lies closest to Zo. It follows from the rule 
for differentiating a quotient (see Rule 3, p. 46) that 


by + b,(z — 2) + +++ + b,(z — 2)" + °°: 


is an analytic function on K. Therefore, according to Theorem 10.6, f(z) has a 
power Series representation 


f(z) = (10.45) 


S(2) = Co + (2 — 2) +8 +0,(Z— A)" +°** —(10.46) 


on K. By division of power series we mean the process of finding the “quotient 

series” (10.46) from a knowledge of the “dividend series” (10.43) and the 

“divisor series” (10.44). For further justification of this terminology, see Prob. 1. 
To find (10.46), we first combine (10.45) and (10.46), obtaining 


[Co + €,(z — 2%) +°°* + 0¢,(z - 2)" +°*°) 
X [be + by(z — 2) + °° +5,(z — z)* + °°°) (10.47) 


= dy + a,(z — 2) + *** +4,(z — %)" +°°° 


Since both series in the left-hand side are absolutely convergent on K, they can 
be multiplied term by term (see Sec. 43, Prob. 3). As a result, (10.47) becomes 


Cobo + (Coby + CxbozZ — 29) + (Cob2 + Cyd, + Caboz — 2)? + °°* 
+ (cob, + ¢15,, 1 Pe Crboz Z)" 5) eae 


= dy + a,(z — 29) + az — 2)* + °° + 4,(z — 2%)" +°°°, 


where both sides are convergent power series on K. It follows from Theorem 
10.4 that identical powers of z — zg have identical coefficients. Thus we obtain an 


infinite system of linear equations 


Cobo = a, 
Cod, + C459 = a, 


Code a cb, _ Cobo —= Qe, (10.48) 
Cob, = Cb, 4 = alias CnDo = an, 


which determine the unknown coefficients c,(n = 0, 1, 2,...). 


The problem of solving the system (10.48) is greatly facilitated by the fact 
that the first n + 1 equations (n = 0, 1, 2,...) involve only the first n + 1 
unknowns, giving the system (10.48) its characteristic “triangular shape.” 
Solving the first equation of the system, we obtain 


Co by 
(bo # 0, by hypothesis). Substituting this value of cg into the second equation of 
the system, we obtain 


aby es agb, 


bo 


cy 


+] 


and so on. Thus, having found cp, cj,..., C,_; we Substitute these values into the 
(n + 1)th equation of the system (10.48), obtaining 
7 a, — Cob, 4, cb, eee Cn—1b, 


Cy * 
bo 


Example. The function 


f(z) = - (10.49) 


is analytic everywhere except at those points where e* — 1 vanishes and z does 
not, i.e., except at the points +27/, +477/,.... Substituting the power series 


(note that this expression is meaningful for z = 0). The series in the denominator 
converges for all z and does not vanish for z = 0, but otherwise has the same 
zeros as e* — |. The two zeros closest to the origin are at +27/i, and therefore f(z) 
has a power series representation (10.46) on the disk K:|z| < 22. To find this 
representation, we use our technique of division of power series. In the present 
case, the coefficients a,, b,, appearing in the system (10.48) are just 


.=0 (n=1,2,..,), 


(n = 0, 1,2,...). 


n 


~(n +2)! 
Therefore the first of the equations (10.48) gives 
Co = i. 

and the rest reduce to the recurrence relation 

Seen eae ree ¢,=0 (n=1,2,...), (10.50) 

°(n + 1)! *n! 7 ; 
relating c, to the values Co, C),..., Cy. 
The numbers c,n! are called the Bernoulli numbers and are denoted by B,,. 


To calculate B,, we use the recurrence relation (10.50), which now takes the 
form 


1 ————— 


_—— mms aft. © © oe 


"Ol(n+ 1)! Ain! "nll! 
(obviously By = cp0! = 1). Multiplying (10.51) by (m + 1)! and introducing the 


(n = 1,2,...) (10.51) 


notation 
(n+1)! ” + ') 
ki(n + 1—k)! k 
(the familiar binomial coefficient), we find that 


n+ 1) : in +] . nt 
B,( 0 ) + Bi( I )+e-+B, i )=0 (n ees 
(10.52) 
Equation (10.52) can be written symbolically as 


(1 + By" — Br = 0, (10.53) 


where after raising 1 + B to the (n + 1)th power, every B* is changed to B, (k= 1, 
2,....n + 1). Using (10.53) and the fact that By) = 1, we deduce step by step that 


By + 2B, = 0, B, = —}3B, = —}, 


By + 3B, t 3B, = 0, B, = 4B, — B, = 3, 
B, + 4B, + 6B,+4B,=0,  By= —}B,— B, — 2B, =0, 
By + 5B, + 10B, +- 10B, + 5B, = 0, 
B, = —3By — B, — 2B, — 2B; = —y¥s, 
By + 6B, + 15B, + 20B, + 15B, + 6B, = 0, 
B, = —3B, — B, — 3B, — *PB, — 3B, = 0, 
B, + 7B, + 21B, + 35B, + 35B, + 218, + 7B, = 0, 
B, +B, By 3B, SB, 5B, = 3B; = 7, 


“to ta. oa an a, ee et 


Collecting these results, we have 
B,=1, B,=—}, B=}, B=0, B=—ys, B=0, B=d,... 
(10.54) 


As suggested by (10.54), the Bernoulli numbers with odd indices greater 
than | vanish. To see this, we write 


= 


S(2)— Sm hot ak + eat Heath Hoot egz $ oe 
| (10.55) 
B 44 " B, - By 3 Bic Bn. 
= By g ob : 23 + 24 
i! (2! 3! ; 


and then replace z by —z, obtaining 


ze* 
(10.56) 


an aa 
B, , Bs 2 Bs is ey. van RW ct , 

aia cable 3° eas 

Subtraction of (10.56) from (10.55) gives 
Zz ze* 
f(z) — f( aa al z 
B, pee Dias Bam atmil | 
(2m + 1)! 


= 0, 


and hence, by the uniqueness of power series expansions, 
Ba By msss = Bay oe 


2B, = —1, 
as asserted. Using this fact, we finally write the expansion (10.55) in the form 
(10.57) 


where the series converges on the disk K:|z| < 22. Moreover, the fact that f(z) 
becomes infinite for z = +277 implies that K is the largest disk on which (10.57) 


converges (why?). 


Problem 1. Verify that formal “long division” of the series (10.43) by the 
series (10.44) gives a series (10.46) whose coefficients co, C1,..., C,,...Satisfy 


the system (10.48). 
Problem 2 (M1, p. 442). Verify the Taylor series expansions 


< me Bam m 
a) zcotz =1+ 2D Gm)! * (iz| <x), 
eo 22m22m _ 1)B, . 
b) tanz = 2 er ay am ztm-1—(|z| < n/2), 
zm 
Ce Fam 12m (12) <2), 


c) zsecz = 1+ 2 (DE Gm! 


involving the Bernoulli numbers B,,,,. 
Hint. Start from the example on pp. 220-222. 


Problem 3. Prove that the coefficients c,, in the expansion 
(10.58) 


satisfy the recurrence relation 
Co=C, = 1, Cy = Cay + Cre (n> 2). 


What is the radius of convergence of the series (10.58)? 


Comment. The numbers c, are called the Fibonacci numbers. 


' Concerning the meaning of lim, , see Sec. 42, Prob. 3. 


* Actually, it can be shown that 


n! V 2tn 


n” e” 


(1 + ¢), 


where e—> 0 as n — o, a result known as Stirling’s formula. See e.g., D. V. 
Widder, op. cit., p. 386. 

3 Similarly, the numbers Ay, G15... A,,...are often called the Taylor 
coefficients of the series (10.9). 

4 If the boundary of G consists of the single point 0, we write A= . Thus, if 
f(z) is an entire function, the series (10.19) converges for all finite z. 

> Note that the right-hand side of (10.21) is the general term of a convergent 
numerical series, 1.e., a geometric series with ratio |z, — Zo|/p < 1. 


© This branch can be represented in the form 
In z= In |z| + i arg z 


where |arg z| < 7. 

? Thus 1(1) = 1, t(2) = 2, (3) = 2, 1(4) = 3, 1(5) =2.... 

® As it stands, (10.38) is not a Taylor series in the z-plane. Note that F(z) = 
(Wo) = Ap, as required. Thus by must equal Ap in (10.39). 

” If there is no unique z, we choose any of the (finitely many) zeros which lie 
at the same distance from Zp. If (10.44) has no zeros at all, we set |z, — Zo| = p. 
[As always, min (a, a, B) = min (a, B) and min (a, a) = a, and similarly with min 
replaced by max.] 


CHAPTER I1 


LAURENT SERIES. SINGULAR POINTS 


54. LAURENT SERIES 


In the preceding chapter, we devoted considerable attention to the subject of 
power series, 1.e., expansions in nonnegative integral powers of the variable z — 
Zo. We now consider series of a related type, which involve arbitrary integral 


powers of z — Zp. These series closely resemble power series both in structure 


and basic properties. Our first result is analogous to the Cauchy-Hadamard 
theorem (Theorem 10.1): THEOREM 11.1. Given a series 


Ag + Ay(z — 2)? + Afz — 2)? + °°* + A(z— ay" +°°° (11.1) 


of negative powers of z — Zp, let 
r=lim VTA, I, 


and let y be the circle |z — zo| = 7, with interior I(y) and exterior E(y). Then 
there are three possibilities: 

1. [fr = 0, the series is absolutely convergent for all z in the extended plane 
except Z = Zp; 2. If 0 <r < 0%, the series is absolutely convergent for all z 
€ E(y) and divergent for all z € I(y); 3. Ifr = ©, the series is divergent 
for all finite z. 


Proof. The substitution 


(11.2) 


converts (11.1) into the power series 


Ay + AxZ + AgZ? + °** + A,Z*$¢°°, 


with radius of convergence 


The rest of the proof is an immediate consequence of Theorem 10.1, and the 
fact that (11.2) transforms the points z = zp, z = «© into the points Z = 00, Z= 0. 


Remark 1. Obviously, the behavior of the series (11.1) for r = 0 and r = 
can be regarded as the appropriate limiting case of its behavior for 0 < r < «0, We 
shall henceforth assume that r < 0, so that (11.1) converges on a domain, 1.e., the 
exterior of the circle y: |z — Z| =r. 


Remark 2. It is clear that every compact subset of E(y) is mapped into a 
compact subset of /(y*) by the transformation (11.2), where y* is the circle 


l 
\Z| ai 


Therefore, according to Theorem 10.2, the series (11.1) is uniformly convergent 


on every compact subset of E(y). It follows from Theorem 9.4 that (11.1) 
represents a function f(z) which is analytic at every finite point of E(y). 


Remark 3. The function f(z) is also analytic at z = 00, since the function /*(C) 


= f(l/Qis analytic at ¢C = 0 (see Prob. 1). Correspondingly, we define 
f(%) = lim f(z) = Ao. 


z~"@ 


We now introduce series of the form 


> a4n(z — 26)", (11.3) 


niwe—@ 


interpreted as the sum of the two series 


> a,(z — 29)", > a(2 —2z,)~" (11.4) 


The series (11.3) is known as a Laurent series, and is regarded as convergent 
if and only if both series (11.4) converge. In other words, 


> a,(z — z)"=lim > a,(z — z)"+lim > a_,(z — z)*, 


n=~— 2 n=0 ~omel 


or equivalently, 


> a,(z —z)"=lim > a,(z — 2)", (11.5) 


where and v approach infinity independently. Thus (11.5) means that given any 
¢ > 0, there is an integer M(e) > 0 such that Zl ™ RT ae 
whenever yu > Ne) v > Ne). 

According to this definition, the convergence behavior of a Laurent series 
depends on the corresponding behavior of the series (11.4). Consider the two 
’ —=limVja,|, r= lim Va_,]. 

circles T°: |z—zo| = R and y:|z — zp| =7, where Rava mo 

Then the first of the series (11.4) converges absolutely and uniformly on every 
compact subset of /(I) and diverges on E(I), whereas the second of the series 
(11.4) converges absolutely and uniformly on every compact subset of E(y) and 
diverges on /(y). The domains /(T) and E(y) have a nonempty intersection if and 
only if r < R, and if this condition is satisfied, the domain D = (T) N E(y) is a 
ring-shaped region or annulus, consisting of all points z such that * < |? — Zl < &. 
Clearly, both series (11.4) converge absolutely and uniformly on every compact 
subset of D, and hence the same is true of the series (11.3). It follows from 
Theorem 9.4 that the function Kz) defined by 


f)= 2 a(z—2)"  (r <|z — zl < R) (11.6) 


n=— ® 


is analytic on D. Moreover, since one or the other of the series (11.4) diverges if | 
Z— Zo| <r or |z — Zo| > R, so does the series (11.3). 


Remark. Henceforth, in talking about a Laurent series, we shall always 
assume that the condition r < RF is satisfied, so that there is an annulus on which 
the series converges. 


THEOREM 11.2. The coefficients of the Laurent series (11.6) are given by 
the formula 
Lr _£@ 


ar- 


Sie aypite HO E142..), LD 
Tt Ye Z— Ze 


where y, is any circle |z —z|=p,r>p>R. 


Proof. The series (11.6) is uniformly convergent on y,, and hence the 
I 1 


same is true of the series obtained by multiplying (11.6) by 2%! (2 — z0)*""’ 
where k is an arbitrary integer (why?). It follows from Theorem 9.3 that 


- = ee 
mee dz = ’ = a he (z _ zr" dz 


ay 
=—2 2n 
~ 1 fex 
—k i(n—k)8 
= Fad [pete era = a, 
n=—a0 2x 


where we use the fact that the last integral on the right vanishes if n # & and 
equals 27 ifn =k. 


COROLLARY 1. Let 


f= ¥ a(z—z)",  (2)= ¥ be— 2)" (11.8) 


be two Laurent series, which converge on annuli D and A, respectively, and 
suppose f(z) and g(z) coincide on a circle y,: |Z — Zo| = p contained in both D 
and A. Then 


a, = by (k = 0, +1, +2,...), 


i.e., the two series, (11.8) are identical. 
Proof. 


a oe | a BS a: 
ani“ (z — zy" 2mi “0 (z — z)*** 


(k = 0, +1, +2,...). 


COROLLARY 2. There is a unique Laurent series in the variable z — 2, 
which has a given sum on an annulus D:r < |z — zo| < R. 


Proof. Choose D = A in Corollary 1. 


Problem 1, Suppose the series (11.1) converges to f(z) for all z such that 
r<|z—Z| < 0, and let f*(C) = (1/C), f*(0) = Ap. Prove that /*(C) is analytic at 


C=0. 


Hint. If z) # 0, consider the series 
ro= 3 (ig): 


where |C| < min (7, |zo{~!). 


a2 
=) 


- 


. . a, 
Problem 2. Prove that if the Laurent series 2. 
represents an even function, then 


AdK+1 ~ 0 (k a 0, ool LZ s )s 
while if the series represents an odd function, then 
ay, = 0 (kK =0, +1, £2,...). 


Problem 3. Show that the Cauchy inequalities [cf. (10.12)] continue to 
hold for the coefficients a, (n = 0, +1, +2,...) of a Laurent series. 


55. LAURENT’S THEOREM 


Our next result is the analogue of Theorem 10.6: THEOREM 11.3 (Laurent’s 
theorem). Let f(z) be an analytic function on an annulus D:r < \z — zo| < R.! 
Then there exists a Laurent series 


f(z) = s a,(z — Z,)" (11.9) 
converging to fiz) on D. 
Proof. Let z, be an arbitrary point of D, and choose values of r’ and R’ 
satisfying the inequalities r <r’ < |z}— Z)|< R'<R. 


Then the annulus 
D'vr' <|z—Z9| < R' 


is contained in D and contains the point z,. Let y, be the circle |z — zo| = p, r 
<p < R, and let I be a circle with center z, such that [ C D’ (see Figure 


11.1). Since the function 


FIGURE 11.1 


xe) = LO 
oe 24 
is analytic on D — {z,}, it follows from Cauchy’s integral theorem for a system 
of contours (Theorem 7.3) that? 
+f £9 go1f M9 g41/( J0 4, G119 
2ni*'* z—2, 2ni“" z—2, 2ni * — 2, 
The last integral on the right is a Cauchy integral, and equals f(z,). Therefore 
fey= + fA az-+| 
(11.10) becomes 2niv * z— 2% 2ni* rz — 2 


or 


i. £ (z) 1 f f(z) 
z)=— dz+— i dz, 11.11) 
Se) 2ni*** z—2z, 2zi hy 2-2 ( 

As we now show, the first integral on the right in (11.11) leads to the 
nonnegative powers of z — Zg in the Laurent series (11.9), while the second 
integral leads to the negative powers of z — Zp. With this in mind, we express the 

l 
— (2 € YR) 
factor 7 ~ 71 
apperring in the first integral as a geometric series with ratio 


where 


2 —z _ 274 9 <1. 
Z— 2 R’ 


The result is 


, ' 2 (z,— 2)" (11.12) 


[cf. (10.20)], Where the series on the right is uniformly convergent on yp, since 


(z; — Zo)" 6" . 
S| = 0< 6 <1). 
(z—z)"*"1  R’ Cans 


Therefore the series 


2 eS ee.) (11.13) 


2niz—2z, n-02ni(z — z,)"**" 


obtained by multiplying (11.12) by the function 


+ f(z) 


2xi 


(which is bounded on yp’), is uniformly convergent on yp’, and we can integrate 


(11.13) term by term along YR’ obtaining 
+f £2 4 = Saf2,— 2)", (11.14) 
2ni “*" z — 2, n=0 


where 


Next we again consider (11.1) and express the factor 


a (z € ¥,) 


=. as (n = 0,1,2,.. 
“0 


A 


(11.15) 


where 


The result is 


1 1 
%-—2z (2z,—2)—(@— 2) 

1 l _ = (z — Zo)" 
yer? , 


21— 20, __ Z—20 n=0(Z; — Zo 


21 — Zo 
The series on the right is uniformly convergent on y,., since 


(z — z,)* 


7. «== 9 
(z; . 


= rp” (0<#< 1), 


and hence so is the series 


(11.16) 


xz 


2 
waa 2el (z — 2,7 ae 


Integrating (11.16) term by term along y,, we _ find _ that 
+ [ LO bz = Safer — 2)", (11.17) 


2ni*"'z,—z 


where 


tp £0 9, (m=i,2,..). (11.18) 
2ni Jy, (z — 2) "*"* 
Substituting (11.14) and (11.17) into (11.11), and replacing z, by z(z, 1s 
arbitrary), we finally find that 
f(z) = 2 an(z— Zo)" + 2 4-n(2 — 2) 2 a,(z — 29)’, 


which is the desired Laurent series (11.9). Moreover, using Theorem 7.3 to 
replace y,., and y,. by y, (r < p < R), we can combine (11.15) and (11.18) into 


; ee a tht). gi (n = 0, +1, +2,...), 
a single formula 2ni “Ye (z — 29) 


in complete agreement with (11.7). 


Remark. If r = 0 and R < ©, the annulus figuring in Theorem 11.3 reduces to 


a disk without its center. Such a set Mz) — {Zp} is called a deleted 
neighborhood of Zp, and will often be denoted by N’(zq). A function f(z) is said to 
have a Laurent expansion at z = Zg if f(z) has a Laurent expansion (in the variable 


Z — Zg) in some deleted neighborhood of zp. Similarly, if r > 0 and R = «, the 


annulus reduces to the exterior of a circle y:|z — zo| = 7, with the point at infinity 
deleted. Such a set E(y) — {00} = No) is called a deleted neighborhood of ». A 
function f(z) is said to have a Laurent expansion at z = © if f(z) has a Laurent 
expansion in some deleted neighborhood of « (see Prob. 1). 


f(z) 


Example. In the annulus 0 < |z| < 1, and hence at z = 0, the function 


~ 2x1 — 2) 


has the Laurent expansion 


while in the annulus 0 < |z — 1| < 1, and hence at z = 1, f(z) has the Laurent 
_ - +3 - 1)". 
expansion z—1 = se 
In the domain 1 < |z| < « and hence at z = ~, f(z) has the Laurent expansion 
ae | 


= —a 
n 
n=2Z 


The last expansion contains no positive powers of z, and is therefore valid at z = 
oo, where f(z) vanishes (see Remark 3, p. 226). 


Problem 1. Suppose f(z) has a Laurent expansion at z = ©, so that 
f) = Zz a,(z — 29)" (r < |z — Z| < ©). 


Prove that fiz) can also be represented in the form 


f@= > 42 @<\lz < ©), 


Nan — D 


i.e., the circle figuring in the deleted neighborhood of infinity (see p. 232) can 
always be chosen with its center at the origin. 


Problem 2. Expand each of the following functions f(z) in a Laurent 


series on the indicated domain: 
1 
a) PE SE | (0 < |a| < /4|) on the annulus ja) < |z| < [4]; 
ya th lus 1 <|z2| <2; 
DG? 21) on the annulus z| < 
c) a , Am (2) > 0) on the annulus 1 < |z| <2; 
(z - Me f 


d) e**@/*) on the domain 0 < |z| < «, 


Ans. 


m n 


1 z 
by 25 (19 i Disa for 1 < |z| <2; 


n=1 n=0Q < 
d) 5 caz® } ¥ cz for 0 < |z| < «, where 
n=0 h=l 


@ 1 
2k +k) 


Cy = C_= 


z—@a 


= 6 


Problem 3. Find the Laurent expansion of the function 
at Z= 00 


Ans. 


ad 5" a” 
2, —— for |z/ > max ( al, bd). 


56. POLES AND ESSENTIAL SINGULAR POINTS 


Let f(z) be a single-valued function which is analytic in a deleted 
neighborhood of a point Zo, i.e., on some domain 2:0 < |z — 29 < &. 
If there exists a finite complex number dp such that setting f(z) = dg gives a 
function analytic on the whole disk |z — zp| < R, including the point Zo, we call Zp 
a regular point of f(z) and (z) 1s said to be regular at z). However, if no such 
number dp exists, we call Zp) a singular point of f(z) [more precisely, an isolated 
singular point of single-valued character] and we say that f(z) is singular at Zo. 

Suppose f(z) is analytic in a deleted neighborhood D: 0 < | z— z,| < R of an 
isolated singular point zp. Then the basic tool for studying f(z) is its Laurent 


. S(@= & a(z—2)" (zeD), (11.19) 
series A=—@ 


where 


eh a Be ee ee 


2ni ‘Ye (z — z,)"*" 
and y, is the circle |z — zo| = p (0 < p < R). The expansion (11.19) can also be 
used in the case where Zp is a regular point of f(z). Then a, = 0 ifn < 0, and the 
Laurent series reduces to a Taylor series. 
THEOREM 11.4. Let f(z) be a single-valued analytic function defined on the 
domain D:0 < |z — Z| < R. Then Zp is a regular point of f(z) if and only if f(z) 
is bounded in some deleted neighborhood of Zo. 


Proof. lf f(z) 1s regular at zp, then f(z) 1s analytic on the whole disk K:|z — 
Zo| < R. Therefore f(z) is bounded in any closed neighborhood W(z,) < K and 
hence in some deleted neighborhood of zo. 

Conversely, suppose there is a deleted neighborhood W"(z,) C D and a 
finite constant M > 0 such that |f{(z)| < M for all z © W(z,). Choosing a circle 
Yp‘IZ — Zo| = p (0 < p < R) such that y, C W"(z), we use (11.20) to estimate 
the coefficients ay of the Laurent series (11.19): 


2 TP ° M 


i.e., |a,|<— 


1 
a41<— 


In "de 4 
(cf. Sec. 54, Prob. 3). Ifn < . then, letting p (0 < p R) approach zero, we find 
that 4n = 9 (n = —1, —2,...). 

Therefore the Laurent series (11.19) reduces to the Taylor series 


f(z) = Yaz — 20)". 


The sum of this series is analytic on the whole disk |z — zo| < R. Setting f(zo) 
= dp, we see that zp is a regular point of f(z), as asserted. 
COROLLARY. The point Zp is a singular point of f(z) if and only if f(z) is 
unbounded in every deleted neighborhood N"'(z,). 
According to the corollary, f(z) can behave in two possible ways in a 


neighborhood of an isolated singular point: 1. f(z) > 2% as z — Zo; 
2. f(z) approaches no limit (finite or infinite) as z — Zp. 


Simple examples show that both cases are possible. To illustrate the first case, let 


1 
z)= , 11.21 
f( G—2)" (11.21) 
where n is a positive integer. Then obviously f(z) is analytic for |z — zo| > 0, and 
lim f(z) = ©. 


To illustrate the second possibility, let 


f(z) = exp (—*— hs 
This function is also analytic for |z — zp| > 0, but unlike (11.21), fz) approaches 
no limit as z — Zp. In fact, let z lie on the straight line passing through Zp parallel 
to the real axis, so that z Zo °= x Xo, Where x — Xp is real. Then 


exp : > (x > Xp) 
\X oa Xo! 


as x — Xp from the right, whereas 


1 


X — Xe 


exp ( —0 (x < Xp) 


as X — Xq from the left. 


DEFINITION 1. An isolated singular point zy of an analytic function f(z) 
such that f(z) + © as z > Zp is called a pole of flz).° 


DEFINITION 2. An isolated singular point zy of an analytic function f(z) 
such that f(z) approaches no limit (finite or infinite) as z — Zo is called an 
essential singular point of f(z). 


THEOREM 11.5. The point Zp is a pole of the function f(z) if and only if it is 
a zero of the function 


1 

Az) = To’ 
Proof. \f Zp is a pole of f(z), then f(z) — © as z — Zp, and hence there is a 
deleted neighborhood W‘(z,) in which |f(z)| > 1. Obviously, @(z) = I/f(z) is 
analytic on #"(z)), and moreover (z)| < 1 for all z € W(z,). It follows from 


(Zo) 
Theorem 11.4 that zp is a regular point of @(z), and that ; f(2) 


(why?). Therefore Zp is a zero of ¢(z). 


Conversely, let @(z) be single-valued and analytic in a neighborhood 
N"(z9), and suppose Zg is a zero of @(z), where e(z) # 0. Then there is a 


number 6 > 0 such that the disk |z — zo| < 6 contains no zeros of @(z) other 
than Zp itself (cf. p. 210). Forming the function f(z) = 1/@(z), we see that f(z) 
is analytic for 0 < |z — Z| < 6 and approaches infinity as z — Zp. In other 
words, Zg is a pole of f(z). 


This result, which establishes a relation between poles and zeros, allows us 
to introduce the concept of the order of a pole. We say that the point Zp is a pole 


of order k (k = 1) of the function f(z) if zp) is a zero of order & of the function 


1/f(z). The pole is said to be simple if k= 1 and multiple if k > 1 (cf. p. 80). 
At a pole of order k, the Laurent expansion of f(z) has the characteristic 
structure given by THEOREM 11.6. The point zg is a pole of order k of the function 


fz) if and only if the Laurent expansion of f(z) at Zp is the form 


f(@) = az — m)* +°°> +a, — 2%)" 


(11.22) 
+ Gy + G,(Z — 2) + °°", 
where a, #0. 


Proof. \f f(z) has a pole of order & at zp, then I/f(z) has a zero of order k at 
1 
— = A(z — 29) + Apa(z — zg) + °° 
Ais eee 
where A, # 0 (cf. p. 211), and hence 


1 1 


- a ol - - 7 
Z — Zo) Ay + Agys(Z — 2g) + ° °° 


f(z) = ( (11.23) 
The power series 

Ay + Agya(z — 2%) +°°* 
represents an analytic function which is nonvanishing in Soule neighborhood 


of Zp (since A, # 0). It follows that the function 4e + Aes(2 — 20) + °* 


is analytic in a neighborhood of Zp, and hence has an expansion of the form 
ty + a4(Z — 2%) + °°", 


where 9 = 1/ A, # O. After substitution into (11.23), this gives 
SI) = az — Zo) * + a(z — 2) *+? + --- (a ~ 0), 
(11.24) 

which is just the Laurent expansion of f(z) at z) (see Corollary 2, p. 228). In 
fact, (11.24) coincides with (11.22) if we make the substitution a, = a,_,(n = 
as Dae eee 

Conversely, suppose f(z) has an ee > the form (11.22) at the 

fiz) = Q_, + G_.,;,(Z — 7%) + °° 


point zp, with a_, #0. Then (z — z)* 


which implies 


— 2) : 


Gy + @ays(z — 2) +°°° 


—— = (Z 
f(z) 


Replacing the function 


1 
Ay + O_pi(Z — Zo) +°°° 


by its Taylor series 


Bo + B(z — 2%) +°°-, 


we obtain 


1 
Fy 7 ~ 20'B + BE — 29) +21 
= Bz — 2)" + Bz — a) +, 


where By = l/a_, # 0. It follows that zp) is a zero of order k of the function 
1/f(z), and hence a pole of order & of the original function f(z). This completes 
the proof. 

COROLLARY. The point Zp is an essential singular point of the function f(z) 
if and only if the Laurent expansion of f(z) at Z) has infinitely many terms of 
the form a_,(z — zo) *, where k> 0, a_, #0. 

Proof. Obviously, Zp is a regular point if and only if there are no negative 
powers of z — Zz, in the Laurent expansion of f(z) at zp. The case of finitely 


many negative powers is covered by Theorem 11.6. The only other possibility 
is that zp is an essential singular point. 


Because of Theorem 11.6 and its corollary, we see that a decisive role is 
played by the negative powers of z — z, in the Laurent series 


> a,(z — z,)". (11.25) 


The series of negative powers 


—1 


a 
> a,(z — 29)" = 2 4-a(2 - 2)" 
“ 


n=— 0 


is called the principal part of (11.25), while the series of nonnegative powers 
> a,(z — z,)* 
is called the regular part of (11.25). 


Example. Consider the function 
f(z) = et™. 
Clearly, the expansion 


f@=145+ 5545 
converges for all z # 0 and represents the Laurent expansion of f(z) at the point z 
= 0. Since (11.26) contains infinitely many negative powers of z, the point z = 0 
must be an essential singular point of f(z). This is easily verified directly. In fact, 
fiz) — © if we approach z = 0 along the coordinate axes, while f(z) — 0 if we 
approach z = 0 along the lines y = + x bisecting the coordinate axes. Therefore 
f(z) approaches no limit as z > 0. 


7 hel (11.26) 


Problem 1 (M2, p. 18). Show that the Laurent series 
1 ] ) eee z 


a -+-— + 


batgatetitgt +n 


ied 


does not have an essential singular point at z = 0, although it contains 
infinitely many negative powers of z. Why doesn’t this contradict the 
corollary to Theorem 11.6? 


Hint. The series does not converge in a deleted neighborhood of z = 0. 


Problem 2 (M2, Sec. 3). Given a domain G, let f(z) be a (single-valued) 
function with the property that every point of G is either a regular point or an 
isolated singular point of f(z). Let g(z) be another function with the same 
property. Make a detailed investigation of the singular points of f(z) + g(z), 
fiz)g(z) for the case where a) f(z) and g(z) are both analytic on G; 

b) fz) and g(z) are allowed to have poles in G; c) f(z) but not g(z) is 
allowed to have essential singular points as well as poles in G; d) f(z) 
and g(z) are both allowed to have essential singular points as well as 


poles in G. 


57. BEHAVIOR AT AN ESSENTIAL SINGULAR POINT. PICARD’S 
THEOREM 


The complicated behavior of a function at an essential singular point is 
shown by 


THEOREM 11.7.4 If zp is an essential singular point of f(z), then, given any 
complex number A (finite or infinite), there exists a sequence of points {z,} 
converging to Zy such that 


lim f(z,) = A. (11.27) 


Proof. We can assume that A # «, since the theorem is obvious if A = 0 
[Az) is unbounded in any deleted neighborhood of zp]. Suppose the theorem is 
false, i.e., suppose that in an arbitrary deleted neighborhood W'(z,) of the 
essential singular point z, it is impossible to find points at which the values of 
f(z) are arbitrarily close to A. Then there must exist a number a > 0 such that 
\{z) — A| > a for all z © W(z,). It follows that for all z #(z,) the function 

1 


z) = 
= S(z)— A 
is analytic and satisfies the inequality 


l = 


ecu Cee as 


Therefore, according to Theorem 11.4, zp is a regular point of @(z), and the 


lim . 
value of @(z) at zy must equal =~ f(z) — A 


But f(z) cannot be bounded in any deleted neighborhood of Zp, and therefore 
this limit can only equal zero, 1.e., @(z) has a zero at zp. Therefore f(z) — A 
has a pole at zo, and the same is true of f(z) itself. This contradicts the 
assumption that zp is an essential singular point, thereby proving the theorem. 


COROLLARY. Let Zg be an essential singular point of fiz), and let E; be the 
set of values taken by fiz) in the neighborhood 0 < |z — Zo| < 6. Then the 
closure of E;, i.e., the set consisting of Es and all limit points of E, coincides 


with the extended complex plane. 


Example 1, The function 


f(z) = sin 


N le 


has an essential singular point at the origin. In fact, as z — 0, sin (1/z) approaches 
no limit (finite or infinite), as can be seen at once by just considering real values 
of z. If A = 00, the sequence {z,} = {i/n} satisfies the condition (11.27), since 


f(z.) = sin & = sin (—in) =—isinhn-»+ 0c as n—- ©. 


If A # 0, we solve the equation 


sin- = A, 


obtaining 
1 _ Arcsin A =4Ln(iA + V1 — A) 
r4 ! 

(cf. Sec. 32, Prob. 3b) or 


=> Sxo__._...—— wm sy  —— ee 
Ln(iA+V1—A*) In(iA + V1 — A*) + 2kxi 


Setting 


Ze ————— (n = 1,2,...), 

In(iA + J/1 — A*) + 2nzi 
we obtain a sequence {z,} which converges to zero and satisfies the condition 
(11.27), in fact the much stronger condition f(z,) = A(n = 1, 2,...). 


Example 2. The function 
f(z) = e”* 


has an essential singular point at the origin, since, as already noted on p. 235, f(z) 
approaches no limit as z — 0. If A = 0, the sequence {z,} = {1/n} satisfies the 
condition (11.27), since /(@n) =e" © as n—- o. 

If A = 0, the sequence {z,} = {—l/n} is a sequence of the required type, since 
then /@) =e" 70 as n-> ow, 

Finally, assuming that A # 0, A # 0, we solve the equation 


ells — A, 


The result is 


N t— 


which implies 


1 I 


7 = 


[nA In A+ 2kni’ 
Then, setting 


1 
Zz, = ————— (n = 1,2,...) 
"In A + 2nxi 


we obtain a sequence {z,} which converges to zero and satisfies the condition 
(11.27), in fact the much stronger condition f(z,) = A (n = 1, 2,...). 


Remark. In each of the above examples, except for certain special values of 
A (A = 00 in Example 1, A = 0, A = 0 in Example 2), we can find a sequence {z,} 


. . . lim f(z,) = A 
which not only satisfies the requirement » J 


of Theorem 11.7, but also the much stronger condition of exact equality 
f(z.) =A  (n=1,2,...). 

This is no accident, in view of the following result, known as Picard’ (great) 
theorem, whose proof will not be given here:° If zp is an essential singular point 
of f(z), then, given any complex number A + , with the possible exception of a 
single value A = Ao, there exists a sequence of points {z,} converging to Zy such 


that 
S(@,) =A (m = 1,2,...). 


In other words, the set Fs figuring in the corollary to Theorem 11.7 coincides 
with the finite complex plane, with the possible exception of a single point Ap 
(which is independent of 4). It is easy to see that this theorem implies Theorem 
11.7. In Example 1, there is no exceptional value Ay, while in Example 2, Ag = 0, 


I/z 


since the function e’’7 never vanishes. 


Problem 1. Prove that Theorem 11.7 remains valid if zg is a limit point 
of poles. 


Comment. Accordingly, a limit point of poles is sometimes classified as 
an essential singular point. In any event, a limit point of poles is regarded as 
a (nonisolated) singular point. 


Problem 2. Verify Picard’s theorem for each of the functions e* and cos 
(1/z) What are the exceptional values, if any? 


58. BEHAVIOR AT INFINITY 


Suppose f(z) is analytic at every point of the unbounded domain |z| > 7, 
ot possibly at the point z = 0. Then, making the preliminary transformation 


Con 
which carries the point z = oo into the point C = 0 and every sequence {z,} 
converging to co into a sequence {¢,} = {l/z,} converging to 0, we reduce the 


study of f(z) to that of the function *@ =/(/9, 
which is analytic in a deleted neighborhood of ¢ = 0; 


DEFINITION. We say that z = © is a regular point, a pole of order k or an 
essential singular point of f(z), depending on whether © = 0 is a regular point, 
a pole of order k or an essential singular point of f*(¢) It is an immediate 
consequence of the definition that if z = o is a regular point of f(z), then 
f*®) =a, + a2 free teg ae te 

f(z y= ay ta yzt?+++++a,7"%+°: 


Similarly, if z = 00 1s a pole of order & of AZ), 


f*@) = a0* + rae oe ao +a,+a.0+°°:, 


f(z) = ayz* + +++ + a2 + ag + a4z7"7+°° 


O= 2 ac, 


n——@ 


= 5 4,2, 


where infinitely many of the positive powers of z must be nonzero. In other 
words, the situation is the same as for finite points, except that the roles of 
positive and negative powers are now interchanged. Correspondingly, the 
principal part of a Laurent expansion at infinity consists of all terms with 
positive powers of z, and the regular part consists of all terms with nonpositive 
powers of z. 

As we know, it is not actually necessary to study the Laurent expansion of /* 
(C) at C = 0 in order to determine the behavior of /*(€) at ¢ = 0. In fact, /*(C) has a 


regular point at o 0 if f*(C) is bounded in a deleted neighborhood W(z,), a pole 
lim 00, 


(S) 
at C=Oifs = 


where a; # 0, while if z = 00 is an essential singular point of. Az), 3 


and an essential singular point at ¢ = 0 if 


lim f *(%) 


[0 


fails to exist. Correspondingly, f(z) has a regular point at z = 00 if f(z) is bounded 
in a deleted neighborhood N’'(cc), a pole at z = «if me ei 


and an essential singular point at z = 00 if 


lim f(z) 


fails to exit. 


Example. Suppose f(z) is an entire function, so that f(z) is analytic at every 
finite point and has the power series expansion 
S(z) = dg + 2 + °°* + 4,2" +°°° (11.28) 
which converges for all finite z, The series (11.28) converges in a neighborhood 
N'(o) and can therefore be regarded as the Laurent expansion of f(z) at z = o 
There are now just three possibilities: 1. f(z) is identically constant, 1.e., 


f(z) = a% 
and has a regular point at oo 
2. fiz) reduces to a polynomial of degree f, i.e., 
S(2) = dy + yz + °° * + a2" 
and has a pole of order k at 0; 


3. f(z) has an essential singular point at oo. 


In the third case, we say that f(z) is an entire transcendental function. In other 
words, an entire transcendental function approaches no limit (finite or infinite) as 
z—» 00,9 

The following result will be needed in Sec. 61: THEOREM 11.8 Jf Zp is a 
regular point of g(z) and an A-point or pole of fiz), where A # 0 then Zo is a 
simple pole of the function 


f') 
EL — A] = 11.29 
g(2 n[f(z) — A] a2) A (11.29) 


In fact, the Laurent expansion of (11.29) has the form 


ag(Zo) , .. 
meal 


zZ— Ze 
at every A-point of order o of f(z), and the form 


_ Seed... 


- 
— -0 


at every pole of order B of f(z). 


Proof. To keep things simple, we write only one leading term, using dots 
to indicate all higher-order terms. Suppose Zp is an A-point of order a of f(z). 
8(z) = g(z) + °°", 
S(2) —A=az—2z)*+°°° 


Then in a neighborhood of z) we have —- J (@) = az — 20)" °° - 
Denoting the function (11.29) by F(z), we _ find _ that 


= 4 aml ee 
F(z_) = [2(Zo) + °° —— 
a(z — z,)" + °°: 
& 1+::- 
—— I[st2o) ie 


ene 


x 


— [s(z9) + ---] = “8 4. 


Z— 2 zZ— Ze 
as asserted. 
On the other hand, suppose Zp is a pole of order B of f(z). Then Zp is also 


a pole of order B of f(z) — A, and in a deleted neighborhood of Zp, 
S@ —A=z—2z)*+>::, 

f'@) = —Pbe — mF >, 
so that, in particular, z) is a pole of order B + 1 of f(z). It follows that 


—Bb(z = z,)° 1 eee 
bz — z,)*+--- 


=P iits) rineeme f me 
z— 2, 1+::° 


F(z,) = ([g(z,) + °°°] 


-— Pig.) + °° - Peed 5... 


and the proof is complete. 


Problem 1, Find the singular points and investigate the behavior at 


infinity of the following functions: 
1 - z 1 e* 
Vron Vite 9am Orage OTe! 
f) ee Zs h) l 1 i) e* . 
e ” Bae" fab © "Se 
j) \ ot k) tanhz; 1) e¥/#*; m) zel/*#; nn) e*/1-*); 
eWlz-D 
) pte}. ow 
oe ; Pp) <a" 
Ans. 


a) Simple poles at 0, + 1; 0 is a regular point, in fact a zero of order 3; 

d) Simple pole at 0 and poles of order 2 at +27; 00 is a regular point, in fact 
a zero of order 5; g) © is an essential singular point; 

j) Simple poles at (24 + 1)zi, where k = 0, +1, £2,...; 00 is a limit point of 
poles; m) 0 is an essential singular point; 00 is a simple pole; 

p) Simple poles at 2k,;, where k = 0, +1, +2,...; 1 is an essential singular 
point; co is a limit point of poles. 


Problem 2. Find the singular points and investigate the behavior at 


infinity of the following functions: 
cos z . : _ cotz 2 

a) — ; b) tanz; c) tan®z; d) Te e) cotz — =; f) cotz— —; 

—_— so i) si i) f 
: : > ; I) sm ; as 

ar Sane ' cosz + cosa l—z / oer 


I 1 1 ] 1 
k) cot- —-; 1) sin-+--; m) e-*cos-; n) ef); 9) etantl/?)- 
Y 4 4 = of Zz 


Zz 
f \ / 1 ‘ 


I 
p) sin =a" q) sin i}: 
sin - cos — 


Ans. 


b) Simple poles at (2k + 1)2, where k = 0, +1, +2,...; «© is a limit point of 
poles; e) Simple poles at Aa, where & = 0, +1, +2,...; 00 1s a limit point 
of poles; h) Simple poles at (2k + l)m + a, where k = 0, +1, +2,..., ifa 
is not an integral multiple of 2, but otherwise poles of order 2 at 2kz if 
ais an odd multiple of z or at (2k + 1) 1f a is an even multiple of 7; in 
every case, © is a limit point of poles; k) Simple poles at I/Aa, where k 
= +1, +2,..., and a limit point of poles at 0; 0 is a simple pole; n) 
Essential singular points at l/An, where 4 = £1, £2,..., and a limit point 
of essential singular points at 0; oo is an essential singular point; q) 


Essential singular points at 2/(2k + 1)z, where k = 0, +1, +2,..., and a 
limit point of essential singular points at 0; 00 is a regular point. 


' The annulus may reduce to a “deleted neighborhood,” i.e., to a disk without 
its center (if r = 0, R < 0), to the exterior of a circle with the point at infinity 
deleted (if r > 0, R = &), or to the whole plane with the points zy and 00 deleted 


(ifr = 0, R =). See the remark on p. 232. 

* The circles yp, y,. and I are all traversed in the same (counterclockwise) 
direction. 

> Poles of rational functions have already been defined on p. 80, and the 
present considerations are the natural generalization of our previous results. 

4 Often called the Casorati-Weierstrass theorem. 

> For the proof, see M3, Sec. 51. 

6 An entire transcendental function was previously defined as an entire 
function, like e*, which is not a polynomial (cf. p. 111). We now see that it is not 
a coincidence that e* approaches no limit as z > © (cf. p. 117). 


CHAPTER 12 


THE RESIDUE THEOREM AND ITS 
IMPLICATIONS 


59. THE RESIDUE THEOREM. RESIDUES AT INFINITY 


Given a closed rectifiable Jordan curve L, suppose f(z) is analytic on j(Z) except 
for isolated singular points belonging to I(L)'. Our aim is to evaluate the integral 
| J (2) dz. 

First we note that /(L) can contain no more than a finite number of singular 
points of f(z). In fact, if (ZL) contained infinitely many singular points, these 
points would have a limit point € € jz). But then ¢ would be a nonisolated 
singular point (why?), contrary to hypothesis. 


DEFINITION. suppose f(z) is analytic in a deleted neighborhood #"'(Z9) of 
an isolated singular point zp. Then by the residue of f(z) at zy, denoted by. 
Res f(z), 


i~zo 
we mean the coefficient a_, in the Laurent expansion 


f(z) = BS az — z,)”, zEW'(z,). 
THEOREM 12.1 (Residue theorem). Given a closed rectifiable Jordan curve 
L, if fiz) analytic on YL), except for isolated singular points 2),..., Zp, 
belonging to /(L), then 


| Je )dz = 2ni Res f(z). 


k=1 z=2% 


Proof. Around each point z; (k= 1,..., 2), we draw a circle Yel? — Zl = Pre 
choosing the radii p, so small that 


1. (L) contains every circle y;; 
2. For every k = 1,...,n, E(y;,) contains y,(7 # 4). 
Then it follows from Cauchy’s integral theorem for a system of contours 
z)dz=[ f(z)dz+-:- . f(z) dz, 
(Theorem 7.3) that J poles hf el bent ) 
where all the integrals are taken in the positive (counterclockwise) direction. 
Now suppose the Laurent expansion of (f(z) at z is 
f(z)= > aP(z—2)” (k=1,..., n). (12.1) 


Then, integrating (12.1) term by term along y;, (which is permissible because 
of the uniform convergence 22 the series on y;,), we find that 


ki f(z) dz = ke > alt(z — z,)" dz = a” [ G — z,)" dz 
Since 


[ (z— z,)™ dz= [?" Coxe)” d( o,e"”) 


__ same) [2 .il(m+1)6 {2ni ifm = —l, 
” J, ° os {0 — otherwise, 
(12.2) reduces to 
( f(z) dz=2xia® (k=1,..., n). (12.3) 
«Ye 


Comparing (12.1) and (12.3), we have 
|, flz) dz z [ JS(z) dz = 2ni > alt! = ani Res f(z), 


and the theorem is proved. 
Before we can apply Theorem 12.1, we must learn how to calculate 


a mie Zy 1S a simple pole of (f(z), so _ that 


9 + a,(z — 2) + °° 


in some deleted neighborhood of zp. Then 


(z — zo) f(z) = a_, + ao(z — 2) + a,(z — 2)? + °° 


and hence 


a_, = Res f(z) = lim [(z — 2») f(z)]. (12.4) 


z=Z0 


The calculation is particularly simple if f(z) has the form 


2) = %2) 
f(z) Uz)" 


where (Zp) # 0 and w(z) has a simple zero at z = Zp, 1.e., w(Zp) = 0, w'(Zp) # 0. 
Then Zz) is a simple pole of f(z), and according to (12.4), 


Res f(z) = Res 22) = tim 2 — 202) — jim 2) _ _ 22) 
— veo U2) me YZ) ee Uz) ~ U0) (29) 
Z— Ze 
(12.5) 
On the other hand, if Zp is a pole of order k > 1 of f(z), the Laurent expansion of 
f(z) , fests of "= + ay 4 a,(z —z)+°°° 


f(z) at Zo is of the form (z — z9)" zZ— 2 


which implies 
(z — 2) f(@) =a, +°** +42 — 2)" 
+ az — z)* + a,(z — 2)? +---. 
Differentiating (12.6) A— 1 times, we obtain 


(12.6) 


d=" 
= ((z — zo)*f(z)] 
(k + 1)! 


k! 
= (k— Ila. + 7 adz — 20) + rT 


a,(z a Zz) + an 


which implies 


(k — 1)!a_, =lim = ((z — z9)*f(z)] 


sy dz*~" 


or 


1 a” 


~ > I ~ —_*¥*fl- 

an Rel— Fae 0 

Next let f(z) be analytic in a deleted neighborhood of the point at infinity, so 

that Kz) has a Laurent expansion of the form 
f(z) sr + SB EF ag tiagz tees tayz"+-° 


R < |z| < o). 

Suppose we integrate f(z) along the circle . \z| aay Tee p > R, choosing the 
following convention for the positive direction of traversing y,: An observer 
moving along y, in the positive direction finds the exterior of y,, and hence the 
point at infinity, on his left. In other words, the positive direction of traversing a 
curve surrounding the point at infinity is the clockwise direction.” It follows that 
[_f@ dz = oo dz = ia_, {7°40 = —2nia_,. 

This suggests defining the quantity —a_, as the residue of f(z) at infinity, since 
f(z) dz = 2nxi Res f(z), 


he ' 


then hi 
in keeping with the residue theorem. 


Remark. \t should be noted that the residue of f(z) at 00 is determined by the 
coefficient of one of the terms of the regular part of the Laurent expansion of 
f(z) at 0, whereas the residue of f(z) at a finite point z) is determined by the 
coefficient of one of the terms of the principal part of the Laurent expansion of 
f(z) at Zp. (Recall that in defining regular and principal parts at 0, as opposed to 
Zo, the roles of positive and negative powers of z are interchanged.) It follows 
that the residue of f(z) at 00 can be nonzero even when © is a regular point of f(z). 


l 
.  JS(z)=-, 
For example, © is a regular point of the function f z 


in fact, a simple zero, but. 


Res f(z) = —1 #0. 


THEOREM 12.2. If f(z) is analytic except at isolated singular points, then 
the sum of all the residues of f(z) equals zero. 


Proof. The function f(z) can only have a finite number of singular points, 
since otherwise the singular points of f(z) would have a limit point ¢ (possibly 
at infinity), and then C would be a nonisolated singular point of f(z), contrary 


to hypothesis. Thus there is a circle y,: |z| = p whose radius p is so large that 
all the finite singular points z),..., z,, of f(z) lie inside y,. Then, according to 


the residue theorem I, a 2ni Res J), (12.8) 


where y, is traversed in the usual positive direction for finite points, 1.e., in 
the counterclockwise direction. But relative to the point at infinity, this is the 
negative direction of traversing y,, and hence the same integral equals 
is f(z) dz = —2ni Res f(z). (12.9) 


Subtracting (12.9) from (12.8), we find that 


2ni| Res f(z) +++ + Res f(z) + Res f(@)| = 0, 


z=21 


or 


Res f(z) + +--+ Res f(z) + Res f(z) = 0, 


z=21 t—in ‘- 


as asserted. 


Example. Theorem 12.2 applies to any rational function, since a rational 
function has only isolated singular points, namely, its poles. 


Problem 1. Find the residues of f(z) at all its isolated singular points and at 
infinity (if infinity is not a limit point of singular points), where f(z) is given 


1 suede : 
a) oar b) uae: c) aaa (n a positive integer); 


4 — sin2z a 
ar 9 arp ) mary! 


1 
g) cot#z; h) cot®z; i) cos —s 3 


1 
p> cos — ; kp etter: f) sin zsin=. 
Ans. 
a) Res f(z) = —4, Resf(z)=1, Res f(z) =0; 
ge tl z=0 


d) Res f(z) = -3. Res f(z) =3. Res f(z) = 0; 
s=4 2=-i 2=0 

g) Resf(z)=0 (k =0, +1, +2,...); 
z=Kkrt 


j) Res f(z) = — Res f(z) = —4#2. 
g=2 


i-@ 


by 
Problem 2. Find the residues of all the single-valued branches of f(z) at the 
indicated point, where f(z) is the multiple-valued function defined by 


Viz 
atz=1; b) —————_atz =]; 
—2z 


z 
c) V(z —a\(z —b)atz = «0; d) ~———=atz =1; 
1-—- Vz 


Soot tii eh f) Wine arm 
z—b de . z—b _. 

a — bP 
Ans. a) +1; ©) § r ) . 


Problem 3. Calculate 


e) Ln 


e) a — b for all branches. 


Res [f(z), 


z= 


given that f(z) has a Laurent expansion of the form 


, 2-1 , G3 


+ 
at infinity. 
Problem 4. Calculate 


Res f(z)g(2), 
given that f(z) is analytic at z= a, while 


k with principal part = — 4 ee eee 
at z= a. 


Problem 5. Calculate 


Res 9[/(z)], 


given that 


a) f(z) is analytic at z = a, with f(a) # 0, while @(C) has a simple pole with 
residue A at the point ¢ = f(a); b) f(z) has a simple pole with residue A 
at z= a, while (¢) has a simple pole at infinity with principal part BC. 

Problem 6. Avoiding excessive calculation, evaluate the integral 
dz 
Lt 3(z* — 1)’ 
Where L is the circle |z| = 2. 


Hint. Use Theorem 12.2. 


60. JORDAN’S LEMMA. EVALUATION OF DEFINITE INTEGRALS 


The residue theorem is a powerful tool for the evaluation of definite integrals 
of real functions, especially integrals with infinite limits. We now illustrate this 
technique, known as “the calculus of residues,” after first proving the following 
useful LEMMA (Jordan's lemma). Given a family of circular arcs 


Yr:lz| = R, Im z > —a, 


where a is a fixed real number, let f(z) be a continuous function defined on 
every Yp such that 


m max |f(z)| = 0. 


= li 
R-xw 2€vR 


lim M(R) 
R-w 
Then 
lim ( f(z)e™* dz = 0 
R-wo Tr 


for every positive h. 
Proof. If 


a(R) = are sin = . 
R 


then 


lim a(R) = 0, 
R-@ 


and moreover 


lim Ra(R) = a 


R-« 


(why?). Suppose first that a > 0. Then on the arc AB shown in Figure 12.1 


e — ew < eralR) 
we have | 


and hence 
| },f@e™ dz < M(R)e**" Ra(R), 


where the right-hand side approaches zero as R > «. Therefore 


FIGURE 12.1 


2 r A ly 
lim | ,,f(@e"* dz = 0, 


and similarly 
lim = f(ze* dz = 0. 


On the other hand, using the inequality (7.36), we find that 


: 4 6 a 
le™| = jetRe | = ¢ ARsin < e2ARO/x 


on the arc BE, and hence 


m™M(R) 


1—e>*, 
oF 


| pel ze dz | < RM(R) prem m a0 " 


which implies 


lim f(ze™* dz = 0, 
R+ /BE 


and similarly 


lim |e f(zje™ dz = 0. 


R-@ 


Therefore 


lim [ f(z)e™ dz = lim 


R-w Yr R-@ 


(jf +f +f +f \see™dz =o, 
“AB BE “EC cD 

and the lemma is proved. If a < 0, the proof is even simpler, since then there 
is no need to estimate the integrals along AB and CD. 


Example 1. Evaluate the integral 


= cos ax 
J= oa ha 


(a>0, A>0). 


Consider the function 


FIGURE 12.2 


and the contour L shown in Figure 12.2, consisting of the segment AB: — R < 


x < R of the real axis and a semicircular arc yp of radius R. According to 
—he 


e™ 
dz = 2ni Res ———_ = = 


Theorem 12.1, (Li i ieee + a’ maiz*+a" a 
provided that R > a. But ifz € yp, then 


1 


_—_—- +0 as R>o, 
z?+ a’ 2 


a 
R*—a 


and hence the integral along yp vanishes as R — oo. It follows that 


m Tre —, dz= aa 1 —— dx = ne” 


aoe a 


li 
R~ 


and hence 


« ei ne 
——— dx = 12.10 
Caan ™ (12.10) 


Taking the real part of (12.10) and using the fact that cos 2x is an even function, 
@ —ia 
I = [PE aK =a >0, r4>0). 
we obtain “x +a 2a 


Example 2. Evaluate the integral 


© F otal 
S =m d 0<a<l). 
Ppa O<acn 


This time we start from the function 


e* 
1 + eé 


f(z) = 


and the rectangular contour L shown in Figure 12.3 consisting of the line 
y 


segments Y,, Y2, Y3, Y4. According to Theorem 12.1, 


FIGURE 12.3 
(f + ra +] ) se) dz = 2ri Res ——— = —2rie™ 
‘1 ve 4% vs seni 1 + e” 
[use (12.5)]. Clearly 
. <2" 
J, S@dz = [A 
-R etlattni) 
[,f@) dz= [- iq enn dx 
= — eens [F £ dx, 


“Ri +x 


while 


- 1 1 —¢A (z € ¥), 


ol = | aa ek e't-UR 


1 + eft 


et Rtiv) 
If(2)| = item < 


ee (z € 4). 


Therefore, as R — 0, the integrals along y, and y, vanish (recall that 0 <a< 
1). 


It follows 


that 
: (2 & ve 
tim (f, + Jy + Jat f.,) f(z) dz = (1 — e* irae = —2nie™, 


and hence finally 


dx = = 
o1 +e 1—e*™ sinax 


wo z a: ; amt 
Gm f° de me 2 _ ea <). 


Example 3. Evaluate the integral 


foo ° 
J = | oe dx (a>0). 
ti sinh 7x 


Consider the function 


FIGURE 12.4 


and the contour Z shown in Figure 12.4, where y, and y, and are circular arcs 
of radius r. Since f(x + i) = e f(x), the integrals along the upper and lower 


'R eit* 
1—e* dx, 
( ) Jr o'r a | 


horizontal line segments combine to give 
while the integral along the line segment joining the points R and R + i goes 
to zero as R — oo (verify this). Therefore, since f(z) has no singular points 


inside L, Theorem 12.1 implies 
rR eft 


(1 —e) | 


r ert= _ 1 


: (12.11) 
([,+J,,) sea + 30 =0, 
where 6(R) — 0 as R > o. Near z =i. we have 


f(z) ee) _ 1 Qn(z — i) + A(z — iP +°°° 
et 1 . 
Pie on Fim if , g(z), 


where g(z) is regular at z = i. Since 


z=i-+ re, dz = ire dd (z € y,), 


we have 
[fla dz = = J" dd +o) = — © + ey, 
where e(r) > 0 as r > 0 (why?). Similarly, 


| f@dz == |? id0 +000, 


i 
Zi 


where (7) > 0 as r > 0. Therefore (12.11) implies 


R ete fir ew i 
(l1—e™* ax ai ; dy+-(1+e" 
) | et | ib erty — | J ra ) 
+ B(R) + e(r) + 4(r), 
and hence 
f jar ; "y aay . 
(1 — e7*) |, =— =a dx =i Ke = dy + 3 +e), (12.12) 


after passing ti the limit as r — 0, R — o. Finally, taking the imaginary part 


of (12.12) and using the fact that 
fir oo fi-r @ l 
R dy=—| '—dy =—(e* — 1) + a(n), 
e|) re "5 eee ) + ofr) 
where w(r) — 0 as r > 0, we obtain 
$m [ere Bask gy TIE _1 sy 
a sinh mx 21-—e* 


Our next example involves a multiple-valued function: 


Example 4. Evaluate the integral 


= [ In x 
/0 (x? 1 1)" pas 


Consider the function 


Ln z 
(z* + 1) 


f(z) = 


and the contour ZL shown in Figure 12.5, where y, and yp are semicircular 


FIGURE 12.5 


arcs of radius r and R (> r), respectively. Since /(L) does not contain the branch 
points of Ln z, we can define single-valued branches on /(L). Choosing the 
principal value In z and noting that f(z) has a pole of order 2 at z = i, we deduce 


from Theorem 12.1 that 
(ae a oe a ee or si mt 
Ee ce se ) f(z) dz = 2x Res f(z) - anil 4 aa “le 

2ni( . 2!) _wieonx (12.13) 

oa 8 4 2 


[use (12.7)]. If z = Re”, 0 < 6 < x, then 
lin z| = Vin? R+ 62 < 2InR 


for sufficiently large R, and hence 


2InR 


R ade as R-o. 


[10 az| < 

Similarly, if z = re”, 0 < ®@ <x, then 

lin z| < 2In+ 
: 


for sufficiently small 7, and hence 


I 
2 In- 
r 


GFT 


mr—+0O as r—0O. 


i 


[ f(z) dz 


Nothing that 


[~ BE a | 


. -R (x? 4 1)* 


Rinx + xi 
r (x* + 1)* 


and taking the limit as r — 0, R — o, we deduce from (12.13) that 
ie In x Parad hg dx _wiix 
® (x* + 1)* “O(x*+1)% 4 - 

Comparing real parts, we finally obtain 


(how about imaginary parts?). 
Our final example concerns an integral with finite limits: 


Example 5. Evaluate the integral 


tal ———— gagan 
° (a + bcos 9)* 


setting 


we transform @# into an _ integral along the unit circle: 
| z dz 
# |s}=1 


os (:" + 28s + 1) 
The integrand has one pole of order 2 inside the unit circle, at the point 


va? — bt—a 
3. = 5 


b 


with residue 


d z - b*a 


dz(/ Jat—b®+a¥| (a® — BY)?” 
(: ¥ b j cs 


Therefore, according to Theorem 12.1, 


on do py 4 b*a _ 2na 
J =| (a pcosq)! "at — By Ge (a>b>0). 
Problem 1. Evaluate the following integrals: 
Qn dp . on dp 
ae a» i Gibeatge > 0b>0. 
Problem 2. Use Jordan’s Lemma to evaluate 
“ x COS x x x sin x 
a) — x? — 2x +4 10 7 b) i= x*+ 4x4 70% 
Ans. b) <i (2.cos2 + sin 2). 
Problem 3. Evaluate the following integrals: 
fo X COS ax # cosh ax 
Jo ain OF) Jo ooh (8 Se <n 
Ee sin ax 
 \. dane 


Problem 4. Prove that 


x In x In Va? + b? 


b 
Ni (x + a? + pe = b — oan 


where a and Dare real. 


Problem 5. Prove that 


ge 


;: ia ae (0 <a <1). 
Problem 6. Prove that 
li dx 2n 
371 —xKl +x v3" 


61. THE ARGUMENT PRINCIPLE. THE THEOREMS OF 
ROUCHE AND HURWITZ 


Our next result is an immediate consequence of Theorems 11.8 and 12.1: 
THEOREM 12.3. Given a closed rectifiable Jordan curve L, suppose g(z) 1s 
analytic on j(L), while f(z) is analytic on (L) except for poles in I(L) at the 
points by,..., b,. Moreover, suppose f(z) has A-points aj,..., a,, in I(L), but none 
on L itself. Then 


 f a(2) A dz = Sasa) DB,e(b,), (12.14) 
k=1 


oni” L A 
where a, is the order of a, and fi, the order of by. 


The first term in the right-hand side of (12.14) is the sum of the values of 
g(z) at the, 4-points of f(z), where each value is repeated a number of times 
equal to the order of the A-point. If we assume that each A-point of f(z) is 


> 2%, 2(a,) 
counted a number of times equal to its order, then the sum = 


can be regarded as just the sum of the values of g(z) at the A-points of f(z). 
> 6. g(b,) 


Similarly, the sum =1 

can be regarded as the sum of the values of g(z) at the poles of f(z), if each 
pole of f(z) is counted a number of times equal to its order. With this 
convention (which will be in force from now on), we can paraphrase 
Theorem 12.3 as follows: THEOREM 12.3’. Given a closed rectifiable Jordan 
curve L, suppose g(z) is analytic on (L), while f(z) is analytic on J(L) except 
for poles in I(L) and has no A-points on L. Then the integral 


= | os) 22) as (12.15) 


equals the sum of the values of g(z) at the A-points of f(z) minus the sum of 
the values of g(z) at the poles of f(z). 
Example 1. If g(z) =z, then 


» - _2f'(z) | ) m no 
dz=)>a,a 8,b,, 
oni iy 1Gi= 4 2 pay 2b k 


i.e., the integral (12.15) is just the sum of the A-points of f(z) inside L minus 
the sum of the poles of f(z) inside L. 


Example 2. If g(z) = 1, then 


l S'(z) . 
5 a - ™ 12.16 
nil f(z) — DS % — 28 ( ) 
where the quantity on the right equals the number of A-points of f(z) inside L 


minus the number of poles of f(z) inside L. 


Now suppose f(z) has N zeros and P poles inside L, where each zero and 
pole is counted a number of times equal to its order, as already described. (In 
particular, N or P re vanish.) Then, setting A = 0 in (12.16), we have 
1 fd f@) 

— | —Lnf(z)dz= dz = N — P. 12.17 

2ni lia ae 2 rt er z) 
The integral on the left is called the /ogarithmic residue of f(z) relative to the 
contour L. In other words, the number of zeros of f(z) inside L minus the 
number of poles of f(z) inside L equals the logarithmic residue of f(z) relative 
to L. 

The logarithmic residue of f(z) relative to L has a simple geometric 

interpretation. Choosing any point zy € L as the initial and final point of the 


path of integration, we make one circuit around ZL in the positive (i.e., 
counterclockwise) direction. Then Ln f(z) varies continuously, and in general 
returns to zy with a value different from its original value at zg. In fact, since 
Ln f(z) = In| f(z)| + i Arg f(z), 

the change in Ln f(z) is entirely due to the change in Arg f(z). Letting ® 


denote the original value of Arg f(z.) and ®, its value after the circuit around 
1 fd 1 Ries _ ae 
Side gg LBS @)dz = = lm f(za)| + 14] — = [ln |f(Z0)l + ie] 
ih 
L, we have an (12.18) 
Comparing (12.17) and (12.18), we find that? 


2 i. =z. Arg f(z). (12.19) 
2 

In other words, the number of zeros of f(z) inside L minus the number of 

poles of f(z) inside L equals 1/2x times the change in Arg f(z) when the 

contour L is traversed once in the positive direction. 


FIGURE 12.6 


There is still another way of interpreting this result: As a variable point z 
describes the closed curve L once in the positive direction, the image point w = 
fiz) describes a closed curve L* = f(L) in the w-plane, making some number v of 
complete circuits around the origin w = 0, where every circuit made in the 
positive direction is counted as +1 and every circuit made in the negative 
direction is counted as —1. For example, v = | in Figure 12.6. It is easy to see that 
A, Arg f(z) = 2rv, 
and therefore the number of zeros of f(z) inside L minus the number of poles of 
fiz) inside L equals the number of circuits around the origin made by the point w 
= fiz) as the point z traverses the curve L once in the positive direction. 

Making the obvious generalization to the case where A # 0 in (12.16), we 
summarize these results in the form of THEOREM 12.4 (Argument principle). 
Given a closed rectifiable Jordan curve L, suppose f(z) is analytic on ](L) except 
for poles in I(L) and has no A-points on L. Then the number of A-points of f(z) 
inside L minus the number of poles of f(z) inside L equals the number of circuits 
around the point w = A made by the point w = f(z) as the point z traverses the 
curve L once in the positive direction. 


We now turn to some implications of the argument principle: 


THEOREM 12.5 (Rouchés theorem). Given_a closed rectifiable Jordan 
curve L, suppose f(z) and g(z) are analytic on J[(L), and suppose that 


If) > Ig@I (12.20) 
at every point of L. Then f(z) and f(z) + g(z) have the same number of zeros 


inside L. 


Proof. Since f(z) cannot vanish on L, because of (12.20), we have 


A, Arg [/(2) + a2) = A,{Ares(2)| 1 + £2]! 
f@) ao) (22 
= z)+A 2. 
Ay Argf(a) + 4, Are[1 + £2] 
Moreover, since 
sz) <4 
f(z) 
for all z € L, the variable point 
g(z) 
an 1 + 2 
n"4@) 
stays in the disk |w — 1| < 1 as z describes the curve L. Therefore w cannot 
wind around the origin, which means that 
A,A E + aa = 0. 12.22) 
b ATS f@) ( 


Combining ( 12.21) and (12.22), we find that 
A, Arg [f(z) + g(z)] = Az Arg f(2), 


and the theorem is now an immediate consequence of the argument principle. 


THEOREM 12.6 (Hurwitzs theorem). Given a closed rectifiable Jordan 
curve L, suppose {f,(Z)} is a sequence of analytic functions on j(L) which 
converges uniformly on ](L) to a function f(z) 0. If L passes through no 
zeros of f(z), then there is an integer N(L) > 0 such that every function f,,{z) 
with n > N(L) has the same number of zeros inside L as the function f(z). 


Proof. Let uw be the minimum of | f(z)| on L; by hypothesis, pp > 0. 
Therefore, since {f,(z)} is uniformly convergent on L, we can find an integer 
N(L) > 0 such that |f@) —f@! < # < 1f)! 

for all n > ML) and z € L. But then, according to Rouché’s theorem, the 


+ Ufnl2) — f(2)] = JnlZ)s > NL 
functions f(z) and fO+U,0 -—f@l=f.@), 2 ) 


have the same number of zeros inside L, as asserted 


Example. Find the number of roots of the equation 


z? — 425+ z227—1=0 (12.23) 


of absolute value less than 1. 
Writing the left-hand side of (12.23) in the form f(z) + g(z), where 
f~a=—-44, gZ=274+2-1, 
we see that |f{z)| > (lg(zZ| on the circle (|z| = 1, since 
A= 44,=4, lg@l=l2+ 2-1 < [+ l41+1=3 
if |z| = 1. Therefore, according to Rouché’s theorem, the function 


f(2) + g(2) = 2% — 425 + 2-1 


has the same number of zeros inside the circle |z| = 1 as the function f(z) = —4z°. 
But f(z) obviously has five zeros inside |z| = 1, in fact, a zero of order five at the 
origin (recall our way of counting zeros and poles). In other words, equation 
(12.33) has five roots inside the unit circle, 1.e., five roots of absolute value less 
than 1. 


Problem 1. Find the number of zeros of each of the following 
polynomials inside the unit circle |z| = 1: a) z’ — 5z* + 27 — 2; b) z8 — 52> — 2z 
+1; ¢) 2? — 2764+ 2? - 87-2; d) 2? —7 +3z7-z+8. 


Problem 2. How many roots has the equation 
a) zt —5z+1=0 in the annulus 1 < |z| <2; 
b) z*— 8z + 10 = 0 in the annulus 1 < |z| <3? 


Problem 3. How many roots does the equation e* = az” have inside the 
circle |z| = R, given that |a| > e®/R"? 
Problem 4. Prove that the equation 
zt+et=2 3 C>)) 
has a unique real root in the right half-plane. 


Problem 5. Prove a given any p > 0, the function 
1 oJ 
fA@ealt+stin pba 


has all its zeros inside the circle \z| = p if 7 is sufficiently large. 


Hint. Use Hurwitz’s theorem. 


Problem 6 (M2, p. 118). Let {f,(z)} be a sequence of one-to-one analytic 
functions defined on a domain G, and suppose {f,(z)} is uniformly 
convergent on ever compact subset of G. Using Hurwitz’s theorem, prove 


ae : (z) lim f,(z) 
that the limit function f a f 


is also one-to-one (and analytic) on G. 


62. LOCAL BEHAVIOR OF ANALYTIC MAPPINGS. THE 
MAXIMUM MODULUS PRINCIPLE AND SCHWARZ’S 
LEMMA 


Armed with Rouché’s theorem, we now investigate the local behavior of the 
mapping produced by an analytic function w = f(z): THEOREM 12.7. Let the 
function f(z) be analytic at the point z = zp, where it has a simple wo-point.* Then 
there is a neighborhood A(z) [in the z-plane] and a_ corresponding 
neighborhood A”(W,) [in the w-plane] such that every point in A”(Wo) has a 
unique inverse image in A (Zp). 


Proof. Let y: |z — Z| = p be a circle such that f(z) has no wo-points in J(y) 
except at the point Zp itself. Such a circle must exist, since otherwise z) would 
be a limit point of wo-points, and then, by the uniqueness theorem for analytic 
functions (Theorem 10.8), f(z) would be identically equal to wy, contrary to 
the hypothesis that zy is a simple wo-point [so that f'(z)) # 0]. Choose the 
neighborhood .4(Z) to be U(y). Let ’= f(y) be the image of the circle y under 
the mapping w = f(z), let 5 be the distance between wy and I, and choose 4” 
(Wo) to be the disk | w — w,| < 6. Then, if w is an arbitrary point of 4 (w9), 
| f(z) — wel > 3 > |w — wol 
ae all z € y, and hence, by Rouche’s theorem, the two functions f(z) — wo 

and f(z) — w = f(z) — Wo + (Wo — Ww) 
have the same number of zeros inside y. But f(z) — wy has only one zero 
inside y, by construction, and therefore the same is true of f(z) — w, 1.e., w 


has a unique inverse image in f(Zg). 
COROLLARY. Let the function f(z) be analytic at the point z = Zp, where it 


has a simple wo-point. Then the inverse function f-'(w) exists and is single- 
valued in a neighborhood of the point w = Wo. 


Remark. Of course, in general, .4”(Z)) contains points whose images do not 
lie in 4(W). 


Theorem 12.7 is easily generalized to the case of multiple w -points: 
THEOREM 12.8. Let the function f(z) be analytic at the point z = Zp, where it has a 
Wy-point of order k = 1. Then there is a neighborhood A(z) and a 
corresponding neighborhood .f” (Wo) such that every point in A W(o) has at 
least | and at most k distinct inverse images in A (Zo). 


Proof. Let y, A’(Zo), I, 6 and (wo) be the same as in the proof of 
Theorem 12.7. Then, since f(z) — wg has k zeros inside y (by construction),° 
the same is true of f(z) — w. However, f(z) may have multiple w-points at 
points of .4”(zo) other than zg itself.° Thus we can only assert that every w € 
AN (Wo) has at least 1 but no more than k distinct inverse images in f(Zo). 


COROLLARY |. Let the function f(z) be analytic at the point z = Zp, where it 
has a wo-point of order k = 1. Then there is a neighborhood A(z) and a 
corresponding neighborhood (Wg) such that every point in A”(W9) except 
Wo itself has precisely k distinct inverse images in A (Zo). 

Proof. We need only make the circle y figuring in the proof of Theorem 
12.8 so small that both f(z) — wo and f’(z) do not vanish at any point of i(y) 
other than the point Zp itself. 


COROLLARY 2. Let the function f(z) be analytic at the point z = Zp, where it 


has a w,-point of order k > 1. Then the inverse function f!(w) exists and is k- 
valued in a neighborhood of the point w = Wo. 


Next we prove that the analytic image of a domain is a domain, in the 
following sense: 


THEOREM 12.9. If f(z) 4 const is analytic on a domain G, then f(G) is also 
a domain. 


Proof. Obviously f(G) is nonempty. The fact that ((G) is connected is 
almost trivial (see Prob. 5). To prove that f{(G) is open, let wy be an arbitrary 
point of f(G) and let z) € G be any inverse image of wy. Clearly Zp is a Wo- 
point of order k of f(z), where k is some positive integer. Therefore, by 


Theorem 12.8, there are neighborhoods (wo) and (zy) C G such that 
every point in .f“(W,) is the image of a point in .4”(zq). But this implies 
(Wo) C AL (Zo)] C AG),and hence wy is an interior point of f(G). Thus f(G) 
consists entirely of interior points, and the proof is complete. 


Theorem 12.10 has the following important implication: 


THEOREM 12.11 (Maximum modulus principle). If f(z) const # is analytic 
on a domain G, then \f(z)| cannot have a maximum at any point of G’. 


Proof. Let zq be an arbitrary point of G, and let wy = f(z). The image of 
any neighborhood .4“(zy) C G is a domain containing wp, and hence contains 
some neighborhood of wy. Therefore .#(Zp) contains a point z whose image w 
= f(z) 1s further from the origin of the w-plane than the point w, itself, 1.e., a 
point z such that |f(z)| > |Azp)|. In other words, |f(z)| cannot have a maximum at 


Z(). 


Finally we prove a consequence of the maximum modulus principle which 
will be needed later in studying conformal mapping (see Sec. 71), but is of 
considerable interest in its own right: THEOREM 12.12 (Schwarz’s lemma). Let 
fiz) be a function which is analytic on the disk K: |z| < R and vanishes at z = 0, 
and suppose that 


lf@|< M<o@ (12.24) 
for all z € K. Then the inequality 
el < ~ (2 (12.25) 
R 
holds for all z © K, and moreover 
If'(O)| < . (12.26) 


Equality is achieved in (12.25) [for some nonzero z € K] or in (12.26) if and 
only if f(z) is a function of the form 


f(z) = = es, (12.27) 


where a is a real number. 


Proof. From the Taylor series expansion 


fe) = S02 + ze4+-+-+ (zeK) 


[f(0) = 0 by hypothesis], it is apparent that the function 


f(z) 2 f"(0) ma 


pz) = a f'(0) 2 ee 
is analytic on the disk K and takes the value /'(0) at the origin. Let y, be the 
_|f@)_ M 


circle |z| = p, where 0 < p< R. Since the inequality |2| - 
holds for all z € y,, it follows from the maximum modulus principle that 


lee) < 
p 


for all z € Ay,). Therefore, letting p — R, we find that 
M P 
le(z)| < R (12.28) 


-M), 
for all z € K. if z #0, we substitute for @(z) in (12.28),obtaining V@ < R i 
This is the desired inequality (12.25), which is obviously valid for z = 
0.Moreover 9(0) = (0), and hence, when z = 0, (12.28) takes the form 


M 
‘(0)| < = 
IF'(O)| R 


which is just the inequality (12.26). Finally, we note that (12.25) can become an 

equality for some nonzero z € K or (12.26) can become an equality if and only if 

(12.28) becomes an equality for some z € K. But according to the maximum 

modulus principle, this is only possible if @(z) = const on K. Since this constant 
z) — o'* 


; Az 
must have absolute value MR, it follows that . R 


or equivalently that 
\ 
f ( z ) a = e' a 


Problem 1, Give an example of a function w = f(z) with a simple w-point 
at every point of a domain G which is not one-to-one on G. Reconcile this with 
Theorem 12.7 and its corollary. 


Problem 2. (M2, p. 90). Prove that Theorem 12.8 and its corollaries 
remain valid if zy = ©. 


Problem 3. (M2, p. 91). Prove that Theorem 12.8 and its corollaries 
remain valid if wy = ©, Le., if f(z) has a pole of order k = 1 at zp (we now allow zy 


= 00). 


Problem 4. (M2, p. 116). Prove the following generalization of Theorem 
4.2: Let f(z) be analytic at the point z = zp, where it has a wy-point of order k > 1. 
Then, under the mapping w = f(z), every angle with its vertex at z, is enlarged k 
times. 


Problem 5. Let E be a connected set and let f(z) be continuous on FE. Prove 
that the set f(E) is connected, 1.e., that the continuous image of a connected set is 
connected. 


Hint. If wo, w'€ fl£), let zo, z’ € E be inverse images of wo, w'. Then join wy 
to w’ by the continuous image of a curve joining Zp to z’. 


Problem 6. Give an example showing that if fiz) # const is merely 
continuous on a domain G, then f(G) need not be a domain Comment. However, 
according to a theorem of plane set topology (see Ml, Sec. 26),{G) is a domain 
if f(z) is one-to-one on G as well as continuous on G. 


Problem 7 (M2, p. 91). Prove that Theorem 12.9 remains valid if (z) is 
allowed to have poles in G, and if G and(G) are domains in the extended plane 
(see Sec. 12, Prob. 9). 


Problem 8 (Ml, p. 376). Prove the following minimum modulus principle: 
If f(z) * const is analytic on a domain G, then |f(z)| cannot have a minimum at 
any point of G other than a zero of f(z). 


Problem 9 (Ml, p. 376). Given a bounded domain G, let f(z)* const be 


analytic on G and continuous on G, and suppose |f(z)| has the same value at all 
points of the boundary of G. Prove that f(z) has at least one zero at a point of 
G. 


Problem 10. Let fiz) # const be analytic on a domain G. Prove that 
neither of the functions Re f(z) and Im f(z) can have a maximum or a 
minimum at a point of G. 


Problem 11 (MI, p. 298). Given a bounded domain G, let f(z)# const be 
analytic on G and continuous on G. Prove that there is a point ¢ in the 


[f()| = max | f(z)). 
boundary of G such that f 200 f 


Problem 12 (Ml, p. 298). Let f(z) # const be analytic on a domain G 
containing the circles Ye'l? ~7ol =P (<P <0) 
and their interiors. Prove that the maximum modulus function 


M(p) = max | f(z)| 


20Yp 
is a strictly increasing function of p in the interval (0, pp). 


Problem 13 (Ml, pp. 296, 298, 376). Prove the maximum modulus 
principle starting from the corollary to Theorem 8.4. 


' As usual, /(L) denotes the interior of L and I(L) denotes the closure of [(L), 
i.e., the union of J(L) and L. 


? Previously, in dealing with a contour L surrounding one or more finite 
points, we chose the counterclockwise direction as positive, since then an 
observer moving along L finds the interior of L, and hence the given finite 
points, on his left. 


> By A,A(z) is mean the change in A(z) as z traverses the curve L. This 
quantity is sometimes denoted by Var #@)- 

+ T.e., an A-point such that A = wo = f(zp). 

> Note that now f(zp) # 0. 

© At every such point, the derivative f(z) vanishes, as it does at zo. 

7 A real-valued function h(z) defined on a set E is said to have a (relative) 
maximum at a point z) € EF if there is a neighborhood .#(Zp) such that h(zp) = 


h(z) for all z © W(Z9) N E. A minimum is defined similarly, with = replaced by 
a 


CHAPTER 13 


HARMONIC FUNCTIONS 


63. LAPLACE’S EQUATION. CONJUGATE HARMONIC 
FUNCTIONS 


A function u(x, y) of two real variables is said to be harmonic on a domain G if 
the second partial derivatives 


o*u o*y o*u oy 
ox?’ axdéy’ dyax’ dy* 


exist and are continuous on G, and if at every point of G, u(x, y) satisfies the 
partial differential equation 


—+—=0, (13.1) 


known as Laplace s equation. Let u(x, y) and v(x, y) be two functions harmonic 
on a domain G, which satisfy the Cauchy-Riemann equations 


i ee (13.2) 


at every point of G. Then u(x, y) and v(x, y) are said to be conjugate harmonic 
functions (on G), and each of the functions u(x, vy), v(x, y) is said to be the 
conjugate harmonic function (or simply the harmonic conjugate) of the other. 
There is an intimate connection between harmonic functions and analytic 
functions, as shown by 


THEOREM13.1. A necessary and sufficient condition for a function f(z) = 
u(x, y) + iv(x, y) to be analytic on a domain G is that its real part u(x, y) and 
imaginary part v(x, y) be conjugate harmonic functions on G. 


Proof. To prove the necessity, suppose f(z) is analytic on G, and hence 
differentiable at every point of G. Then, according to Theorem 3.2, the 
functions u(x, y) and v(x, y) are differentiable and satisfy the Cauchy-Riemann 
equations (13.2) at every point of G. The function /(z) is also analytic on G, 


being the derivative of a function analytic on G (recall Theorem 8.5, 
Corollary). Since 


Ou .du dv. , av 
i i Ox ae ae 


we see that 
Ou Ou 
—, -_-— 13.3 
ex oy ( ) 
and 
s = (13.4) 
dy Ox 


are pairs of differentiable functions on G, satisfying the Cauchy-Riemann 
equations. Writing the first Cauchy-Riemann equation for (13.3), and the 
second for (13.4), we find that 


d(au\ af au’ a av 
ax “a -2(-%). 2(e) x (2). 
or 


Ou au av av 
oe + er = 0, 
éx* = ay” ox* 2 oy" 


Thus each of the functions u(x, y) and v(x, y) satisfies Laplace’s equation 
(13.1) . It only remains to show that u(x, y) and v(x, y) have continuous 
second derivatives. But this follows at once from the fact that /"(z) is analytic 
on G (why?) and can be written in any of the forms 


. Ory e*p , Ory i a*p 


ae ee ee ;—— mam =e 
Ox Gy ~ @x dy Oy ox  oyox 


To prove the sufficiency, we note that if u(x, y) and v(x, y) are conjugate 
harmonic functions, then, in particular, they have continuous first derivatives 
on G, and hence are differentiable on G (recall the remark on p. 51). Since u(x, 
y) and v(x, y) also satisfy the Cauchy-Riemann equations on G, it follows from 


Theorem 3.2 that f(z) = u(x, y) + iv(x, y) is analytic on G. 
Example 1. The function 


S(z) = e& = e*(cos y + isin y) 


is analytic in the whole plane, and hence its real and imaginary parts 


u(x, y) = e* cos y, v(x, y) = e* sin y (13.5) 


are harmonic in the whole plane. It is easily verified that both functions 


(13.5) satisfy Laplace’s equation. 
Example 2.. Let G be the whole plane cut along the negative real axis 
(including the origin). Then every single-valued branch of the multiple-valued 


function 


f(z) = Lanz = In |z| + iArgz 


is analytic on G. It follows that 


u(x, y) = In {z| = In Vx? + y*, v(x, y) = argz + 2kx 


is a pair of conjugate harmonic functions on G, for every k = 0, + 1, +2,.... If 
v(x, y) is thought of as a multiple-valued function, then it has infinitely many 


“single-valued harmonic branches.” 
More generally, let 


A 
ram “ 


f(z) = Ln ; 


Z— 2, 


and let G be the plane cut along the line segment joining z, to z,. Then our 


harmonic functions become 


——, w(x, y) = iarg —— + 2kn 
z zZ— 2s 


zZ— Ze 
(k = 0, +1, +2,...). 


u(x, y) = In 


Example 3. Let f(z) be single-valued and analytic on an annulus D: p < |z 
— Zo| < R. Then f(z) has the Laurent expansion 


= 


f(z) = 3 a,(z — 2)" 


n— 


. (zE D), 


or in polar coordinates, 


f(z) = y oreo) — SF o r"(cos (nO + 9) + isin(n6 + 9,)], 


where we write 


a, = oe™. z= z= re”. 


This implies 
u(r, 9) = Re f(z) = s e,r" cos (n8 + 9,), 
v(r, 9) = Im f(z) = s o,r” sin (nO +- 9,). 


It is customary to write u(x, y) and v(x, y) for the expressions obtained from u(r, 
0) and Wr, 0) after transforming back to rectangular coordinates.! Then the nth 
term of the series for u(x, y) turns out to be a homogeneous polynomial of degree 
nin x and y, called a harmonic polynomial (see Prob. 3). From the standpoint of 
simplicity, the expressions in polar coordinates are preferable to those in 
rectangular coordinates. 


Example 4.. Later on, an important role will be played by the real and 
imaginary parts of the function 


which is analytic on the disk K:|z — z9| < p. Writing z — zp = re'®, and denoting 
the real and imaginary parts of f(z) in polar coordinates by u(r, 8) and v(r, 9), as 
before, we have 


+ re® (pe? + re oe* — re~®) 


, 8) + in(r, &) = 
u(r, 6) + iv(r, 9) pe? —re® (pe — re pe” — re~®) 


_ p® — r* + 2ipr sin (6 — 9) 
o* + r* — 2or cos (0 — 9) 


The corresponding (single-valued) conjugate harmonic functions on K are 


2er sin (8 — 
Se eae ae ’ v(r, 8) = — mee 9) 
o° + r*— 2oercos (6 — 9) pe +r°—2oercos (8 — 9) 


o*— 7? 


u(r, 8) = 


Both expressions have the same denominator 


(pe — re\(pe-* — re-®) = |pe'? — rel? = [pe — (z — z)I* 


equal to the square of the distance between the point z and the point z,) + pe’? on 


the circle |z — Zo| = p 


Next we ask whether every function u(x, y) harmonic on a given domain G 


can be regarded as the real (or imaginary) part of a function f(z) analytic on G. In 
other words, can we always find another function v(x, y) harmonic on G which is 
a harmonic conjugate of u(x, y), 1.e., which together with u(x, y) satisfies the 
Cauchy-Riemann equations (13.2) on G? The answer to this question is in the 
affirmative, as shown by 


THEOREM 13.2. Given a function u(x, y) harmonic on a simply connected 
domain G, then, to within an arbitrary real constant, the function 


iz.y) du du 
w(x, y) = aed 7 y dx + me dy] (13.6) 
is the unique harmonic conjugate of u(x, vy) on G, where the line integral is 
evaluated along any rectifiable curve L C G joining the fixed point (Xo, Yo) to 


the variable point (x, y). Similarly, to within an arbitrary purely imaginary 
constant, the function 


. fi2w ( Ou Ou 
——d — dy 
"Nims \ dy sel Ox y, 
(13.7) 


f(z) = u(x, y) + iv(x, y) = u(x, y) 4 
is the unique analytic function on G with u(x, y) as its real part. 
Proof. Clearly, the proof reduces to finding all the solutions of the system 


ry, Boom) (a 


on G, where 


P(x, y) -%, Ox, = (13.9) 


are given functions with continuous first partial derivatives. In terms of the 
functions (13.9), Laplace’s equation for u(x, y) becomes 


0Q _ OP 
ax dy. 


But this is just the condition for 


(z.y) 


w(x, y) = [ {P(x, y) dx + Q(x, y) dy} (13.10) 


to be a solution of (13.8) on G’, and the general solution of (13.8) can only 
differ from (13.10) by an additive constant (why?). The theorem now follows 
by combining (13.9) and (13.10). 


Remark. Suppose G is multiply connected. Then the integral (13.6) will in 
general take different values for different paths joining (Xp, yo) to (x, y), giving 


rise to a multiple-valued function v(x, y), unless the path is confined to a simply 
connected subdomain of G. Let D be such a subdomain. Then, just as in the 
proof of Theorem 8.3, (13.6) defines single-valued branches of v(x, y) on D, 
where the particular branch depends on the path taken from (Xo, vo) to some 
fixed intermediate point (x;, y,;) in D, and any two branches differ only by a real 
constant [cf. (8.5)]. In other words, if G is multiply connected, Theorem 13.2 
remains valid if we replace G by any simply connected subdomain D C G and 
interpret (13.6) as any single-valued branch of v(x, y) on D. Correspondingly, we 
interpret (13.7) as any single-valued branch of f(z) on D, where f(z) is now 
multiple-valued. It should be noted, however, that all the branches of f(z) have 
the same derivative 


i.e., f(z) is single-valued on G. 


Problem 1.1 u is harmonic,is the same true of u*? More generally, if u is 
harmonic, for which functions fis f(u) also harmonic? 


Problem 2. Let u(x, y) and v(x,y) be a pair of conjugate harmonic 
functions, and let x(u, v) be a harmonic function of the variables u and v. 
Prove that 


xlu(x, y), o(x, y)] 
is a harmonic function of the variables x and y. 


Problem 3. Calculate the harmonic polynomials p,(x, y) and q,(x, y) 
defined by the equation 


where n = 1, 2, 3, 4. 


Problem 4. Suppose the integral (13.10) has a given value when 
evaluated along a piecewise smooth Jordan curve L C G joining the points 
(Xp, Yo) and (x, y). Prove that it has the same value when evaluated along any 
rectifiable curve L C G. 


Hint. After proving that f(z) is analytic on G, exploit the fact that f(z) is 
also analytic on G. Alternatively, use the key lemma of Sec. 36. 


Problem 5. Given a simply connected domain G and a function v(x, y) 
harmonic on G, prove that to within an arbitrary real constant, there is a 
unique analytic function on G with v(x, y) as its imaginary part. 


Hint. Cf. Theorem 13.2. 


Problem 6. Find the conjugate harmonic function v(x, y) corresponding 
to 


a) u(x, y) = x® — y*® + x on the domain |z| < 0; 


7 


b) u(x, y) = 


= 3 on the domain 0 < |z| < o, 
x?+y 


Why is v(x, y) single-valued in b? 


Problem 7. Let G be the complex plane cut along the negative real axis 
(including the origin). Then the function 


u(x, y) = $ In (x? + y*) 


is harmonic on G, and in fact equals In |z|. Verify by direct use of formula 
(13.6) that to within an arbitrary real constant, the function 


v(x, y) = arg z 


is the harmonic conjugate of u(x, y). 


Hint. Let (x9, Yo) = (1, 0), and use paths of integration consisting of line 


segments parallel to the real and imaginary axes. Then use the expressions for 
arg z in terms of arc tan (y/x) given on p. 4. 


64. POISSON’S INTEGRAL. SCHWARZ’S FORMULA 


We can use the correspondence between harmonic functions and analytic 
functions, given by Theorems 13.1 and 13.2, to deduce various properties of 
harmonic functions from familiar properties of analytic functions. Our first result 
along these lines is the analogue of the theorem on expansion of an analytic 
function in power series (Theorem 10.6): 


THEOREM13.3. Let u(x, y) be a harmonic function on a domain G, with 
harmonic conjugate v(x, y), let z9 be an arbitrary (finite) point of G, and let A 


= A(Z) be the distance between zy and the boundary of G. Then u(x, y) and 
v(x, y) have expansions of the form 


u(x, y) = u(r, 6) = a + ¥ (a, cos n8 — 8, sin nf)r", (13.11) 
n=l 


v(x, y) = o(r, 6) = By + 5 (8, cos nO + a, sin n6)r™ = (13.12) 
n=1 
on the disk |z — zo| < A*, where z — zy = re”. 


Proof. Using formula (13.7), we form the function f(z) which is analytic 
on G and has u(x, y) as its real part. According to Theorem 10.6, f(z) has the 
power series expansion 


f(z) = Lae — 2)" (13.13) 

on the disk |z — zo| < A. To obtain (13.11),we substitute 
a,=%+i8,, z—zZz=re 
into (13.13) and then take the real part of the resulting equation 


f(z) = ¥ (eq + i8,)r"e™, (13.14) 
n=O 


To obtain (13.12), we take the imaginary part of (13.14). 
Our next result is analogous to the Cauchy-Hadamard theorem (Theorem 
10.1): 
THEOREM 13.4. Given two series of the form (13.11) and (13.12), let 


a ae (13.15) 


lim yj, + iB,| 


n> 2 


Then (13.11) and (13.12) converge uniformly on every compact subset of the 
disk |z — Zo| < R to a pair of conjugate harmonic functions. The series do not 


converge on any larger disk. 


Proof. In addition to Theorem 10.1, use Theorems 10.2 and 10.3.4 


The following result will be needed below: 


LEMMA. The series 


OE oc) 23 (£)"cos n(6 — 9), 

o” + r® — 2ercos (8 — 9) ora» (13.16) 
eee od) 25 (£)'sin n(6 — 9) 

pe? +r? —2ercos(@— 9) an-1\p 


converge uniformly on every compact subset of the disk|z — Zo| < p. 


Proof. Staring from 


pe? + (z= 2) _ _, 5 __2pe? _ 
pe? — (z — 2) oe (z — 2) 


we set z— zy = re” (r < p) and use Example 4, p. 274 to take real and imaginary 


parts of the resulting equation. 
An integral of the form 
dg, 


ra on e oat 


with the “‘kernel”’ 


*—r* pe + (z — 2) 
te a ee , 
pe + r* — 2ercos (8 — 9) pe’? — (z — Zp) 


is called a Poisson integral. As we now show, a characteristic feature of 
harmonic functions is that they can be represented as Poisson integrals: 


THEOREM 13.5. With the same notation as in Theorem 13.3, 


1 fan e=-* 
at ee a ee ee i 8, 
u(r, 9) “a u(p, 9) e* + r* — 2er cos (8 — 9) le 
1 fen ial 
Ban ee aad | 
wr) ol, ane p* +r? — 2prcos(@— 9) ~ a 
forr <p<Aand arbitrary 8. Moreover 
1 on 2er sin (6 oa 2) 
ip, 3 ie Se. Te 
u(r ) Bo an fi u(p 9) °° rier a 2er cos (6 — ?) : 


in terms of u(r, 9). 


Proof. We start from formula (13.11), with r replaced by p (p < A), 0 
replaced by @, and n replaced by m: 


u(p, p) = a& + > (en cos mp — B,, sin m@)p™. (13.20) 


Using the uniform convergence of (13.20) in @ for every p < A, we multiply 
(13.20) by cos n@ and integrate term by term with respect to » between 0 and 
2n. The result is 


1 
Xt = i u(p, p) dg, 


2x 
. (13.21) 
[** ule, 9) cosngdg (n > 1). 


mp” °° 


et, = 


Similarly, multiplying (13.20) by sin n@ and integrating term by term with 
respect to @ between the same limits, we obtain 


—3,= (**u(o, e)sinnedp (n> 1). (13.22) 


™p” -° 


Substitution of (13.21) and (13.22) into (13.11) and (13.12) gives 


u(r, 6) = nu "ule, e)de+> - “ule, (7) cos n(6 — 9) d9, 
au? a=1 °° v-) 


oor. v4 (13.23) 
o(r, 6) = 8. + 2 =| u(p, (7) sin n(@ — 9) d9. 


Formulas (13.17) and (13.19) now follow at once from the lemma, after 
multiplying the series (13.16) by 


1 
me u(p, 9), 


integrating term by term with respect to @ from 0 to 2m for fixed r and p (r < 
), and comparing the results with (13.23).° Moreover, since (13.17) holds for 
an arbitrary harmonic function on G, we can replace u(r, 8) by vr, 9), 
obtaining (13.18). 

Another proof of formulas (13.17) and (13.18) exploits the analogy 
between Poisson’s integral and Cauchy’s integral. Let y, be the circle of 
radius p with center zo, and let z € /(y,). Inverting the point z in the circle y,, 
we obtain the point 


» 
arg f AS) dt 
2ni * 0S — z* 


(cf. Theorem 8.4). subtracting the second of these equations from the first, 
We find that 


ne 1 1 y 
f(z) = aa ff 2 ——— | a 


» " « ae 


Which becomes 


1 fan ° reil?0) 
f(z) = an ih fE he i(6—9) r __ potle—@) d¢ 


— TC 


—_——_—"———— da, 
e* + r® — 2ercos (8 — ¢) , 


if we write 


C—z=t — 2 — (z — 2%) = pe” — re®, 


C—z*=C — z, — (z* — 2) = pe 


Finally, replacing f(z) by u(r, 8) + iv(r, 8) and f(C) by u(p, ~) + iv(p, ©), and 
taking real and imaginary parts, we obtain (13.17) and (13.18). 


COROLLARY. With the same notation as in Theorem 13.3, let fiz) be an 
analytic function on G with u(r, 9) as its real part. Then 


a ef? + (z — 2%) 
f(z) = iy +5 Pu ; SS de (13.24) 


e* —(z—z, 


(p, 9) ® 
° 


in terms of u(r, 9), a representation known as Schwarz’ formula.® 
Proof Multiply (13.19) by 1 and add the result to (13.17). Then recall 
Example 4, p. 274. 


Although a trivial consequence of Theorem 13.5, the next result is 
sufficiently important to warrant being called a theorem: 


THEOREM 13.6. With the same notation as in Theorem 13.3, 
u(Xo, Yo) = Zz. [u(e. 9) do, (13.25) 
2x 
where Zp = (Xo, Vo), P < A(Zo), or more explicitly, 
1 fax : 
U(X9, Yo) = 7a |, u(X9 + PCOS 9, Yo + pSin —) dg. 


In other words, the value of a harmonic function u(x, y) at the point (Xo, Vo) 


equals the average of its values on the circle |z — zp| = p with center (xo, yo). 


Proof. Set r = 0 in formula (13.17). Alternatively, take the real part of 


formula (8.11), p. 174. 
Remark. Setting u(r, 9) = 1 in (13.17), we obtain the formula 


> 2 2 
Eg i  ( (13.26) 
2x*® 9% + r* — 2prcos (6 — 9) 


which will be needed later. 
Finally we establish some results on harmonic functions implied by the 
maximum and minimum modulus principles: 


THEOREM 13.7. Let u(x, vy) # const be harmonic on a domain G. Then u(x, 
y) has neither a maximum nor a minimum at any point of G. 

Proof. Let zy) = Xq + iyo be an arbitrary point of G, and consider any 
neighborhood .f(z)) C G. Use Theorem 13.2 to form a function f(z) = u(x, y) 
+ iv(x, y) which is single-valued and analytic on (Zp). Then 


g(z) = ef) 
is analytic on #(Zg). Moreover, g(z) # const [since u(x, vy) # const], and 
lg(z)| =e“. 


The function u(x, y) cannot have a maximum at (Xp. yo), since otherwise |g(z)| 
would have a maximum at Zp, thereby contradicting the maximum modulus 
principle (Theorem 12.11). Similarly, u(x, y) cannot have a minimum at (Xo, 
Yo), Since otherwise |g(z)| would have a minimum but not a zero at Zp, thereby 
contradicting the minimum modulus principle (Sec. 62, Prob. 8). 

Alternatively, we can give a proof starting directly from Theorem 12.9. 
The analytic function w = u + iv = f(z) maps (zp) onto some domain ¢ in 
the w-plane, containing the point wo = f{zp). Obviously, Y contains both 
points with abscissas larger than u(x, yo) and points with abscissas smaller 
than u(X9, Yo), 1.¢., u(x, y) can have neither a maximum nor a minimum at (Xp, 
yo). This method of proof has been anticipated in Sec. 62, Prob. 10. 


COROLLARY 1. Let u(x, vy) be harmonic on a bounded domain G and 


continuous on G. Then u(x, y) achieves its maximum and its minimum on the 
boundary of G. 


Proof. Since u(x, y) is continuous on the compact set g, it achieves both 


its maximum and its minimum on g (cf. Theorem 2.7). But u(x, y) cannot have 
a maximum or a minimum at a point of G. 


COROLLARY 2. Let u(x, vy) be harmonic on a bounded domain G and 
continuous on G and suppose u(x, y) = const on the boundary of G. Then u(x, 
y) = const on G. 


Proof. Apply Corollary 1. 


COROLLARY 3. Let u,(x, y) and u(x, y) be two functions harmonic on a 
bounded domain G and continuous on G, and suppose u,(x, y) = ux(x, y) on the 
boundary of G. Then u,(x, y) = u(x, y) on G. 


Proof. The function 
u(x, y) = u(x, y) — ua(x, y) 
satisfies the conditions of Corollary 2, where the constant equals zero. 


Problem 1. Prove that if u(x, y) is harmonic on a domain G, then u(x, y) 
is analytic in the variables x and y, 1.e., u(x, y) has a “double power series” 
expansion of the form 


i) 


u(x, y) _ z Conn(X as x—)™y ~ Yo” 
m,n=0 


in a neighborhood of every point Zp) = xg + ivy € G. 


Problem 2. Suppose f(z) = u(x, y) + iv@, y) 1s analytic at the point zp) = xo 
+ iyo, where f(z9) = Cg. Prove that 


= Z+ zg Zz — Zp -. 
a) f(z) = 2U 2 > i — Co; 

_f{zZ+Zg Z— 2 . 
b) f(z) = 2v( =O on )+ fo. 


: J 
Pon fear Get, = = anti 
a) u(x, y) = x? — y* + 2; b) u(x, y) = e*(x cosy — ysin y) +p? 
c) lx, y)=x+y-—3;  d) v(x, y) = cos x sinh y — sinh x sin y. 
Ans. a) z22+2+ Ci(Creal); c) (1 +z —-—3i4+C. 


Hint. Use the result of the preceding problem. 


Comment. If f(z) is analytic at the origin, these formulas can be 


simplified further by setting zy = 0. 


Problem 3. Find the analytic function f(z) = u(x, y) + iv(x, y), given that 


u(C) 


1 = 
f@ = =f nt FO. 


2 yu(t) 1 2 u(t) . 
u(z) = ibe 23 G—xtp™ f(z) = = i — +iC (Creal). 


c) ox, y) = x+y -3; 


d) v(x, y) = cos x sinh y — sinh x sin y. 
Ans. a) z7 +2 + Ci (C real); c) (1 + i)z—3/4-C. 


Problem 4. Derive the following version of Schwarz’s formula (13.24): 


IKi=R& — 2 


{= = 

Problem 5. Let u(z) be harmonic on the domain G:|z| > R, and let f(z) be 
analytic on G. Derive integral representations analogous to Poisson’s integral 
and Schwarz’s formula for u(z)and f(z) in terms of their values on the circle 
Iz|=R 


Problem 6. Let u(z) be harmonic in the upper half-plane G- Im z > 0, 
and let f(z) be analytic on G. Derive integral representations analogous to 
Poisson’s integral and Schwarz’s formula for u(z) and f(z) in terms of their 
values on the real axis. State conditions for the convergence of the resulting 
integrals. 


Hint. Map G onto the unit disk. 
Ans. 


~ yu(t) 


i u(t) 
- & (t = xy +y 


1 
dt, Le ae (C real). 


u(z) = [ 


65. THE DIRICHLET PROBLEM 


Let G be a domain with boundary J; and let u(z) = u(x, y) be a continuous 
real function defined on I. Consider the problem of finding a function u{x, y) 
such that 


1. u(x, y) is harmonic on G and continuous on ¢; 
2. u(x, y) = w(x, y) at every point of 1. 


This is the Dirichlet problem, of great importance in mathematical physics as 
well as in function theory. 


Remark. To give a physical interpretation of the Dirichlet problem, imagine a 
rigid wire frame, in the shape of some closed curve, supporting a stretched 
membrane whose boundary is fastened to the frame.® Suppose the projection of 
the frame onto the xy-plane is a closed Jordan curve I, with interior /(IT) [see 
Figure 13.1], and suppose the membrane, regarded as a surface, has the equation 


u = u(x, y) 


where u(x, y) is continuous on 7P). Clearly, the values of u(x, y) on P depend on 
the position of the frame; let these boundary values be denoted by u(x, y). Then, 
as is well known,’ the equilibrium position of the membrane in the absence of an 
external load (and of any effect due to the membrane’s own weight) is given by 
the solution of Laplace’s equation 


FIGURE 13.1 


which satisfies the boundary condition u(x, v) = w(x, y) at every point of I. In 
other words, the problem of determining the equilibrium position of a stretched 
unloaded membrane reduces to finding a function harmonic on /(I) and 
continuous on 7P), which takes given values f(x, y) on I. But this is just the 


Dirichlet problem for G = (IT). Conversely, any given Dirichlet problem can be 
interpreted in terms of finding the equilibrium position of a stretched membrane, 
supported by a rigid frame corresponding to the given boundary conditions. 


We now consider the Dirichlet problem for the simple but important case 
where the domain G is a disk |z — Zp| < p with circular boundary T°: |z — zo| = 


o.!° Then the function ,1(z) takes the form 
w(z) = w(Zo + pe"*) = u(p) =O < ¢ < 2n), 


where u(@) must obviously satisfy the condition u(0) = u(27.) If u(@) coincides 
with the values u(p, @) taken on I by some function u(r, 8) which is harmonic on 
a disk |z — Z| < p’ of larger radius than G (so that p’ > p), then, since 


0? — r® 


1 far 
»9)=— , d 
u(r, 0) = J, ules @) 2 9 


+ r® — 2pr cos (6 — 9) 
(see Theorem 13.5), the Dirichlet problem has the obvious solution 


e—r 


1 fa 
u(r, 0) = 5 I" u09) do (13.27) 


o* + r® — 2prcos (8 — 9) 
in terms of Poisson’s integral, and moreover this solution is unique, by Theorem 
13.7, Corollary 3. However, the true nature of the problem emerges only when 
the function (@) is specified a priori, without reference to a function already 
known to be harmonic on a larger disk than G. As might be suspected, even in 
this case, the solution of the Dirichlet problem is still given by (13.27). In fact, 
we have the following 


THEOREM 13.8 (Dirichlet problem for a disk). Let G be the disk |z — zo| < 
p with boundary I: |z — zo| = p, and let w(@) be a continuous real function in 


the interval [0, 21] such that (0) = w(27). Then the function u(r, 9) defined by 
the integral (13.27) for any point (r, 9) in G, and by 


u(e, ) = u(p) 


for any point (p, ©) in T, solves the Dirichlet problem for the domain G. 


Proof First we prove that the integral (13.27) defines a harmonic function 
on G. The reasoning here is essentially the reverse of that used to prove 


Theorem 13.5. According to the lemma on p. 278, if r < p We have!! 


u(r, 6) =~ [wl ee 
7 Onto Wp +r —2prcos(@— 9) * 


= re i ule) de +32 Poo(2) cos n(8 — 9) de 
= iano) dp +> [ : [ue cos n@ a] r" cos nO 


™p” 


+ | . (ue) sin n@ do] r™ sin no| 


Tp" 
= Og + - (a, cos nO — 6, sin n6)r”, (13.28) 
nel 


where 


1 fin 1 as 
ha [ wUp)dy, a, = _ [, u(p)cosnpdp (n> 1), 
(13.29) 


—6,= +. ["we)sinnede (n> 1) 
Tp" * 


[cf. (13.21) and (13.22)]. In particular, 


1 


™e 


1 
7p" 


lo, 3 i8,| =— 


an 2x 
a upeerds| < [lol de, 


and therefore 


/ OL 


l 

Se Via,t+® lim Ma, +78, 
(recall Sec. 42, Prob. 5), where R is the number given by (13.15). It follows 
from the representation (13.28) and Theorem 13.4 that u(r, 0) is harmonic on 
G. 

Next we prove that the function u(r, 8) defined by the integral (13.27) 
approaches [U(@Q) as the point (7, 0) in G approaches any fixed point (p, @p) in 
T. Using (13.26), we form the difference 


1 tm p—rs 
,9 a — _ -- a , 
u(ras On) — HC 0) 2n J (aCe) — H¢)] e° +r, — 2er,,cos(8, — 9) - 


(13.30) 


where {(7,,, 9,)} is an arbitrary sequence of points in G converging to the 
boundary point (p, @). Since W(@) 1s (uniformly) continuous on I} given any 
¢ > 0, there is a number 6 = d(¢) > 0 such that 


lw) — uo) < (13.31) 


whenever 


lp — Pol < 28. (13.32) 
Assuming that 6 is such that (13.32) implies (13.31) and is also so small that 


y — 25 > 0 and @p + 28 < 2z,!? we write 


1 an 
u(r» 9.) — WCPo)] = fs [ = ; 


" Fd rod 


1 2n 
1 ea | 
(13.33) 


where in each case the dots denote the rest of the integral (13.30). For the 
middle term in the right-hand side of (13.33), we have the estimate 


1 i el [a *—r e 

— — “*#* ef -— . 2 ee sy ae de = = 9 

2x * %e 22 pe +r, — 2er, cos (6, — 9) 2 
(13.34) 


where we have used (13.31) and (13.26). To estimate the other two terms, we 
choose n so large that |0,— | < 6. Then 


1 rSo—25 1 an 
1 f | 4 + ea | 
1 °* = rc ro 28 tr ) 
62 d d 
2x p* + ry — 2er, cos 8 J ie Irae 7 


e—r 


< 2M (13.35) 


o* + r? — 2pr, cos3’ 


where 


M = max |u(9)I, 
Pe(0,2n) 


and we have used the fact that 
cos (6,, — 9) < cos 3, 


2 r? °* = r? 
ee 6 ne en as 
e* +r, — 2er,, cos (6, — 9) . o* + r2 — 2ercos8 
if |0,, — Qo| < 6 and @ belongs to either of the intervals [0, @) — 26] or [@p + 
26, 27]. The right-hand side of (13.35) obviously approaches zero as r, — p. 
Therefore, for sufficiently large n, 


eos A as a 
Je | 4 teow] <t (13,36) 
(naturally, we assume that 7 is also so large that [0,, — @p] < 6). Comparing 


(13.33), (13.35) and (13.36), we find that 
|u(r,, 9.) — w(Po)l < © 
for sufficiently large 7, 1.e., 
cae [u(r,,, 9.) — w(Po)} = 9, (13.37) 
where {(7,,, 9,,)} is an arbitrary sequence of points in G approaching (p, Qo). 


Equation (13.37) still holds if some or all of the points (7,,,0,,) lie on I, since 


then we can make direct use of the continuity of u(@) [recall that u(p, ©) = 
u(@), by definition]. In otherwords, u(r, 8) is continuous on G, and the proof 
is complete. 


Problem I (M2, p. 157). Let u(@) be a continuous real function in the 
interval [0, 27] such that (0) = (27) and let 


1 Qn 
mo =|, wede, m=], wlp)cosnede (n> 1) 


air 


Bn = L u(p)sinnedp (n> 1). 
Starting from Theorem 13.8, prove that the formal Fourier series 


a + > (a, cosmp + 8, sin ne) 


no 


is uniformly summable by Abel’s method to (@), i.e., as r > 1 —,!> the 
function 


wr, @) = a 4 F (& cosne + 8, sinner" (0<r <1) 
n=l 


converges uniformly to p(@) in [0, 27]. 

Problem 2 (M2, p. 158). Using the result of the preceding problem, 
prove that if u(@) is a continuous real function in the interval [0, 27] such 
that (0) = (27), then, given any ¢ > 0, there is a trigonometric polynomial 

(9) = s (a, cos ne + 6, sin n9) 
such that 


Ix(p) — u(p)| < (0 < @ < 2r), 


' This entails the following slight abuse of notation: 


u(x, y) = u(r, 9), v(x, y) = ofr, 8), 


* See e.g., D. V. Widder, op. cit., Theorem 4, p. 227 and Theorem 5, p. 229, 
where it is assumed that LZ is a piecewise smooth Jordan curve. Actually, Z can 
be an arbitrary rectifiable curve (see Prob. 4). 

3 If the boundary of G is empty or consists of the single point 00, we write A 
= oo, The numbers an a, and f,, are real. Also recall footnote 1, p. 274. 


4 Obviously, the number A figuring in Theorem 13.3 cannot exceed R. 


> In keeping with Theorem 13.2, v(r, 0) is defined only to within an arbitrary 
real constant Bo. 


© Again in keeping with Theorem 13.2, f(z) is defined only to within an 
arbitrary purely imaginary constant if, = Im f(z). 

’ This result is the analogue of the corollary to Theorem 8.4. 

8 By a membrane we mean a thin sheet whose thickness is negligible 
compared to its other dimensions, and whose resistance to bending is negligible 
compared to the tension forces applied to the sheet at its boundary. (These forces 
are normal to the supporting frame and tangential to the surface of the sheet.) 
One might think in terms of a thin soap film. 


° See e.g., R. Courant and D. Hilbert, Methods of Mathematical Physics, 
Volume I, Interscience Publishers, New York (1953), p. 247. 

'0 The Dirichlet problem for more general domains is considered in M2, Sec. 
pay 

'! Multiply the first of the series (13.16) by (1/2)u(@) and integrate term by 
term with respect to @ from 0 to 27. 

'2 There is no need to consider the case @y = 0 separately, since the axis of 
our polar coordinate system (from which the angles 0 and @ are measured) can 
always be rotated to make @q > 0. 

'3 We write r — a — if r approaches a from the left (and r > a + if r 
approaches a from the right). 


CHAPTER 14 


INFINITE PRODUCT AND PARTIAL 
FRACTION EXPANSIONS 


66. PRELIMINARY RESULTS. INFINITE PRODUCTS 


The factorization (4.1) of a polynomial suggests the possibility of finding an 
analogous representation for an arbitrary entire function f(z). This is in fact 
possible, as will be shown in Sec. 68. First we dispose of the trivial case where 
fiz) has no zeros or only finitely many zeros: THEOREM 14.1. Jf an entire function 
fiz) has no zeros, then f(z) is of the form 


f@ =e, 
where g(z) 1s an entire function. 


Proof. Since f(z) does not vanish, the function 


_£@) _4@ 
h(z) = "Gy a Ln f(z) 


is entire, and hence, by Theorem 8.1, SO is 
[neo ae = [ins] * = tase) — Ln fo, 


- 
‘= 
on 
{= 


Therefore 


fe) = et, 


where 
g(z) = i h(%) dt + Ln f(0) 


is entire. 
Example. If g(z)is a constant, then so is f(z). Otherwise, f(z)is an entire 
transcendental function, as defined on p. 243. 


THEOREM 14.2. Let C),..., Gy be the distinct zeros of an entire function f(z), 
where G is of order k; (j = 1,...,m). Then f(z) is of the form 


S@ = —&)---@— Fe, (14.1) 
where g(z) is an entire function. 


Proof. By hypothesis, the function 


F(z) - f(z) 


(z — G)1---(¢ — 0)" 
is entire and has no zeros. Therefore, according to Theorem 14.1, 
F(z) = &™”’, 
where g(z) is entire. But this is just another way of writing (14.1). 


Example. If g(z) is a constant, then f(z) is a polynomial. Otherwise, f(z) is an 
entire transcendental function. 


We must now digress to develop the theory of infinite products, since it turns 
out that such products are the natural tool for representing f(z) in the case where 
fiz) has infinitely many zeros. By an infinite product we mean an expression of 


14.2 
the form II " (14.2) 


with complex nonzero factors u,. Let 


{p.} : {Uyty seu u,} (14.3) 


be the sequence of partial products of (14.2). Then the infinite product (14.2) is 
said to converge if the sequence (14.3) converges to a nonzero limit, and the 


limit of the sequence is called the value of the infinite product. Moreover, if 
lim p, =u #0, 


n- 2 


we write 


Tha, = 4. 
An infinite product which does not converge to a nonzero (finite) limit is said to 
be divergent. 


Obviously, a necessary condition for the infinite product (14.2) to converge 
limu, = 1 
is that n+« , 


since if 


lim T[u,=u+0, 


n+co k=1 


then 


IT « 
lim u, = lim =—— =1 
no n~ @ 

IT % 

k=1 


In view of this, it is convenient to write the general term of the infinite product 
(14.2) in the form “n = 1 + Yn, 
where now a necessary condition for convergence is that 


lim v, = 0. 
n~@ 


THEOREM 14.3. The infinite product 


II (1 + v,) (14.4) 


n=1 


converges if and only if the infinite series 


> In(1 + »,) (14.5) 
n=l 


converges. 


Proof. Convergence of (14.5) implies convergence of the two series 
Yinji+o,|,  Darg(i+,), 
n=] n=1 
i.e., of the two sequences {s,}, {o,,} with terms 


s, = >In |1 + o,| = In| TT (1 + o) 
k=1 k=1 


and 


Sp => arg (1 + v,) = Arg, hc + 0) | : (14.6) 
kel k=l 
where Arg, denotes that value of the argument for which the equality (14.6) 


i \ tes - 

1 + o)j = {e*(cosc, + isin, 14.7 
holds. Therefore the sequence IT¢ ry)| = {e’(cos og + isin o,)} (14.7) 
converges to a nonzero limit, 1.e., the infinite product (14.4) coverges. 


Conversely, if 


Tra +v,)=u 0, 
n=1 


then the limit 


lim |1 + vj) +++ |1 + oy] = lu] #0 


n-*o 


exists (why?), and hence the series 


>In [1 + »,| (14.8) 
n=1 


converges. Moreover, according to Sec. 6, Prob. 3, there exists a sequence of 
n n 


Are [TT (1 +o) |] =Zarg (1 + 0) + 2m, = 9, 
values =1 1 
(with integral u,), converging to any given value ® of Arg uw. Since 


Dass = ,,| — jarg (1 v nts) 5 2r(Uats a Un) 


> 2m |Uas — Hal — 7, 


and since 


lim Dias 1 ®,,| s 0, 


it follows that all the nonnegative integers |u,.; — u,| vanish if n exceeds a 
certain integer NV > 0, 1.¢., B+ = Byes = °°" = 

But then the sequence {®, — 2zu,} converges, as well as the sequence {@,} 
itself, and therefore the series are lel 
converges. This fact, together with the convergence of (14.8), implies the 
convergence of (14.5). 


Remark. suppose the infinite product (14.4) converges. Then, according to 
Theorem 14.3, the infinite series (14.5) also converges, and hence, using the 
continuity of the exponential, we can take the limit as v — oo of the obvious 


. ; T (1 +9) <ex [Sima +e]. 
ee : F 2, 


obtaining 


Il (1 + v,) = exp | Sim ae >) ; (14.9) 
Lee | n=1 


The infinite product (14.4) is said to be absolutely convergent if the infinite 
series (14.5) is absolutely convergent. Since we can arbitrarily rearrange the 
terms of an absolutely convergent series without destroying the convergence of 
the series or the value of its sum, it follows from (14.9) that we can arbitrarily 
rearrange the factors of an absolutely convergent product without destroying the 
convergence of the product or changing the value of the product. 


THEOREM 14.4. The infinite product 
Il (1 + 0,) 
Le | 


is absolutely convergent if and only if the infinite series 


>», (14.10) 
is absolutely convergent. 
Proof. It follows from the expansion 
SF enigg cn ME a veserga lb Oe a _...) 
in (1 + v,) = 0, — 2 +5 = »,(1 aes 

proved in Example 2, pp. 206-207, that 

1 1 1 iv 

3 Pal = oai( -5-3-"°) < |In (1 + »,)| 


1 1 3 
<lol(t + +5 +-+-) =e 


| ae . “In (1 + 0) 
if |¢.| < 2 (why is this no restriction?). Therefore, as asserted, * 1 


is absolutely convergent if and only if (14.10) is absolutely convergent. 


Finally we consider infinite products whose factors are functions. An infinite 


1 + 0,(z)), 14.11 
product of the form il [1 + ,(2)] ( ) 


where every v,(z) is a function defined on a given set E, is said to be uniformly 
convergent on E if the sequence of _ partial products 
{p,(z)} = {[l + o(2))- + [1 + 2,(2)} 
is uniformly convergent on E. 
THEOREM 14.5. Suppose every term of the sequence {v,(z)} is analytic on 
a domain G, and suppose the infinite series 


> In [1 + v,(z)] (14.12) 
n=1 


is uniformly convergent on every compact subset of G.' Then the infinite 
product (14.11) converges uniformly to a nonvanishing analytic function f(z) 
on every compact subset of G. 


Proof. The convergence of (14.11) to a nonvanishing function f(z) on G 
follows from Theorem 14.3. The fact that f(z) is analytic on G follows from 
the analyticity of (14.12) [see Theorem 9.4] and the representation 


f(z) = exp {Sn [1 + 2462] 


M = 
[see (14.9)]. Finally, if Fis a compact subset of G, let GE IF@I 


(see Theorem 2.7), and let € be an arbitrary positive number less than M. 
Since (14.12) is ar aed convergent on F, there is an integer M(¢) > 0 such 


1 
In [1 + o— em 
that bx a nh Pe p< M2 


for all n > N(e) and z € F.. Therefore 


f(z) -II (1+ a2) 


= | exp 2 {1 + v2) — exp | Sin {1 + ata) 


z | ~ - > inf } ota) 


exp 12, 


oof anal + 3ilaud)* 


=i ier }- s(t ttgte es 


for all n > Me) and z € F, i.e., the infinite product (14.11) is uniformly 


convergent on F’. 
Problem 1. Prove the following generalization of Theorem 14.1: If an 


entire function f(z) has no Ap-points (Ag # ©), then f(z) is of the form 


f(z) = Ag + o™, 
where g(z) is an entire function 


Problem 2. Prove the following generalization of Theorem 14.2: Let ¢), 
Gn be the distinct Ap-points (Ay # ©) of an entire function f(z), where G is 
of the form 


m). Then f(z) is 


of order ki = Vesety 
f(z) — Ay + (z == ye ee ‘(z : Cm) ter), 
where g(z) is an entire function 


3. Mai as 


the ap infinite products: 


eae 
~~}; a ‘a gr ree : 
2 ee — -1)"41 
al n(n 4 \ otic! afte cr) 
Ans. b) 2; d) 4; f) 1. 
Problem 4. Give an example showing that '™ “» =! is not a sufficient 
condition for the infinite product. 
Il Uy (14.13) 
n=l 


to converge. 
Problem 5. Prove that the infinite product (14.13) converges if and only 
if given any ¢ > 0, there exists an integer Me) > O such that 
lnsrénee’ Unis — Il <e 
for all n > Me) and p> 0. 
Hint. Cf. Theorem 1.2. 
Problem 6. Prove that the infinite product 
(14.14) 


II G +»,) 


n=1 
is absolutely convergent (as defined on p. 295) if and only if the infinite 


product 


IT G + len) (14.15) 
n=1 
is convergent. 


Hint. Using the inequality 1 + x < e* for x => 0, prove that (14.15) is 


convergent if and only if 2, ia 


is convergent. Then use Theorem 14.4. 


Comment. Thus, we could just as well have defined an absolutely 
convergent infinite product (14.14) as one for which (14.15) converges. 


@ ' - 
Problem 7. Prove that the infinite product IT sl 


is uniformly convergent on every compact subset of the unit disk K:|z| < 1, 
and hence represents an analytic function on K. What is this function? 


67. WEIERSTRASS’ THEOREM 


We are now in a position to find representations of entire (transcendental) 
functions with infinitely many zeros: THEOREM 14.6 (Weierstrass’ theorem). Let 
A be a nonnegative integer, and let {C,} be a sequence of complex numbers 


converging to infinity such that? 
eal < [Seb cere < [Sl <cee. 
Then there exists an entire function f(z) whose zeros coincide with the points 


0,..., Ya (14.16) 
Proof. Consider the sequence of entire functions 


S(2) = 2° Tl (1 _ 2) ePaw (m = 1,2,...), 


nol Sn 


where the P,(z) are polynomials, to be suitably chosen later. Obviously, the 
zeros of f(z) coincide with the first m + 2 points of the sequence (14.16). In 


general, f,,(z) has multiple zeros, since (14.16) can contain the same point 


several times (this possibility is explicitly indicated for the point z = 0). The 
idea of the proof is to choose the polynomials P,,(z) in such a way that the 


sequence {f,,(z)} is uniformly convergent on every compact subset, since 


then we can invoke the corollary to Theorem 9.4 to deduce that the limit 
._ f(z) = limf,,(z) (14.17) 
function m= a 


is entire. 

With this in mind, let Kp denote the disk |z| < R, and let N(R) be the 
smallest integer such that |C,| > 2R for all n > N(R). Then, if z € Kp and m > 
N(R), we can write Fin) in the form 


m 


SmlZ) = Snie(2) Il (1 . 2) era 
on 


n=N(R)+1 
(14.18) 
= en _ 5 ell 
Ixce(Z) EXP | 2 In {1 y + P,(z) \° 


n=N(R)+1 Sas 
where every logarithmic term can be expanded as a power series 


fn n+l 


z z z 
‘  n on Nn (n + 1X5 


i 
~ 


since |z/C,| < $ for all z € Kp and n > N(R). Choosing P,,(z) so as to cancel the 


P,(z) = => $08 + 


Zz Zz 
first n terms of this series, i.e., Gn non 


(14.19) 


we have 


we Le 


which implies 


f z : n+l l : n+2 

( a ys ile n+21%, 
(14.21) 

l l —— 1 

qari 5g gre Qn 

Then the series 
> in (1 _ Z) “5 P.(2)| (14.22) 
n=NiR)+1 oe 


is uniformly convergent on kp, since 


In (1 = “a + Pa) <2 = 2 <0, 


ne N(R)+1 


Therefore (14.22) represents an analytic function Xp,(z) on Kp (cf. Theorem 
9.4). 

Comparing (14.17) and (14.18), and using the continuity of the 
exponential function, we find that 
Sl) =fuinl(ze"™ (ze Kp). (14.23) 

This shows that f(z) is analytic on Kp, a fact which also follows from the 
uniform convergence of the sequence {f,,(z)} on Kp (implied by Theorem 
14.5). Since the disk Kp can have arbitrarily large radius, {f,,(z)} is uniformly 
convergent on every compact set, and hence the function f(z) is analytic in the 
whole plane, 1.e.,/(z) is entire. [This can also be seen directly from (14.23).] 
The fact that the zeros of f(z) coincide with the points (14.16) is almost 
obvious, and follows from the representation 14.23 and the arbitrariness of R, 
since exp [X,(z)] is nonvanishing, while, by construction, the zeros of fypy(Z) 
in Kp are precisely those points of the sequence (14.16) which lie in Kp. 
Finally, recalling the definition of ff, {z), we note _ that 
f(z) = lim 2 TT (1 _ 2) ra, (14.24) 

mot n=l Gu 
CoROLLARY 1. The infinite product 


f(2)=2T] (1 . 3, exp Fa free y 5) (14.25) 


n=l 


is an entire function satisfying the requirements of Theorem 14.6. 
Proof. Equation (14.25) is another way of writing (14.24). 


COROLLARY 2. Let f(z) be an entire function with zeros given by the 
Giecing [ne See 


. . ae 
increasing sequence > times 
Then f(z) can be represented in the form 


fz) = & PT] (1-2) exp(24---+ 22), 14.26) 
n=l an nn Man 
where g(z) is an entire function. 


Proof. The function 


is entire, with the same zeros as f(z), and hence the quotient /(z)/@(z) is entire 


cd 
= et) 


and nonvanishing. Therefore, according to Theorem 14.1, %?) 
where g(z) is entire. 


In Theorem 14.6 we assumed no detailed information about the sequence 
{C,}. However, if appropriate information is available, it can be used to draw 


stronger conclusions: THEOREM 14.7. Let i and {¢,} be the same as in Theorem 
14.6, and let x be the largest nonnegative integer k for which the series 


oD 


1 
2, eal" 


diverges. Then the expression 


x 


f(z) = 211 (1-2) ex (2 fret $— ), 


x 
Kvn 


known as a canonical product, where the exponential factors disappear if x = 
0, represents an entire function whose zeros coincide with the points 


x 


Proof. The proof parallels that of Theorem 14.6, with the important 


z z ‘ 

a= 02 i: «sak: 
P,(z) = . xO = 

0 if x=0 


difference that we now have 


and 


z\. en 
In (1 — ;) + P,(z) = a+ De 
instead of (14.19) and (14.20), and 


| *xrl wo 2? 


vA 
te 2, x + pes 
Re) a] 1 2R** 


Cal"** m2 27" (SAN 


In (1 = 5) + P,(z) 


instead of (14.21). Therefore (14.22) is again uniformly convergent on Kp: |z| 
ae | 


< R, but this time because of the convergence of the series *=1|Snl"" 


instead of the series 


Ma 


aE 
TP ge 


n 


" 


The rest of the proof is identical with that of Theorem 14.6. 


CoROLLARY. Let f(z) be an entire function with zeros given by the 
increasing sequence* 


ee a 


) times 
and let x be the largest nonnegative integer k for which the series 


1 


n=1 cr 


Ms 


diverges. Then f(z) can be represented in the form 


f(2) = & 2 TT (1 _ 2) exp (2 fore y =), (14.27) 
n=1 Sn Sn xn 
where g(z) is an entire function and the exponential factors disappear if x = 0. 


Remark. Obviously Theorem 14.7 and its corollary remain valid if we 
replace x by any larger integer. The great advantage of formula (14.27) over the 
general formula (14.26) is that polynomials of the same fixed degree x can be 
used in all the exponential factors, instead of polynomials whose degree 
becomes arbitrarily large (with n). In the special case where x =0, the 
exponential factors in (14.27) disappear, and we have the particularly simple 


f()= ag (1 - z), 


infinite product expansion Gn 
It will be recalled from p.79 that by a meromorphic function f(z) we mean a 
_ 8(2) 
function which can be written as a quotient h(z) 


of two entire functions g(z) and A(z), where h(z) 4 0. We now use Weierstrass’ 
theorem to establish an equivalent characterization of such functions: THEOREM 
14.8. A function f(z) is meromorphic if and only if its only singular points in the 
finite plane are poles. 


Proof. If f(z) has a representation of the form g(z)/h(z) where g(z) and h(z) 
are entire, then f(z) is analytic at every point where h(z) # 0. Suppose A(z) has 


a zero of order / > 1 at a finite point zp, and suppose Zp is a zero of order k = 0 
of g(z). [If Zp is not a zero of g(z), we set k = 0.] Then f(z) has a pole of order / 
—katz,if/>k and a regular point at z) if / < k, where the regular point is a 
zero of order k — 1 if 1<k (see Sec. 56, Prob. 2). Moreover, since the zeros of 
h(z) cannot have a finite limit point [otherwise h(z) would vanish identically], 
neither can the poles of f(z). Thus the only singular points of f(z) in the finite 
plane are poles, of which there are countably many (by Theorem 10.10). 
Conversely, let f(z) be a function whose only singular points in the finite 
plane are poles. If f(z) has no poles, then f(z) is entire and hence (trivially) 
meromorphic. Suppose f(z) has a finite number of poles ¢),..., ¢, of orders 
Digsets b.. respectively. Then, forming the polynomial 
P(z) = (z — G+ ++ (z — Fs, 


we see thatg(z) = f(z)P(z) is entire. In other words, f(z) can be written as a 
quotient g(z)/P(z) of two entire functions, as required. Finally, suppose f(z) 
has an infinite number of poles. Then no compact set F can contain more than 
a finite number of poles, since otherwise F would contain a limit point of 
poles, contrary to the assumption that f(z) has no singular points other than 
poles. Therefore, by the same argument as used to prove Theorem 10.10, f(z) 


has countably many poles, which we write as an increasing sequence 
Ni can MOTE ssa cs Mico rans 


A times 
where ¢, — 0 as n —>00 (why?), and each pole is repeated a number of times 


equal to its order*. According to Weierstrass’ theorem, there is an entire 
function h(z) whose zeros coincide with the poles of f(z) and have the same 
orders. But then g(z) = f(z)h(z)is entire, 1.e., we can write f(z) as a quotient 
2(z)/h(z) of two entire functions, and the proof is complete. 


Problem 1. Find the “simplest” entire function f(z) with zeros ¢, = n(n = 
| es 2 


Ans. f(z) = Il 1 — =)ens 
m=1 \ n 
Problem 2. Prove that 
[es] a \ 
j = g9(2z) — me, 
sinz =e zIT ( aa): 


Comment. It will be shown on p. 320 that e8@ = 1. 


Problem 3. Suppose it is known that the function g(z) in the preceding 
problem is of the form cy+ c,z. Prove that then g(z) is an integral multiple of 


21. 
Hint. Use the fact that e&©) is even. 


Comment. The fact that g(z) is of the form cg + c,z, can be deduced from 


a factorization theorem due to Hadamard which lies beyond the scope of this 
book (see M2, p. 289). 


Problem 4 (M2, p. 298). Prove that a meromorphic function f(z) 1s a 
rational function if and only if the point at infinity is a regular point or a pole 


of fiz). 


68. MITTAG-LEFFLER’S THEOREM 


Weierstrass’ theorem asserts that there exists an entire function with 
arbitrarily preassigned zeros. Similarly, as we now prove, there exists a 
meromorphic function with arbitrarily preassigned poles and principal parts: 
THEOREM 14.9(Mittag-Lefflef’s theorem). Let 


Uy mm 0, Gy, ---> Gap = (14.28) 


> Sm? 


be an increasing sequence of distinct complex numbers converging to infinity, 
and let 


G,(z), G,(z),..-, Ga 


be a sequence of rational functions of the form? 


(n} (n) 
a_g, f= 
G,(z) = —e 44 ---4 21 (n = 0,1, 2,...), 


where 8, #0, a”) £0 if n= 0.° Then there exists a meromorphic function f(z) 
whose poles coincide with the points(14.28), and whose principal part at the 
pole ¢, equals G,(z) for each n= 0, 1, 2,... 


Proof. It is not surprising that the proof bears a strong resemblance to the 
proof of Weierstrass’ theorem (Theorem 14.6). We start from the Taylor series 
expansion Gx(2) = al + alMz+-+-+anyzt+---  (n=1,2,...), 


which is convergent on the disk |z| < |¢,| and uniformly convergent on every 
smaller disk, in particular on D,,:|z| <4|%,|. Let {e,} be any sequence of 


- 2 tc oi (14.29) 
positive numbers such that #=1 


~ 


Then, choosing integers ky, k>,...such that 


1G.(z) — [al + aiz +--+ 4 aihz™]] < «, = Lo Zot 
n kn 
(14.30) 


for all z € D,, we introduce the polynomials 


P,(z) = —a\” — ai" 2z a toe — Qimizhe eee ees) «=|1431) 


and an arbitrary polynomial Po(z). Given any disk Kp: |z| < R, let N(R) be the 
smallest integer such that |¢,| > 2R for all n > N(R). Consider the series 


(G,(z) + P,(z)], (14.32) 


n=N(R)+1 
noting that Kp C D,, for all n > N(R), while Kp contains none of the points 
CwiRpen GycRyege +++ It follows from (14.30) and (14.31) that 


|G,(z) + P,(2)| < &, 
for all n > M(R) and z C Kp. Therefore, because of (14.29) and Weierstrass’ 
M-test (Theorem 9.1), the series (14.32) is uniformly convergent on Kp, and 
hence represents an analytic function Xp(z) on Kp (see Theorem 9.4). 

Thus, if 


2 


f(z) = LIG,(z) + P,(z)], 


n=0 
we have the representation’ 
f (2) = fray + Xe) (z € Kp), (14.33) 


N(R) 
NiRKZ) = G,(z) + P,(z 
where ¥ p(Z} is analytic on Kp, and the partial sum Svcw(2) = 2 [Gal2) + Pale)) 


is a rational function whose poles in Kp are precisely those points of the 
sequence (14.28) which lie in Kg. Moreover, the principal part of fyp)(z), and 
hence of f(z), at any point ¢, € kp is just G,(z). The theorem now follows at 


once from the observation that Kp can have arbitrarily large radius. 


COROLLARY. Let f(z) be a meromorphic function whose poles are given by 
an increasing sequence of distinct complex numbers® 


| 6 ey oe 
with corresponding principal parts 
cH et, ee OS, 
Then f(z) can be represented in the form 
f(z) = (2) + DIG) + P,2)) 
called a partial fraction expansion”, where g(z) is an entire function and the 
P,(z) are polynomials. 


Proof. Use Mittag-Leifier’s theorem to construct a function 
Az) = 2 [G,(z) + P,(z)] 
n=0 


with the same poles and principal parts as f(z). Then f(z) — @(z) is analytic in 
the whole plane, and hence equals an entire function, which we denote by 


g(z). 


Example. Given an increasing sequence {C,} of distinct nonzero complex 
numbers converging to infinity, and an arbitrary complex sequence {A,}, find an 


entire functionf(z) such that J’ C)=4A, (@=1,2,...). (14.34) 

We begin by using Theorem 14.6, Corollary | to construct an entire function 
g(z) with simple zeros at the points ¢, &,..., Le, 
g(z) = I (1 — r) exp fa +°:°4 ma} 


Then we calculate the derivative g‘(z) at every point C,, obtaining a sequence of 

nonzero complex numbers {g'(¢,)}. Next we use Mittag-Leffler’s theorem to 

find a meromorphic function @(z), with simple poles at the points Cj, ¢,,...and 
An/g'Gn) (n= 1, 2.235). 

corresponding principal parts 7 ~ Sx» 


Thus 


oz) => eee ECs) P|, 


n=1 ‘on 


where the P,,(z) are suitably chosen polynomials. Then the function /(@) = s@9@ 
is obviously entire, and moreover satisfies the condition (14.34), since 


f Gq) = lim g(z)9(z) = lim oe! AzXz — 4) 


wn 


=x ESAs (n= 1,2,...). 
2(6,) 


Problem I (M2, pp. 302-304). Given an increasing sequence {¢,} of 


distinct nonzero complex numbers converging to infinity, find a 


meromorphic function f(z)with a) Simple poles at the points C,, G,...and 
1 


corresponding principal parts 7 — Sn 
b) Poles of order 2 at the points C,, ¢,...and corresponding principal 
I 


ome = (pg = 1, 2... 2 od 


parts (= — %,)* 


(mn = 1,2,...)3 


Problem 2. Deduce Weierstrass’ theorem from Mittag-Leffler’s theorem. 


Problem 3. Generalize Mittag-Leffler’s theorem to the case of functions 
with essential singular points as well as poles. 


69. THE GAMMA FUNCTION 


The gamma function I(z) is the simplest and most important of an infinite set 
of meromorphic functions which extend the concept of the factorial function n! 
(originally defined only for positive integral n) to the case of arbitrary complex 
. For historical reasons, the relation between I'(z) and n! is given by the formula 

(n+ 1)=n!, 

rather than the more natural formula I'(n) = n!, which would allow I(z) to be 
thought of as z! Thus the relation "™ — 1)! = #!, 
characterizing the factorial function, takes the form 


nl'(n) = [(n + 1) (14.35) 


in terms of the gamma function. In particular, substituting n = 1 into(14.35), we 


find that!? 
Pi) = FQ) = 1! = 1. 


These considerations suggest that we study the solutions of the functional 
equation 


f@=fer+)) YWM= 1 (14.36) 


for complex z. The solution of (14.36) must be a meromorphic function, as can 
be seen by successively applying (14.36) to the values z, z+ 1,...,z+n— 1 
(where 7 is a positive integer), and then combining the results to obtain the 


formula 274 + D+**@ +2 — D/® =f + n). (14.37) 
In fact, letting z approach — (n — 1) = — m (m= 0, 1,...) in (14.37), we find 
fay (= 1)" 


lim (z +- m)f(z) = . 
that =--= (—1)"m! m! 


1.e., f(z) has simple poles at the points 


z=—m (m = 0, 1, ...), (14.38) 


with corresponding residues 


(—1)" 


m! 


By itself, equation (14.36) cannot be used to define the gamma function, 
since the solution of (14.36) is not unique. To see this, let @(z) # 1 be any 
meromorphic function such that!! 


Az+1)=z) [e(l) = 1). (14.39) 


Then the function 


f*(z) = 92) f2) (14.40) 


also satisfies (14.36). By imposing the extra requirement that f(z) have no poles 
other than the points (14.38) and no zeros at all, we can narrow down the class of 
functions satisfying (14.36). For example, if f(z) satisfies (14.36), so does the 
fo(a) = BREE AT) 42) 
function tan i : 
but /*(z) has infinitely many (imaginary) zeros introduced by the factor tan (i + 
2nz). However, even this additional requirement is not enough to make the 
solution of (14.36) unique. In fact, this time let @(z) 4 1 be any nonvanishing 
entire function satisfying (14.39)!*. Then, if f(z) is a solution of (14.36), so is the 
function (14.40). The following theorem shows the extent to which the solution 
of (14.36) remains arbitrary: THEOREM 14.10. Let f(z) be a meromorphic function 
satisfying (14.36) with no zeros, and no poles other than the points z= — m (m = 
1,...). Then f(z) can be represented in the form 


1 


{@=¢ ——_- (14.41) 
ziJ (1 + 2)¢ sae 
mei \ m 
in terms of an entire function g(z) such that 

g(z + 1) — g(z) = C + 2kni [g(1) = C + 2lri], (14.42) 

where k and | are integers, and C is Euler’s constant, defined by'> 
=lim (3+ > ieieae n) = 0.5772... (14.43) 
Proof. Since f(z) has no zeros, and no i except at the points z = — m 


F(z) : 

(m = 0, 1,...), the function f(z) 
is entire, with its only zeros at the same points. Since / is the largest nonnegative 
integer k for which m=1 m* 
diverges, it follows from Theorem 14.7 that F(z) has the representation 


Fe) = ett (14+ 2) com 


where g(z) is an entire function. Recalling the meaning of F(z), we obtain 
(14.41). To see what (14.36) gee about g(z), we write (14.41) in the form 
f(z) =limf,(z), 


ux 


where 


Hietuas 0+ G+) ' = 
f,A{2) “II (1 + 2)enm 2(z + 1)-+-(z +n) ( ) 
m 


m=1 


Then 


zf(z) ae 2f,(z) 
f(z+1) no f(z + 1) 


=lim(z + n + 1) exp | —a(2) + gs + 1) = >) 4 


n~@ 


=1) exp| - g(z) + g(z + »y—( 34-1») 


= exp [—g(z) + a(z + 1) —C] 


=tim (1+ 


for every Zz, where c is_ given by (14.43), and moreover 
exp | -gi)+ > (+ —In n) 
fQ) =linf,(1) = ta ———$—$—$—$_$= = 
n-* & no 1 te 1 
n 
= exp [—g(1) + C]. 
Therefore (14.36) implies 


exp [(—g(z) + g(z + 1) —C)=1, exp (—g(1) + C]=1, 


or equivalently (14.42) and the theorem is proved. 

The simplest entire function g(z) satisfying (14.42) is obviously the linear 
function g(z) = Cz, and we complete our definition of the gamma function by 
making precisely this choice. In other words, by a gamma function I'(z) we 


I(z) = e O° (14.46) 
zII =) rae 
mean the meromorphic function mal m 
whose reciprocal is the entire function 
en sas gh 2). ie 14.47 
rj = € II 1 + ; (14.47) 
It follows from (14.47) — and Ba4 68, Prob. 2 _ that 
1 —— (1 z)--2 we) = — 2808 
(z)(—z) | -# TT m* ™ re II (: (1- mx" ™ 


or 
| _ sin ™z 
I'(z){[—zI'(—z)] rd 


But according to (14.36), with (f(z) replaced by  I(z), 
zI'(z) = ['(z + 0, (14.49) 


(14.48) 


and hence 
—zI(—z) = r(l — z). 
Therefore (14.48) becomes 


I _ sin mz 


M2ra—z) ox 


or 


nu 


I(z)Fr(i — z) = 


(14.50) 


sin xz" 
an important formula in the theory of the gamma function. In particular, (14.50) 
implies [P@)? = = 


or 


TQ) = vx, (14.51) 
since eee ee to (14.46). Together (14.49) and (14.51) imply 
1 (2n — 1) 
r( += pk Je eet ee oe | 
n 5 an wT ( ) 


Finally, replacing g(z) by Cz and f(z) by I'(z) in (14.44) and (14.45), we find 
n! rep |( 3 a-t} | 


I'(z) =lim ae 
n-> oO 2(z + 1)- ‘(z+ n) 


ni exp (+4 »y ——Inn- c) + In nz} 
=i  .. 
that n—oc 2(z + I)---(z +n) 
But according to (14.43), 


(14.52) 


lim ( ¥ — — inn — Cc) = 0, 


neo \m=1 Mm 


while obviously 


exp (zInn) =n’, 


Therefore (14.52) reduces to the following basic representation of the gamma 


nin’ 


 T@) =lim —— 
function: no 2(Z + 1)°--(z + 2) 


Problem 1. Let w(z) be the logarithmic derivative of the gamma function, 
I'(z) 
Le., TY) * 


Prove that 
I 
a) Wz + 1) — Y(z) = = b) d(1 — z) — Wz) = xcotrz. 


Problem 2. Prove that the gamma function satisfies the following 
relation, known as the duplication formula: ¥* T(z) = 2° *T(z)I(z + 9). 


Hint. Starting from (14.46), show that 
¥'(z) + ¥(z + 4) = 2'(22), (14.53) 


where (z) is the same as in the preceding problem. Then integrate (14.53). 


70. CAUCHY’S THEOREM ON PARTIAL FRACTION EXPANSIONS 


The existence of a partial fraction expansion of a meromorphic function f(z) 
is guaranteed by the corollary to Mittag-Leifler’s theorem. We now use the 
residue theorem to explicitly find this partial fraction expansion, after first 
proving the following LEMMa. Let f(z) be a meromorphic function, and let L be 
any Closed rectifiable Jordan curve such that 


1. The origin lies inside L; 
2. L passes through no poles of f(z). 
Let by = 0, 5,,..., 6, be the poles of fiz) inside L, with corresponding 
principal parts 
a 


(z = b,* a b, 


G,(z) 


where Gz) = 0 if bo = 0 is a regular point of f(z). Then 
fe) =S62) ++ | © «, (14.54) 
k=0 2ni**¥—2z 
where z is an arbitrary regular point of f(z) inside L. 
Proof. The only poles inside L of the function 
AS) 


¥ A 
C— 


et) = (14.55) 


are at the points bo, bj,..., b,, and at the point C = z. Ina deleted neighborhood 


of the point by (k = 0, ( ree n), 
(k) (k) 


_ __ 9-6 —_ G-1 
F(0) cb)» * +e, 


(k) 


+ ay” + af — by) +--+, (14.56) 


while 


1 1 1 


i 
t—-s (s—b)-C—b) ~~ -s:- by, o=b 
ili (14.57) 
__1_ _ t-b _..._ &-— by _... 
z—b, (z—b,} (z — b,)* 


if |C — b,| < |z — b,|. Multiplying (14.56) by (14.57), we find that the term 
proportional to (¢ — b,) | in the Laurent expansion of the function (14.55) at 


[ a” a ] 1 G,(z) 
— ene fs 8 6 a es ae ae 
the point C= b, equals (2 — bx)” z— bjt — by C—b 
In other words, 

Res (0) = —G,(z) (k=0,1,..., n). 


C=be 
Since obviously 


= 90) = f(z), 


it follows from the residue theorem (Theorem 12.1) _ that 
+f © g-1) wMa=s-Te., 
2ni “20 —z 2ni * 2 ko 


which is equivalent to (14.54). 
THEOREM 14.11 (Cauchy's theorem on partial fraction expansions). Let 
fiz) be a meromorphic function, and let {L,} be a sequence of closed 
rectifiable Jordan curves with the following properties: 


1. The origin lies inside each curve L,(n = 1, 2,...); 


2. None of the curves passes through poles of f(z); 
3. Each curve in the sequence is contained in the next, i.e., L, C [(Ln+ 1); 


4. Ifr, is the distance from the origin to L,, then 
lim r, = 0. (14.58) 
Let the poles of f(z) be ordered in such a way that L,, contains the first m,, + 1 
poles by = 0, 5j,..., bn» with principal parts Go(z), G,(Z),.--, Gy, (2); so that 


My, <Myi (n= 1, 2... .).!4 Moreover, suppose that 


iim | Ul, 


‘r. \cjPr! 


ds=M<@ (14.59) 


n~ 2 


for some integer p => — 1, where ds = |dC|, and let z be an arbitrary regular 


=lim > G,(z), 14.60 
point of fiz). Then, ifp =—-1, Se) bore 2, fe) 2 
while, if p >-1, 
S(z) = lim by [G(z) + P,(z)], (14.61) 


where the P,(z) are polynomials of degree no higher than p, and the 
convergence in both (14.60) and (14.61) is uniform on every compact set 
containing no poles of f(z). 


Proof. First suppose that p = — 1, so that the condition (14.59) becomes 


lim ( Lf(S)| ds = M < o. 
simply a+ ° 


Then, if |z| < R < r,, where 7, is the distance from the origin to L,, for some 


| f. — dt} < oo I. If(0)| ds 
(14.62) 
M’ 
< ——————_ > 0 as n+ 
M' <o we have 2x(r,, — R) 


[cf.(14.58) and Sec. 34, Prob. 10]. Therefore, replacing L by L,, and n by m, 
in formula (14.54) [the lemma obviously applies here], and letting n — «, we 
obtain the expansion (14.60). Moreover, according to (14.62), the remainder 
term approaches zero uniformly on the disk |z| < R, and hence the 
convergence in (14.60) is uniform on every compact set containing no poles 
of f(z). 

Next, assuming that p > — 1, we replace (C — z) ! in formula (14.54) by 

ae oe ee oe 

C-z ¢ 


the expansion 


Then (14.54) becomes 


7 t by vert C— zr 


- ¥ p+1 
f(z) = 262) +>= = | 10 x 4) _ ide 


i dae = d+ er =i: ~ sen & (14.63) 


Observing that the poles of the function f(C)/(*! inside L are the points bo, by, 


Re sf _ A, 
., b, we write cnt 
eS Jj = 0, 1,..., p and k = 0, 1,..., nm. It follows that 


Wa ( 7) (nh. — & 
2, er {28 d= px M4 AM 4... 4 AlMzs = > Pul2), 


where the polynomials 


P,(z) = A + Ap?z + +++ + Al?'z? (14.64) 
have degree no higher than p. Therefore we can write (14.63) in the form 


f(z) = > [G,(z) + P,(z)] + =r = =. @) + dt. (14.65) 


We now replace L by L,, and n by m, in (14.65), and examine the remainder 
if aaa ae 
term 27i-4.0 — 2¢eel 


If |Z] < R < _4,, the analogue of the estimate (14.62) is 
- ¥\ oPtl prl 
a. $Q) 2" x ee [ FOI 4, 


Qni-let —20?** | ~ An(r, — R) oe [tre 
(14.66) 
MR?" 
< ———_ > 0 as n-> oO. 
2n(r, — R) 


Therefore, taking the limit of (14.65) as n — o0 (with L,, and m, instead of L 
and n), we obtain the expansion (14.61). Moreover, according to (14.66), the 
remainder term approaches zero uniformly on the disk |z| < R, and hence the 
convergence in (14.61) is uniform on every compact set containing no poles 


of fiz). 


Remark. Suppose that besides the properties of the sequence {L,} listed in 
the statement of Theorem 14.11, there exists a constant A > 0 such that 


sen =(n=1,2,...), 


Pn 


where ie is the length of i Then, since 
‘ max | f(%)| 
Jigen < max FO - tn ;< 7 tt, 


re 


(14.59) is sted by he simpler condition 
__ max | f(0)| 


lim —— < 0, (14.67) 


which permits 


max | f(0)| 


CeLn 
to approach infinity as n — oo, but no faster than some integral power of /,. 


Example 1. Expand the function sec z in partial fractions. 


For the contours L, figuring in Theorem 14.11, we choose squares with 


centers at the origin and sides of length 2nz parallel to the coordinate axes. On 
the sides parallel to the imaginary axis, 7 = +"" + 


and hence 


I 1 1 
\sec z| = ——_—_———_——————__ = ———— 


lcos (--nx + iy)| 7 lcos iy} “ cosh y 


while on the sides parallel to the real axis, 


z=x + inn, 


and hence 


1 1 


\sec 2] = ——————— < ———_ 
|cos(x + inx)| sinhnx 


[see (6.33)]. It follows that 


i 
- 


mx dy 
sec C| ds < 2 ‘ 
J. tt a cosh y * sinh nt 


Since the integral 


converges, and since 


4nx 
; —0 as n—> oO, 
sinh nz 
the condition (14.59) is satisfied for p = — 1, and we can use the expansion 


(14.60). 
Inside L,,, the function 


has poles at the points 
ze(k-—))r (—n+1<k<n), 


where the poles are all simple, since the zeros of cos z are simple. According to 


Res secz = — — = (—1)*, 
(12.3), =" sin (kK — })x 


and therefore the principal part of sec z at the pole z = (k — ‘4)m is 
G{z) = a) 
z—(k—4%)r 
Moreover, we have Go(z) = 0, since z = 0 is not a pole of sec z. Therefore 


n k 
sec z = lim | a 
nao ke—n+1 Z — (k — 4)x 


ee cx) a, (—1)* | 
im | > —————-_ + = ——|- 
formula (14.60) gives nmolemerz—(k—})m  ke=nti z—(k — })r 
Replacing k by 1 —/ in the second sum on the right, we find that 


ws (—1)* n (—1)*"* 
remetiz—(k—})n fiz+(j—})x’ 


which implies 


ee eee | - i] 
nm~olretz—(K—})x miz+(k — })x 


lim $ (pt k= De 


n+ @ kel z* — (k — })*x* ; 
after changing from j to k. Thus, finally, we have the expansion 


— 2k — 1)x 
or <3 (1 C= De 
eo 2 Sk 
which converges uniformly on every compact set containing none of the points 
z==(k —}3)r (A = 0, +1, +2,...). 


Example 2. Expand the function cot z in partial fractions. 


This time we choose the contours L,, to be squares with centers at the origin 


and sides of length (27 + 1)z parallel to the coordinate axes. On the sides parallel 
to the imaginary axis, 7= +@ + D+ i, 


and hence 


Icot 2] = (Coe le@ + dx + iy} _ isin Gy)! 


sin [+(n + 3)x + iy}! — [cos (iy)| 


oe < i 
+e 
while on the sides parallel to the real axis, 


z=x+ iin + })x, 


and hence 


cos [x + i(n + })x]] _ cosh(n + 4)x 
ae a le oF) BaF 
sin [x + i(n + 4)r]}!_ sinh (n + 4)x 
1 a4. e (2ntDe 1 a e™ e” +1 
a e {atin = e* e™ ahs 1 


|lcot z}| = 


[see (6.33)]. Therefore 


e*+1 
lcot z] < 
e—1 


on every square L,. This means that the condition (14.67), and consequently the 
condition (14.59) is satisfied for p = 0, which allows us to use the expansion 


(14.61). 
Inside L,,, the function 


COs z 
sin z 


cot z = 


has poles at the points 
z=xkr (—n < k <n). 


These poles are all simple, since the zeros of sin z are simple. Clearly 
cos kx 

Res cot z = ————— = 1 

a-kr cos kx 


and therefore the principal part of cot z at the pole z = Az is 


G,{z) = 


z—kn 


In the present case, the polynomials P,(z) defined by (14.64) reduce to constants: 


Y 
P,(z) = Ai” = Res =x, 
twkr O 
The function cot C/¢ is obviously even, and hence its Laurent expansion at the 


cot t 


—— = 0. 
origin contains only even powers of C, which implies t-0 § 
Moreover, the points ¢ = kn (k # 0) are simple poles of cot ¢/¢, and hence 


es COS _ coskx = 1 (k +0). 


Thus 
P{z)=0, Pz)= x 
kn 


and formula (14.61) gives 


cot z =tim [+ +> (— 


n-?@ ket \Z — kr 


“tal +2(— — ke? 


z x=1\z—knr 


(k #0), 


+2) ree + kr ==) | 


es) 


(14.68) 


—.)-! 2z 
z+kn z miz*—k*x*’ 


where the convergence is uniform on every compact set containing none of the 


points 


z=kr 


(k = 0, +1, +2,...). 


Integrating (14.68) term by term along an arbitrary rectifiable curve y which 
starts at the origin and passes through none of the ae z=kn(k #0), we obtain 


tee kets) _ 
kr 


[i(cors — 5) a =F 10 


kel 


corresponding to the values of the integral **\z — kx 


=$Ln 


(: =e =), (14.69) 


where the logarithms on the right have perfectly definite values, 1.e., 


those 
a 
 zt+kr 


Ja 


(cf. Sec. 40, Prob. 2). The integral on the left in (14.69) equals one of the values 


n nz 
of the function z 


Therefore 


sinz 2? 
tai? $10(1— 2), 
z 2 Ln k?x* 


k=l 


which implies 


or 


sinz =z Il (1 os =) (14.70) 


k=l \ 


(cf. Sec. 68, Prob. 2). 


Problem 1. Verify the following partial fraction expansions: 
l A 2z 
a) csc z 7+ 2 (-l¥ ape? 


“= 2z 
b) t = 
) tan z 2, kop 
z z ~ 2z” 
° —j7!-3+ 23 ken 


Problem 2. Derive partial fraction expansions of the functions a) tanh z; 
b) csch z. 


Problem 3. Let f(z) be a function whose only singular points in the finite 
plane are poles at the points a), a5,..., a,, none of which equals 0, + 1, +2,.... 


Prove that if there is a sequence of contours Z,, with the same properties as in 


sell 14.71 
Theorem 14.11 such that »— im peer (14.71) 


then 


>. f(n) = -n > Res { f(z) cot =z}. (14.72) 
kelz—ay 


Problem 4. Let f(z), the points a; and the contours L,, be the same as in 
the preceding problem, but suppose (14.71) is replaced by the condition 


lim I, f(2)esczdz =0 
Prove that (14.72) is then replaced by 
x (-—lD)'"/(@) = - > Res { f(z) ese z}. 


Problem 5. Sum the following series, where in the first four cases a 1s 


such that none of the denominators vanishes: 
2 1 ial ( — 1)" : fe a) 
a) se (n +a’ b) 2 wo (a + ap’ c) 2 w+a?’ 
(=I. (—1)" 
) 2a’ ers, me 9 2 ari 


1 fg 
Ans. Oe: (1 + xa coth za); >: 


Problem 6. Derive Wallis product 


x 224466 2n =-_- an 
2° 13335357 2e— i203 


Problem 7. Show that 


sin (@ — 2) . g-zeote Tl (1 -- 


= Jerome, 
sina n=—@ \ nr , 


if a is not a multiple of z. 
Hint. Recall (14.68). 


Problem 8. Deduce the periodicity of sin z (see p. 121) from its infinite 
product expansion (14.71). 


Hint. Note that 


sinnz | 
— lim 9,(z), 


now 


where 


en(2) = (: -=)---4 ~ 2x1 +aeo(1 +2). 


n 


Then show that 


9, (Zz 4 1) = 


' Tn particular, none of the terms v,(z) can take the value —1 at any point of 
G. 

* such a sequence {C,,} will be called an increasing sequence. 

> Note that the sequence {C,} necessarily converages to infinity, since 
otherwise f(z) = 0 (why’?). 

4 This way of writing the poles of f(z) has been chosen to match the 
statement of weierstrass’ theorem. If f(z) has no poles at the origin, then A = 0. 

> Thus G,,(z) has a pole of order B,, at the point ¢,, but no other poles. 

© we reserve the symbol Cy for the point z = 0, i.e., for a possible of f(z) at the 
origin, with principal part Gp. The case where f(z) has no pole at the origin is 
included by allowing Go(z) to vanish identically; formally this corresponds to 
setting By = 0, and regarding a regular point as a pole of order zero. 

7 Note the analogy between formulas (14.33) and (14.23). 

° Note that the sequence {¢,} necessarily converges to infinity, since {C,} 
cannot have a finite limit point. 

” By analogy with the familiar case where f(z) is a rational function (see e.g., 
G. Birkhoff and S. Maclane, op. cit., sec. 11). 

10 since (1) is formally equl to 0!, this justifies the familiar formula 0!=1. 

'l Thus @(z) is periodic, with period 1. 

'? Such a function is p(z) = e27%, 

'5 For a proof that the limit (14.43) exists, see e.g., D.V. widder,op. cit., p. 
387. 

'4 As in the lemma, by = 0 may not be a pole of f(z), in which case G)(z) = 0. 

'5 We wish to exclude the possibility of any of the terms in (14.60) or (14.61) 
becoming infinite. 

'6 For example, this is the case if the L, are homothetic figures with ray 
center z = 0 (see p. 60). 


CHAPTER 15 


CONFORMAL MAPPING 


71. GENERAL PRINCIPLES OF CONFORMAL 
MAPPING 


It will be recalled that a single-valued function w = f(z) analytic on a domain G is 
conformal at every point z) € G such that f(z )) # 0 (see Theorem 3.4). 


Moreover, according to Theorem 12.9, the image Y = f(G) of the domain G 
under the mapping w = f(z) is itself a domain. Thus, given a function f(z) analytic 
on G, where f(z) is nonvanishing on G, one might be tempted to describe the 
mapping of G onto Y = f(G) as a conformal mapping. However, in any theory 
involving “mappings,” it seems reasonable to insist that the roles of the domains 
G and ¢ be interchangeable: This leads to the additional requirement that the 
inverse function z = f-!(w) be single-valued, or equivalently that the original 
function w = f(z) be one-to-one: 


DEFINITION. Let G andY be two domains in the finite plane,' and let w = 
fiz) be a one-to-one analytic function mapping G ontoY. Then w = f(z) is 
called a conformal mapping of G onto G, and w = f(z) is said to map G 
conformally onto G. Moreover, G is called a conformal image of G. 


Remark. Note that if f(z) is one-to-one on G, then f(z) is automatically 
nonvanishing on G (see Theorem 12.8 and its corollaries). Hence, any conformal 
mapping of G is conformal at every point of G. 


Example 1. Let w = f(z) = e, and let G be any domain containing two points 
Z|, Z> differing by an integral multiple of 277 Then f(z) is nonvanishing on G, 
and hence f(z) is conformal at every point of G and one-to-one in a sufficiently 
small neighborhood of every point of G (recall Theorem 12.7). However, f(z) is 


not one-to-one on G itself, since it takes the same value at the points z, and z). 
Therefore w = f(z) is not a conformal mapping of G onto = f(G). 


Example 2. Let w = f(z) = & as in Example 1, but this time let G be a domain 
containing no pair of points differing by an integral multiple of 27i*. Then w = 
fiz) is a conformal mapping of G onto ¢ = f(G). 


THEOREM 15.1. Jf G is a conformal image of a domain G, then G is a 
conformal image of @. 


Proof. Apply Rule 5, p. 48 after noting that the inverse of a one-to-one 
analytic function is continuous (why?). 


THEOREM 15.2. Jf G is a conformal image of a domain G and if G* is a 
conformal image of G, then G* is a conformal image of G. 


Proof. Apply Rule 4, p. 46. 


It is now a natural problem to look for classes of domains which are 
conformal images of each other. For multiply connected domains, this is a 
complicated matter, but for simply connected domains the problem has a 
definitive solution given by 


THEOREM 15.3 (Riemann’s mapping theorem)’. Any simply connected 
domain G in the finite plane other than the whole plane is a conformal image 
of the open unit disk. 


CoROLLARY. Let G and G be any two simply connected domains in the 
finite plane other than the whole plane. Then G and G are conformal images 
of each other. 


Proof. Use Theorems 15.1 and 15.2. 


Remark 1. It is clear why the case where G is the whole plane must be 
excluded in Theorem 15.3. In fact, the existence of a one-to-one analytic 
function w = f(z) mapping the whole plane onto the unit disk implies |f(z)| < 1 for 
all z, i.e., f(z) is a bounded entire function. But then by Liouville’s theorem 
(Theorem 10.7), f(z) = const, which is absurd. 


Remark 2. The function w = f(z) mapping G conformally onto Y = (G) is not 
unique. To see this, map G conformally onto the unit disk, then map the unit disk 
conformally onto itself, and finally map the unit disk conformally onto g. The 
result is a conformal mapping of G onto g. However, the unit disk can be 
mapped conformally onto itself in infinitely many ways (see Example 2, p. 109), 


and hence G can be mapped conformally onto ¢ in infinitely many ways. 


The freedom of choice in the conformal mapping of G onto @ is eliminated 
in precisely the same way as for the conformal mapping of a disk onto itself (see 
Sec. 28, Prob. 4): 


THEOREM 15.4 (Uniqueness theorem for conformal mappings). Let G be 
the same as in Theorem 15.3, and let zy be an arbitrary point of G. Then there 


exists a unique function w = f(z) which maps G conformally onto the disk |w| < 
1 and satisfies the conditions 


flz)=0, f(a) >0. 


Proof. Suppose w = g(z) is another function satisfying the same 
conditions as w = f(z). Then the function 


ow) = f[e"(w)] 
is analytic on the unit disk, satisfies the conditions 


1 
‘(Z9) > 0, 
70° , 


90) = f[g(0)] = f(z) = 9, = -9'(0) = 


and maps the unit disk conformally onto itself. Therefore, according to 
Schwarz’s lemma (Theorem 12.12), 


lo(w)| < |wl, 
1.6. 
Lf(z)| < |g(2)| (15.1) 
for all z € G. But then, interchanging the roles of f(z) and g(z), we obtain 
Isl < Lf), 


which together with (15.1) implies 
If(2)| = lg@I, 
or equivalently 


lp(w)| = lw]. (15.2) 


Applying Schwarz’s lemma again to (15.2), we conclude that 
p(w) = ew. 
But ¢'(0) > 0 and hence e’ = 1, i.e., 


o(w) = w. 


It follows that 
S(2) = g(2) 


for all z €G, as asserted. 


It is often possible to infer that w = f(z) is a conformal mapping of a domain 
G onto = f(G) from a knowledge of the behavior of f(z) on the boundary of G. 
The following is a typical result of this kind: 


THEOREM 15.5. Given a closed rectifiable Jordan curve y, suppose f(z) is 
analytic on I(y) and one-to-one on y. Then f(z) is analytic on I(y), which it 
maps conformally onto I(T) where I'= fly). 

Proof. First we note that I’ is itself a closed rectifiable Jordan curve (see 
Prob. 7), while /[/(y)] 1s a domain (see Theorem 12.9). Let w, be an arbitrary 


point of (I). According to the argument principle (Theorem 12.4), the 
number of w,-points of f(z) inside y minus the number of poles of f(z) inside y 


equals v, the number of circuits around the point w, made by the point w = f(z) 
as the point z traverses y once in the positive direction. A priori, v can only 


equal —1 or +1, since I is a closed Jordan curve.* But f(z) has no poles inside 
y, and hence v must equal +1, i.e., f(z) takes every value w, € J(I) once, and 


we have incidentally proved that w = f(z) traverses I in the same direction as z 
traverses y. It follows that 


SU) > 1). (15.3) 
Next let w, be an arbitrary point of E(I). Then, as z traverses the curve y, the 
point w = f(z) traverses the curve I’ and obviously cannot wind around w,. Again 
applying the argument principle, and the fact that f(z) has no poles inside y, we 
find that f(z) has no w,-points inside y, 1.e., A(T) N fl(y)] = 0. We also have TM 
fll(y)] = 0, since w € T, w € f[/(y)], implies that some neighborhood 4(w) is 
contained in f [/(y)]. But this contradicts what was just proved, since every 
neighborhood of a point of T must contain points of E(I). Therefore 


SU) < KP), (15.4) 


and, together, (15.3) and (15.4) imply the desired result f[/(y)] = (1). 
Moreover, as already noted, every point of /(I) has precisely one inverse 
image in /(y). It follows that f(z) is one-to-one on /(y), which it maps 
conformally onto /](y). 


Theorem 15.5 can be generalized in a number of ways. One of these is 
particularly important in the applications and will be needed in the next two 
sections: 


THEOREM 15.6.0 Let y be the real axis and D the open upper half-plane. 
Suppose fiz) is continuous on p, analytic on p except at a finite number of 
points of y, and one-to-one on y which it maps into a closed rectifiable Jordan 
curvel.. Then f(z) is one-to -one on D, which it maps conformally onto I(T). 


Problem 1 (MI, p. 382). Interpret Schwarz’s lemma geometrically. 


Problem 2. Generalize Riemann’s mapping theorem to the case where G 
is a simply connected domain in the extended plane and simple 
connectedness has the same meaning as in Sec. 12, Prob. 9. 


Hint. Use the preliminary transformation ¢ = 1/z to map G conformally 
onto a domain in the finite plane. 


Problem 3. Generalize the corollary to Riemann’s mapping theorem to 
the case where G and ¢ are both simply connected domains in the extended 
plane. 


Hint. The function mapping G onto ¢ is now allowed to have one pole. 


Problem 4. Can the finite plane with the origin deleted be mapped 
conformally onto the open unit disk with the origin deleted? 


Problem 5 (M2, p. 116). Prove that if f(z) is one-to-one and analytic in 
the whole plane except for one pole, then f(z) is a Mobius transformation. 


Problem 6 (M2, p. 118). Prove that if a sequence {f,(z)} is uniformly 
convergent on every compact subset of a domain G and if every term /,(z) is 
one-to-one and analytic on G, then the limit function 


f(z) = lim frl2) 


is also one-to-one and analytic on G, unless f(z) = const. 
Hint. Use Hurwitz’s theorem (Theorem 12.6). 


Problem 7 (Ml, p. 305). Prove that the analytic image of a rectifiable 
curve is rectifiable. 


Problem 8 (M2, p. 119). Given a closed rectifiable Jordan curve y, 
suppose f(z) is analytic on E(y) and one-to-one on y. Prove that f(z) is one-to- 
one on E(y), which it maps conformally onto (I) where I = f(y). 


72. MAPPING OF THE UPPER HALF-PLANE ONTO A 
RECTANGLE 


To illustrate the application of the results of the preceding section, consider 
the function 
w= f(z) = et (0 Ski 1), (15.5) 
“vd — fyi — kr) 
known as the elliptic integral of the first kind (in Legendre’s form), where the 
path of integration is any rectifiable curve joining the points 0 and z. The 
function 


Vl — 2) — Rr) (15.6) 


is double-valued, and has first-order branch points at ¢ = +1/ and t = + I/k (cf. 
Remark 3, p. 78). Since these points all lie on the real axis, we can define two 
single-valued analytic branches of (15.6) in the z-plane cut along the segments — 
I/k <x <-1 and 1 <x < I/k of the real axis (see Prob. 1), in particular, in the 
upper half-plane D: Im z > 0. Of these two branches which take values with 
opposite signs at every point, we choose the one which takes positive values 
when ¢ belongs to the interval (0, 1).° In a neighborhood |z| > I/k of the point at 
infinity, the integrand in (15.5) has the expansion 


(1 = t*) ake 6 k*1*) 12 k My *1 ; ry +1 ery 2 
bk“ + or eb port 4 =) 


2k* 


4 fk? + ako + kyr + + 54, 


which implies 
f(z) = CF ik > 


where C is a constant. Therefore it is clear that both branches of f(z) are analytic 
at infinity. Moreover, both branches are continuous on p. 

With a view to eventually applying Theorem 15.6, we now consider the 
image of y under the mapping (15.5). In the interval 0 <x < 1, we have 
dt 


w= ae a 


which is positive and increases from 0 to 


fi dt 
“0 Vi— ry = k*1*) 


as x goes from 0 to 1. In the interval 1 <x < 1/k, the integrand in (15.5) becomes 


EE A ? 15.7 
bivi(s? — 11 — ks’) ue.) 


Here the sign cannot be chosen arbitrarily, but must agree with our previous 
choice of the branch of (15.6), in order to guarantee continuity of this branch on 


D. Writing (1 — 7)(1 — #7) in the form 


Ke — fe —(—y(e -4)lr —|{- t)| = g(t), (15.8) 
we observe that in going from the interval 0 < x < 1 to the interval 1 <x < I/k, 
the change in Arg g(t) equals — 2.’ In fact, the change in Arg g(t) equals the sum 
of the changes in arguments of all the separate factors in (15.8), but none of 
these arguments changes except Arg(t — 1), which changes by — 2. Therefore the 
change in Arg \/g(z) is —n/2, so that Arg g(r) becomes 


- 24+ 2k, (15.9) 


N 


since Arg g(r) = 2kn for 0 < ¢ < 1. Thus we see that of the two values 
+iv(? — D0 — Re) in (15.7), the correct choice is —i/(#2 — 1)(1 — k@r*) . It follows 
that 


z dt 
v= f(x) = | —_—_—_—_—_—_——— 
[ Vv (1 — ry <= k*s*) 
ae (" ; dt 4 i (2 dt 
“/a—-Ai—-RA VF — 141 — RA) 
= eu dt 


, {2 
l ———— 
“(Pf — 1’ — KF) 


for | <x < 1/k. Therefore, as the point z = x traverses the interval 1 < x < I/k, the 
image point w = f(x) traverses the line segment parallel to the imaginary axis 
going from the point K to the point K+ iK’, where 


K'= Wk dt 
1 Ve — pa — kr) 


By making the substitution 


1 


7 Vv1—k?? 


(k’* = 1 — k’), 


and then changing t back to ¢, we can write the integral for K’ in the same form 
as the integral for K: 


dt 
Re) —_—_s== k’* = 1 — k’), 
Ta — 1 — kt?) ; 


Next we consider the interval I/A < x < + oo. In this interval, the integrand in 
(15.5) becomes 


1 


ee 15.10 
+J/(f° — 1K" — 1) ; , 


where, as before, the sign cannot be chosen arbitrarily. In fact, writing (# — 1)(1 
— kt’) in the form 


1 l 
—k(t — 1X + n(r - alt - 1) = h(t), 
we observe that in going from the interval 1 < x < I/k to the interval 1/k <x <+ 
oo, the change in Arg A(t) equals —1, 1.e., the change in Arg [t — (1/k)]. Therefore 
the change in Arg a(t) is —2/2, so that Arg V(t) becomes 


—5 + Are Va() = —n + 2knr 


[cf. (15.9)]. Thus we see that of the two values +./(#2 — 1)(k#2 — 1) in (15.10), the 
correct choice is —/( — 1)(k#r? — 1). It follows that 


2 dt 
"10 = ace 


‘1 dt , fue dt 
‘a-mi—kRA oO Ve — pa — Re) 
_ f dt 

I/k v(e —_ 1k? sa 1) 


,  _—_————: 
= K + iK’ — In Jes De +t 


As x increases from 1/k to + 0, the last integral on the right becomes 


a dt . =f | dt 


where we make the change of variables ¢ = 1/kt. Correspondingly, the image 
point w = f(x) describes the line segment parallel to the real axis going from the 
point K + iK' to the point iK’ 

In just the same way, we see that as x moves along the real axis first from 0 
to —1, then from —1 to —1/k and finally from — 1/k to — 0, the point w = f(x) first 
describes the segment from 0 to — K, then the segment from —K to — K + ik’, and 
finally the segment from —K + iK' to ik’. Thus w = f(x) is a one-to-one mapping 
of the real axis onto the rectangular contour with vertices —K, K, K + iK' and—K 
+ iK', where 


a a 
“Ja _ ry = k*4*) . 
1 dt 
- (k’* = 1 — kK’). 
Ja —evl— kA) 
See ee v(i — #\l — ke") 


It follows from Theorem 15.6 that w = f(z) is one-to-one in the upper half-plane, 
which it maps conformally onto the indicated rectangle. 


Now consider the expression 


rt dt 
' Jo _/ 2 12,2 
Nk) = K = VQ = 1 — kt) 
2K 9 1 dt 
“0/a — 2a — kt) 


which is the ratio of the altitude of the rectangle to its base. As the parameter k 
(0 <k< 1) increases from 0 to 1, the denominator increases from 


2 f>__it = 
J vi-f 


to oo. At the same time, x’ — ,/j — x2 decreases from | to 0, so that the numerator 
decreases from © to 1/2. Therefore, as k increases from 0 to 1, the ratio A(k) = K 


/2K decreases continuously from © to 0. It follows that given any rectangle with 
base 2a and altitude b, we can find a unique value of k (0 < 4 <1) such that 


rl dt 
b - “0/1 . ry _ k’*s*) 7 x 
2a dt 2K 


“Ja — fx — P) 


Then the function (15.5) corresponding to this value of & maps the upper half- 
plane conformally onto a rectangle similar to the given rectangle. To obtain a 
mapping onto the given rectangle, we need only introduce an extra factor pb = 
a/K = b/K', writing 


w=f(2) = [4 (15.11) 
“Ja — ei — ke) 


instead of (15.5). Then (15.15) maps the upper half-plane onto the rectangle with 
vertices 


—pK=—a, pK=a, pK + ipK’=a-+ ib, —pK + ipK’= —a + ib, 


and hence onto any given rectangle, provided the parameters k and x are suitably 
chosen. 


Problem I (M1, Sec. 55). Let 


{@ = VPQ), 


where P(z) is an arbitrary polynomial of degree N, with zeros aj..., a,, of 


m 
orders 0;..., G,,, respectively, where a, +...+ a,, = N. Prove that 


a) No point of the finite plane other than a zero of P(z) can be a branch point 
of f(z); 


b) Every zero a; of P(z) whose order is not a multiple of n is a branch point 


of f(z) [of what order? ]; 
c) If y is a closed Jordan curve whose interior contains a set of zeros jae ++s 


Arg ( < m) of P(z) such that Oy, +...4 Og is a multiple of n and whose 
exterior contains all the other zeros, then a circuit around y does not 
change the value of f(z). 


Problem 2. Specialize formula (15.11) to the case of a square. 


73. THE SCHWARZ-CHRISTOFFEL TRANSFORMATION 


The mapping (15.5) studied in the preceding section is a special case of a 
more general mapping known as the Schwarz-Christoffel transformation, 
defined by the integral 


w = f(z) =C KC — a,)*""\(t — ay) *--+(t—a,)* "dt. (15.12) 


Here C is a positive constant, a)..., a, are distinct real numbers (assumed to be 
arranged in increasing order a, <...<a,), and the exponents a, — 1,..., a, — 1 are 


also real but not necessarily distinct. For example,(15.12) reduces to the elliptic 
integral (15.5) if we make the following choice of constants 


2 ] 
G a ay —_—- 


= 1 
: 


Ay — Ky = hye = Hy = 


To guarantee convergence of the integral (15.12), we require that 


a—1>-—1 or w&>0 (k=1,...,A), (15.13) 


and 


ate ot+a,—a<—l, (15.14) 
where(15.14) stems from the fact that the integrand 


Bit) = (¢ — a,)%* +++ (¢ — a)" (15.15) 


behaves like ¢%+""+%.—" for large ¢. 
Of the various single-valued analytic branches of the function B(¢) which can 
be defined in the upper half-plane, we now choose the branch such that the 


argument of every factor (¢ — a,)""!,..., (¢ — a,)%! equals a when all the 
differences t— a,..., t— a, are negative, 1.e., when ¢ belongs to the interval (— ~, 
a,). This corresponds to choosing the value 


(a, — lr+---+(a, —I)r (15.16) 


for the argument of B(¢) when ¢ €(—, a,).° Then in the other intervals (a; a>),..., 
(a,_1, 4,), (d,, + ©), we assign Arg B(t) values which are consistent with this 
choice, noting that the only factor in (15.15) whose argument changes when we 
go from the interval (a,_,, a;) to the interval (a;,, a,, ;) is t— a;,, giving rise to a 
change of — a in Arg (t — a;,) and a change of (a , — l)a in Arg B(d) itself (cf. 
footnote 7, p. 329). Since Arg B(2) has the value (15.16) in the interval (—0, a), 
it has the value (a, — 1) +...+ (a, — 1)a in the interval (a), a), the value (a3 — 
1) +...+ (a,— la in the interval (a>, a3), and so on. In general, we have 


Arg R(t) = (q, — In +-''+(a,—I)m if te (q 4,4), (15.17) 
where k = 2,..., n. Finally, to the right of all the points a),..., a 
interval (a,, + ©), Arg R(t) has the value 0.? 


» 1€., In the 


Setting 


m= Cia) a)e dt (k=0,1,...,0+1), 
(15.18) 
we find that (15.12) can be written in the form 


w= f(z)=w41+C r Q(t) dt 


= Wy + Cexp [a — Ini + +++ + (a, — I)mi] he [BI at 


if 2 €(a,_4, ay). 


The last term on the right has the same argument for all z € (a;,_, a,), but its 
absolute value increases continuously from 0 to 


c{™ [pol dt =I, (15.19) 


as Z = x increases from a;_, to a;. Therefore, as z traverses the interval (a;,_, a;) 
from left to right, the image point w = f(z) traverses the line segment A;_, of 
length /,, with initial point w,_, and final point w,;, making an angle of (a, — 1)a 
+...+ (a, — l)a radians with the positive real axis. This applies equally well to the 
line segment Ap, with initial point 


Wy = C [re — a,)"*"*+++(t — a)" dt 


and final point w, and the line segment A,, with initial point w, and final point 
W,+] = Wo. It follows that the function (15.12) maps the real axis onto a closed 
polygonal curve A with segments Ap, Aj..., A, and vertices Wo, Wy,..-5 Was Watt = 
Wo. It cannot be asserted that this mapping is one-to-one, since the polygonal 
curve may have self-intersections, 1.e., the segments A, may have points in 


common other than the common end points of consecutive segments. However, 
if we make the additional assumption that there are no self-intersections [as, for 
example, in the case of the elliptic integral (15.5)], then A will be a closed 
rectifiable Jordan curve, bounding a polygon with vertices wo, W,..., W,- 
Therefore, in this case, we can apply Theorem 15.6, concluding that the 
Schwarz-Christoffel transformation (15.12) is one-to-one in the upper half-plane, 


which it maps conformally onto the indicated polygon. 


According to the construction shown in Figure 15.1, the interior angle of the 
polygon at the vertex w,(0<k<n-+ 1) equals a,x. Although all the angles in the 
figure are only defined to within integral multiples of 27, it is easy to see that a,7 
gives the interior angle without any correction term, 1.e., that the inequality oa, < 
2 holds as well as the inequality o, > 0 assumed in (15.13). In fact, we can write 


B(t) = [(t — ay) + + + (tt — ayy) — yyy) + + (tf — a) 7] 
x (t aan a,)**, 


hes 
by 


(apgy- Mt +(aeq_y) 7 


(ag!) +--- +(&_- 1) 7 


ed 


FIGURE15.1 


where the expression in brackets is analytic and nonvanishing in a neighborhood 
of the point a,, and hence has a power series expansion of the form 


Ay + A(t—a)+--- (Ay? #0) 
which converges uniformly in a neighborhood of a;,. But then 
w=w,+C [" Q(t) dt 
=w,+C [« [Ag? + A(t — ay) +++ “it — a) dt 
Je. 


(k) (k) 
= Wy © t-  ,e Cc Ay 
Xe 


a, 
(gs — a+ +*+, 
% +1 


which implies 


Ai*) 
w—wy= c™(@ - a1 + 
* 


os rT (2 — a,) + +] (Aq” # 0). 


Therefore 


lim Arg (w — w,) = Arg AX’ + «0, 

wwe 
where we use the fact that C > 0, a; > 0. Thus, as 9 varies from 0 to a along an 
“arbitrarily small” semicircle with center a,, the image point w = f(z) varies 
continuously along some Jordan curve joining a point on the segment A; to a 
point on the segment A, _,, always staying inside the interior angle with vertex at 
w,, while Arg w increases from Arg 4)“ to Arg 4) + ayn, without winding 
around the point w = 0 (why?). Therefore o,7 is just the size of some interior 


angle of the polygon, and hence must be less than 22 In other words, instead of 
the condition (5.13), we have the stronger condition 


O<a,<2e (k=1,...,n). (15.20) 


[(a-1)-(@,+---+@_)] 7 


(@,-1) 1 +---+(ap_-')4<-7 
FIGURE 15.2 
At the vertex wp = w,,4), the interior angle of the polygon equals 


[(n — 1) — (a, + °-- + 4,))x, 
(15.21) 
as shown by Figure 15.2. From (15.14) we can only deduce that this quantity is 
positive. However, our polygon has a total of n + 1 interior angles, whose sum 


must equal [(n + 1) — 2]x = (n— I)a. Therefore (15.21) is precisely the size of the 
(n + 1)st interior angle, and hence 


(2 — 1) — (@ + °++ + 4,)}e < 2x, 


or 
teeta, >an—3. 
In other words, instead of the condition (15.14), we have the stronger condition 


n—3<a+°°°-+a,<a—l. (15.22) 


The conditions (15.20) and (15.22) are necessary, but not sufficient, for the 
Schwarz-Christoffel transformation (15.12) to be a conformal mapping of the 
upper half-plane onto a bounded polygon, with vertices wo, wj,..., W,, and 
interior angles 


[(n — 1) — (a, + °°* + &,)]t, a7,..., %,7. 


In the special case where 


we find that the angle with vertex wa equals Geometrically, this means that wo 
is not really a vertex, but just an interior point of the side with vertices w, and w, 


(cf. Figure 15.2). Then (15.12) maps the upper half-plane onto an n-gon rather 
than an (n + 1)-gon. This occurs in the case of the elliptic integral (15.5), where 


n= 4, a+ agt+agta=—4-s=n —2, 
and in the following example: 


Example 1. We now use the Schwarz-Christoifel transformation to map the 
upper half-plane onto a triangle with angles 0,7, 047, 37 (a, > 0, a, + a, + 3 = 
1), where the side opposite the angle a,2 has length /. This problem can be 


solved in two ways. First we use formula (15.12) with n = 3, choosing three 
arbitrary real points a), a>, a3, which are mapped into the vertices of the triangle 


(in this approach, a, + a, + a, =n — 2). Thus, for example, suppose that 
a,=—l, 4=0, q=1. 
Then (15.12) gives 
w = c fc 41 — 1)" dt, (15.23) 
and we need only determine the factor C > 0. But since / must equal 


c fat pena — ns yde=c [ee pte — pat 
Jo Je 


[cf. (15.19)], we have 


[e+ pete — ne de 


Therefore (15.23) becomes 


_ plot + De 1 dt (15.24) 
KC }- 1)" haan 6 | _ ") he dt 


This function actually solves the problem, since it is one-to-one on the real axis, 
which it maps onto a triangle with the given vertex angles and side length (note 
that a triangle can have no self-intersections). In particular, (15.24) reduces to 


fs dt 
eva — iy 

[’ dt 

0/081 ae ? 


if a, = A) = G3 = $ (corresponding to an equilateral triangle with side length /), 
and to 


fs dt 

7 vie — 1) 
i. dt 
ViVi — py 


if Oy =}, G, = 03 = 4(corresponding to an isosceles right triangle with hypotenuse 
!). 


Example 2. Another approach to the problem of mapping the upper half- 
plane onto a triangle is based on the use of formula (15.12) with n = 2. This time 
we choose two arbitrary real points a, and aj, which are to be mapped into two 


vertices of the triangle, with angles a, and a,7. Since a, — a cannot equal n — 2 
= 0), the point at infinity must go into the third vertex of the triangle, with angle 


(2 — 1) — (a + a) = 2 — aye — age = age. 
Thus, for example, suppose that 
a,=0, a=-—l. 
Then (15.12) gives 
w=C fee — 1)" dt, 
and to determine C we have the equation 


c [rie — 1)**"| dt = 1, 


which implies 


I 
[eM — 1)" dt ; 


It follows that 


17 Ye — 1) at 
a 


("11 a 1)" dt ; (15.25) 
“1 
which obviously differs from (15.24). In particular, in the case of an equilateral 
triangle with side /, (15.25) reduces to 

fs dt 
f 20 dt : 
“1-7 Xt — 1) 


w=] 


Example 3. In the general case, the upper half-plane is to be mapped onto an 
n-gon (n = 4) with interior angles a,7,..., @,,7 and side lengths /,,..., /,, where as 
in Figure 15.3, we associate the angles o,_,;a and o,7 with the side /, (A = 2,..., 
n), and the angles a, and a,x with the side /,. Suppose we choose three 
arbitrary points a, a, and a; of the real axis, which are to go into the vertices w, 
w, and w3, with angles a,7, a2 and a,72. Then we must still determine n — 3 
points ay,..., a, of the real axis, as well as the constant C > 0, which makes n — 2 
unknowns n all. At first glance, it appears that there are too many equations 
available for determining these unknowns, 1.e., the m equations expressing the 
side lengths in terms of appropriate integrals. However, it is immediately 
apparent from Figure 15.3 that once the angles of m-gon are known, then 
specifying just n — 2 sides /),..., 1, » uniquely determines the remaining two sides 
/,_, and J,,!°. In other words, there are actually only n — 2 independent equations 
of the form 


Cc nC _ a)" eee (t _ co" \dt = lL. (k = if Pe | ie 2) 


for determining the n — 2 unknowns ay,..., a,, C, and these equations can 
actually be solved. This follows from the fact (not proved here) that apart from a 
trivial translation and rotation, (15.14) is the most general form of a function 
mapping the upper half-plane onto an n-gon (see M3, Sec. 47). 


FIGURE 15.3 


Problem 1. Justify the arbitrariness in the choice of a, a, and a3 in 
Example 3. Can more points ay,..., a, be chosen arbitrarily? 


Problem 2. Map the upper half-plane Im z > 0 onto a rhombus with side 
length / and obtuse angle az. 


Problem 3. Derive the formula for mapping the unit disk |z| < 1 onto the 
interior of a polygon. 


Hint. Make a preliminary Mobius transformation mapping the upper 
half-plane onto the unit disk. 


Problem 4. Show that the function 


fz dt 


w=| 


ov1 —# 
maps the unit disk onto a square. What is the side length of this square? 


Problem 5. Prove that the function 


- ie dt 
"lo @ — Pr 

maps the unit disk onto a regular n-gon. What is the side length of this n- 
gon? 


Problem 6. Onto what domain is the unit disk mapped by the function 


Pz 1+") 
( ) dt 


ais fi (1 —12)eimyra 


. 


where 


2 
-Il1<AaA<1--? 
n 


Hint. The domain 1s starlike (see Sec. 37, Prob. 5). 


' The case of domains in the extended plane (see Sec. 12, Prob. 9) is 
considered in Probs. 2 and 3. 

* Thus G is a domain of univalence for w = e” as defined on p. 73. (A one-to- 
one analytic function is often called a univalent function.) 

> The proof of Theorem 15.3 is beyond the scope of this book, but can be 
found in the more advanced literature on complex analysis (see M3, Sec. 2). 

4 This fact, which is easily verified in the simplest cases (e.g., where y is a 
circle or a polygon), can be proved in complete generality. See e.g., P. S. 
Aleksandrov, op. cit., Chap. 2. 

> We omit the proof of Theorem 15.6 which is a straightforward but rather 
tedious deduction from the argument principle. The interested reader can prove it 
by specializing the considerations given in M2, pp. 120-123. 

© This is in keeping with what we mean by va when a > 0, i.e., the positive 
square root. 

’ This is easily seen by drawing a small semicircle in the upper half-plane 
with center ¢ = 1, and examining the behavior of Arg g(t) as ¢ traverses the 
semicircle going from left to right. 

8 In (15.16), (15.17), etc., an extra term + 2k (k = 0, £1, +2,...) is always 
understood, since Arg z is only defined to within an integral multiple of 27. 

Formula (15.17) also holds in the intervals (— ©, a,) and (a,, + 0%), if we 
introduce extra constants ay = — %, a, » ; = + © and let A range from 1 ton + 1, 
regarding the right-hand side as zero if k =n + 1. Similarly, in (15.18), we allow 
the upper limit of integration to be any of the points —c = do, ay,..., Ay, Any] = + 
00. It should be noted that wo = w,., (why?). 


!0 Obviously, specifying n — 1 angles of an n-gon uniquely determines the 
remaining angle. 


CHAPTER 16 


ANALYTIC CONTINUATION 


74. ELEMENTS AND CHAINS 


By the problem of analytic continuation of a single-valued function f(z) defined 
on a set E we mean the problem of finding a domain D containing FE and a 
function @(z) defined on D such that 


1. @(z) is analytic on D; 
2. o(z) = fiz) for all z € E; 
3. D is as large as possible.! 


The function @(z) is then said to be an analytic continuation of fiz) from E into 
D. If E has a limit point z) € D, it follows from Theorem 10.8 that @(z) is 


unique. 


Remark. Two other definitions of analytic continuation will be encountered 
below, but they can both be interpreted as variants of this basic definition. 


Example 1, Let E be the real line z = x(y = 0), and let f(x) = e*. Then 


f= T= (xi < @), (16.1) 
n=0 NN! 


and the function 

2) = > = (|z| < ©) (16.2) 
obtained by replacing x by z in (16.1) is the unique analytic continuation of f(x) 
into the whole finite plane. In fact, instead of the approach used in Sec. 29, we 
could have defined the complex exponential by the series (16.2). However, the 
treatment in Sec. 29 has the advantage of not requiring previous knowledge of 
complex series and the uniqueness theorem for analytic functions. 


Example 2. Let E be the unit disk |z| < 1, and let 


x 


fzZ= 2" (lzl< 1). 


Then the function 


1 
z)=— 
( ae 
is the analytic continuation of f(z) into the domain D consisting of the whole 
plane minus the point z= 1. 


Example 3. Let E be the unit disk |z| < 1, and let 


f2=>2" = (zl <0). (16.3) 


Then, as will be shown in Example 2, p. 355, there is no analytic continuation of 
fiz) into a domain larger than F. This fact is summarized by saying that the circle 
\z| = 1 1s the natural boundary of the series (16.3). 


Next we consider the case where D intersects E but does not necessarily 
contain E. At the same time, we assume that EF is itself a domain, there by 
insuring that EF U D is a domain. 


DEFINITION 1. A set {G, f(z)} consisting of a domain G and a single- 
valued analytic function defined on G is called an element, and G is called the 
domain of the element. Two elements {G, f(z)} and {D, (z)}} are equal if and 
only if G= D, f(z) = o(2Z). 


DEFINITION 2. Each of two elements {G, f(z)} and {D, @(z)} is said to be a 
direct analytic continuation of the other if G \ D # 0 and if there exists a 
domain g C GN" D such that f(z) = 9(z) for all z € g. 


Remark 1. Let {G, f(z)}, {D, o(z)} and g be the same as in Definition 2, and 
let g’ be the connected component of G M D containing g (see p. 40). Then, by 
Theorem 10.8, f(z) and @(z) coincide on g', and hence on G/N Dif GN D 1s 
connected. However, f(z) and @(z) may not coincide on the other components of 
G1 Dif GN Dis not connected. 


Remark 2. Let {G>, fo(z)} be a direct analytic continuation of {G,, f;(z)} in 
the sense of Definition 2, and let 


fi) if zEG,, 
(z) = { fi(z) = f(z) if zeg—o“G,NG,, 
Sz) if zeEG,. 


Then ¢(z) is an analytic continuation of f(z) from G, (or G) into G; U G, in the 
sense of the definition on p. 341 if G; MN G, is connected (see Prob. 4). 


Example 1. Let G be the domain bounded by the ray — 0 <x <0, y = 0 and 
D the domain bounded by the ray 0< x <+o, y = 0. Let 


f(z) = In [z| + 16, 9(z) = In |z| + ia, (16.4) 


where 9 is the value of Arg z satisfying the condition —z < 0 < z and a 1s the 
value satisfying the condition 0 < a < 22. Each of the functions (16.4) is single- 
valued and analytic on its domain of definition. The set GM D is nonempty and 
consists of two components, the upper half-plane [[,; and the lower half-plane 


[],. Moreover a = 0 in [[;; while a = 0+ 27 in [];, and hence f(z) = @(z) if z € 
[ly but fz) # o() ifz € [],. Therefore {G, f(z)} and {D, @(z)} are direct analytic 
continuations of each other (with [7 as the domain g figuring in Definition 2). 


Example 2. Let G, D, f(z) and @(z) be the same as in Example 1, and 
consider another function 


(z) = In |z| + i8 


defined on D, where f is the value of Arg zsatisfying the condition — 2x < B < 0. 
Then a = 8 + 27 at every point of D, and hence 9(z) # (z) if z € D. Therefore 
{D, (z)} and {D, Y(z)} are not direct analytic continuations of each other. On 
the other hand, B = @ in the lower half-plane [], and hence f(z) = ((z) if z € [],, 


so that {G, f(z)} and {D, {(z)} are direct analytic continuations of each other. 
Definition 3. Let 
{Go, fol2)}s {Gr fA} ---> {Gas fn(Z)} (16.5) 


be a set of elements such that{G;,, f,(z)} is a direct analytic continuation of 
{Gy_15 fy.)(Z)} for ever k = 1,..., n. Then (16.5) is called a chain of elements 
joining {Go, fo(z)} and{G,,, f,(z)}. Each of the elements{Go, fo(z)} and {G,, 


f, (2): is called an analytic continuation of the other.’ 


Definition 3 immediately implies 


THEOREM 16.1. The relation leading from an element {G, f(z)} to any of 
its analytic continuations is reflexive, symmetric and transitive.4More exactly, 


1. {G, ft is an analytic continuation of itself; 

2. If {D, @} is an analytic continuation of {G, ft, then {G, f} is an 
analytic continuation of {D, ~}; 

3. If {D, @} is an analytic continuation of {G, f} and if{E, w} is an 
analytic continuation of{D, 0}, then{E, wi is an analytic 
continuation of {G, f}. 


Example. Let G, be the domain 
kn < Argz <(k + 2)r (kK = 0, +1, +2,...), (16.6) 
and let f(z) be the function 
SA2) In |z| = i6,, 


where 0, = 0,(z) is the value of Arg z satisfying (16.6). Then any two elements 
{G,»Jm} and {G,, f,} are analytic continuations of each other. In fact, suppose n 
=m + p, where p > 0 (say). Then {G,,, f,,},.... {G,, f,} 18 a chain of p + 1 
elements joining {G,,,f,,} and {G,,f,}. 


Problem 1. Suppose f(z) can be continued analytically from a set E C D 
with a limit point zy € D into the domain D itself. Let 


f(z) = dg + a,(z — 2) + °° + Gg(z — 2)" +°°° (|z — zq| < Ag) 


be the power series expansion of f(z) at Z), where Ap is the distance from zp to 
the boundary of D, and let {z,} be a sequence of points of E converging to Zp 
(recall Sec. 9, Prob. 8). How can the coefficients dg, a..., a,,...be deduced from 
a knowledge of f(z) on the set E? 


Ans. Use the inductive formula 


aq = lim /(z,), 
k-@ 


‘ lim S(Zx) — Gq — 2;(z_ — Zo) — *** — An_a(Ze — 2)" (16.7) 
~ eae (Z, Zo)" 
Lf a fay eee 9 


Problem 2. Let f(z), z), D and Ap be the same as in the preceding problem, 
and let z’ be a point in the disk |z — zp| < Ap. Then 


S@) = by + 002 — 2’) + °° + Oe — FP +°:: (lz —z’| < A’), 
where A’ is the distance from z’ to the boundary of D. Relate the coefficients bo, 
by,..., 5,,...to the coefficients ap, a)..., d,,...figuring in (16.7). 
Ans. 


+1 . (n + 2)(m + 1) 
1! Ans (2 =" Zo) = 2! 


Pf) he Ry See 


Ans 2’ na Zz)" fosee 


Problem 3. Interpret the proof of the uniqueness theorem for analytic 
functions (Theorem 10.8) from the standpoint of analytic continuation. 


Problem 4. Generalize Remark 2, p. 343 to the case where G; M G; 1s not 
connected. 


Hint. Recall footnote 1, p. 341. 


Problem 5. Verify that the relation leading from a domain G to any of its 
conformal images (see p. 323) is an equivalence relation. 


75. GENERAL AND COMPLETE ANALYTIC FUNCTIONS 


Let F' be a nonempty (finite or infinite) set of elements {G, f}. Then F is said 
to be connected if every pair of elements in F can be joined by a chain of 
elements all belonging to F. In particular, if F is connected, every element of F is 
an analytic continuation of every other element of F. 


THEOREM 16.2. Let F be a connected set of elements, and let D be the 
union of the domains of all the elements in F: Then D is itself a domain. 


Proof. Since F is nonempty, so is D. Moreover, if z) € D, then z) belongs 


to at least one domain G such that {G, f} ©€ F. Therefore z) has a 
neighborhood contained in G and hence in D, 1.e., D is open. To prove that D 
is connected, let z) and z* be two distinct points of D. Then there are two 
elements {Gp, fo}, {G*, /*} © F such that z) € Go, z* € G*. Furthermore, F 
contains a chain 


{Go, fo}s {Gis fib, «+s {Gas fat = {G*,f*} 


joining {Go, fo} and {G*, f*}. Since {G,), fj} and {G,, f,} are direct 
analytic continuations of each other, the set G,_; M G;, 1s nonempty (k = J,..., 
n). Let z, be any point of G,_,; M G;, and let y, be a continuous curve 
contained in G, joining z; to z,,) (k = 1,..., n-1). Then joining Zp to z, by any 
curve Yy C Go, Zp to z,; by any curve y, C Gj, z,_, to z, by any curve y,_; C 
G,,;, and finally z, to z* by any curve y, C G,, we obtain a continuous curve 
contained in D joining zy to z* (draw a picture!). Therefore D is connected as 
well as nonempty and open, and the proof is complete. 


The following definitions form the basis for a rigorous theory of multiple 
valued analytic functions: 


DEFINITION 1. 4 nonempty connected set of elements is called a general 
analytic function, said to be generated by any of its elements. The union of the 
domains of all the elements of a general analytic function F is called the 
domain of F. 


DEFINITION 2. Given a general analytic function F, let z) be any point in 
the domain of F. Then by a value of F at zo, written F(z), is meant any value 


AZo) where{G, flz)} € F, z € G.® 


DEFINITION 3. A general analytic function which contains all analytic 
continuations of any of its elements is called a complete analytic function. The 
domain of a complete analytic function F is often called the domain of 
existence of F; and the elements of F are often called single-valued(analytic) 
branches of F. 


Remark. Roughly speaking, a complete analytic function is the result of 
unrestricted analytic continuation of some originally given sample of the 
function, and the domain of existence of a complete analytic function is the 
largest domain into which the given sample can ever be continued. 


Example 1. Let G be a domain, and let f(z) be single-valued and analytic on 
G. Then the set of all elements {K, f(z)}, where K is a disk contained in G, is a 
general analytic function F, with domain G. Moreover, F(z) is single-valued and 


F(z) = fiz). 


Example 2. Let G be any simply connected domain not containing the origin. 
Then the complete analytic function generated by the element {G, In z}, where 
In z is the principal value of the logarithm, is the multiple valued function. 


F(z) = Ln z, 


whose domain of existence is the whole plane minus the origin.’ 


Example 3. Let F be a general analytic function whose domain is simply 
connected. Then, according to the monodromy theorem, ® F must be single- 
valued. 


Problem 1. Prove that every element belongs to a unique complete 
analytic function. 


Problem 2. Find the complete analytic function generated by the element 
{G, f(z)}, where G is the unit disk |z| < 1 and f(z) is the function (16.3). What is 
the domain of existence of F? 


Problem 3 (M3, Sec. 39). Given a meromorphic function f(z), let G be any 
domain containing no poles of f(z). What is the complete analytic function F(z) 
generated by (G, f(z)}? 


Ans. F(z) = f(z). 


76. ANALYTIC CONTINUATION ACROSS AN ARC 


Given a domain G with boundary I, suppose every point z) € G can be 
joined to a point ¢ € T by a curve 2,0 ¢ G U {0}, ie., by a curve entirely 
contained in G except for the end point C. Then C is said to be an accessible point 
of . A set E C I is said to be accessible if every point of E is accessible. 


Example 1. Let G be the interior of a closed Jordan curve. Then it can be 
shown (see M3, Sec. 8) that every boundary point of G is accessible. 


Example 2. Suppose we draw infinitely many line segments 


a & 


FIGURE 16.1 
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and 


1 
ag 7 li dell (e = 1.2.00) 
in the closed square 0 <x < 1,0 <y< 1, and then take G to be the domain whose 
boundary I consists of these segments together with the four sides of the square, 
as shown in Figure 16.1. Then no point of the segment OA is accessible, but 
every other point of I is accessible. 
We now consider the problem of analytic continuation based on the use of 
“adjacent elements” sharing an appropriate boundary arc: 


THEOREM 16.3. Let{G,, f;} and {G>, f,} be two elements whose domains 
are disjoint but share an accessible Jordan boundary arc 6, where 6 is open 
and rectifiable.? Supposef,(z) is analytic on G, and continuous on G, U 6, 
while f,(z) is analytic on G, and continuous on Gy U 6. Moreover, suppose 
F(Z) and f,(z) coincide on 8, so that 


fiz) = f2) if ze8. (16.8) 
Then there exists a function @(z) analytic on D = G, U 8 U G; such that 
fi) if zEeG,, 
eZ) =({A@=fAZ if ze8, (16.9) 
fz) if zEG. 


Proof. The proof involves Morera’s theorem (Theorem 8.6) and the 
generalized Cauchy integral theorem,!? which states that if G is the interior of a 


closed rectifiable Jordan curve L and if (z) is analytic on G and continuous on 
G, then 


[,e) dz = 0. (16.10) 


First we note that D is a domain (here the accessibility of 6 is vital!). Let Z be an 
arbitrary closed rectifiable Jordan curve contained in D and traversed in the 
positive direction. If L M 6 =0, then L C G, or LC Gy, and hence, by the 


ordinary form of Cauchy’s integral theorem, 16.10) holds with @(z) given by 
16.9). IfL M6 #0, we divide L into two arcs L, and L, with end points ¢), G € 


6, as in Figure 16.2 (verify that this figure is sufficiently general for our 
purposes). It follows from the generalized Cauchy integral theorem that 


FIGURE 16.2 


—~ f(z) dz 
beg A® 


= ee Fz) dz =0 
(0,02 = 8) and hence 


Veet f(z) oak +s fiz) dz = J, A) dz + ie fl) nies, 


“le 
since (16.8) implies 


[ ~ fiz) dz = — | f(z) dz. 


But then, according to (16.9), 


“Lita 


oz) dz = I o(z) dz = 0, 


and hence, by Morera’s theorem, (z) is analytic on D, as asserted. 


DEFINITION. Either of the elements{G,, f,;} and {G>, fo} figuring in 


Theorem 16.3 is called a direct analytic continuation of the other(across the 
arc 8). 


Remark. Let {G>, f>} be a direct analytic continuation of {G,, f,} in the sense 


of the above definition, and let @(z) be given by (16.9). Then @(z) is an analytic 
continuation of f(z) from G,(or G,) into G, U 56 U Gy, in the sense of the 


definition on p. 341. 


Problem 1. Give an example where G; and G, share an arc such that 
(16.8) fails to hold as well as an arc 6 satisfying (16.8). 


Problem 2. Generalize Theorem 16.3 to the case where 6 is unbounded. 
Hint. Assume that every finite subarc of 6 is rectifiable. 


Problem 3. Generalize Theorem 16.3 to the case where G, and G, 
overlap. 


Hint. The function (z) can now be double-valued on G; M Gp. 


77. THE SYMMETRY PRINCIPLE 


The following technique of analytic continuation is of great practical 
importance: 


THEOREM 16.4 (Symmetry principle).'! Let G be a domain whose 
boundary contains an accessible open line segment 6, and let w= f(z) be 
analytic on G and continuous on G U 6. Let G* be the domain symmetric to G 


with respect to 5, '* and suppose G and G* are disjoint. Moreover, suppose A 
= f{(S) is itself a line segment, and let f*(z) be the function defined on G* U 6 
by the conditions 


1. f*(z) = fz) for all z € 9; 
2. f*(z*) and f(z) are symmetric with respect to A for all z* € G*, where 
z* is the point symmetric to z € G with respect to 6. 


Then the elements {G, ft and {G*, f*' are direct analytic continuations of each 


other across 6. 


Proof. There is no loss of generality in assuming that 6 and A are both 
segments of the real axis, as shown in Figure 16.3. In fact, this configuration can 
always be achieved by making suitable preliminary entire linear transformations 
in both the z and w-planes, and such transformations (and their inverses) 
preserve continuity, analyticity, accessibility and symmetry (recall Sec. 27). Thus 
we can write 


on 6 and 


w=f(Z)=4, 
v = Im f(z) =0 


FIGURE16.3 


on A. Then the points z* and z symmetric with respect to 6 are just complex 
conjugates of each other, and the same is true of the points w* and w symmetric 
with respect to A: 


ae w* = wW. 


Given any point z)7 € G, suppose G contains the neighborhood |z — zp| < p (see 
Figure 16.3). Being analytic on G, f(z) has an expansion at zy of the form 
from 


f= > a,(z ~z)" (lz — 2 <p). 


But then 


f(z") =J@ = > a(Z—%)" (lz—z0l <p) 
LG 
f*(z*) = > a,(z* — 2%)" (|z* — 2#| < 9). 


Therefore /* is analytic on G*,!° since the point Zo © G (and hence the point zy* 
€ G*) is arbitrary. 
Next we show that /* is continuous on G* U 6 (it is obviously continuous on 
G*). Let z = xp be any point on 6. Then 
lim f(z) = f (Xo) = u(%p, 0), 


z~2Z, 
260° 


since f(z) = u(x, vy) + iv(x, y) is real on 6 and continuous on G U 4, and hence 


lim v(x, y) = 0. 


(2,~) + (29,0) 
(z.weG 
It follows that 


lim f*(z*) = lim f(z) = lim [u(x, y) — iv(x, y)] = u(%, 0) 
2 729 22 (2, ¥) + (29.0) 
z*eq* zeG (a.wleG 


= f (Xo) = f*(%o), 


1e., f* is continuous on G* U 6, as asserted [how about the case where z* 
approaches x, along 6 itself?]. The rest of the proof is an immediate consequence 


of Theorem 16.3. 


Example. Let G be the interior of the triangular contour ABC shown in 
Figure 16.4(a), and let f(z) be analytic on G and continuous on G. Suppose 


(b) 


FIGURE 16.4 


fiz) takes purely imaginary values on the segment BC. Then f(z) can be 
continued analytically across BC into the quadrilateral ABA *C which is “twice 
as big” as the original domain G. Moreover, if z* and z are symmetric with 
respect to BC, 1.e., 1f z* is the reflection of z in BC, then the image points w = f(z) 
and w* = f*(z*) are symmetric with respect to the imaginary axis, as shown in 
Figure 16.4(b). 


Remark. There is a natural generalization of the symmetry principle to the 
case where 6 is a circular arc (see M3, Sec. 46). 


Problem 1. Generalize Theorem 16.4 to the case where 6 is an infinite 
line segment. 


Problem 2. Generalize Theorem 16.4 to the case where the domains G 
and G* overlap. 


Problem 3. Prove that the function (15.5) maps the lower half-plane 
onto the rectangle with vertices —K, K, K — iK', —K — iK', where K and K' 
have the same meaning as in Sec. 72. 


78. MORE ON SINGULAR POINTS 


Given an element {G, f(z)}, let [ be the boundary of the domain G. Then 
every point of I falls into one of the following two classes (a priori, either class 
can be empty): 


1. Points ¢ € I for which there can be found a neighborhood .7(C) and a 
function 9;(z) analytic on (0), i.e., an element {4 (¢), @¢(z)} such that 
Q(z) = f(z) for all z in (C) N G; such points are called regular points [of 


{G, f(z)}, or simply of f{(z)]. 


2. Points ¢ € I’ for which no such neighborhood and analytic function can 
be found; such points are called singular points [of {G, f(z)}, or simply of 


AZ)]. 


It follows from the definition of a regular point that if C € T° is a regular 
point, then so is every point C’ €V(C) OT. In fact, for v(C’) we need only 
choose any disk with center ¢’ which is contained in .”(¢), while for @,(z) we 
need only choose the function @;(z) which is analytic on4’(C) and coincides with 


fz) on “(6) N G"*. In particular, this means that if f(z) has one regular point, 
then f(z) has infinitely many regular points. On the other hand, f(z) can have just 
one singular point. 

It should be noted that every point ¢ € G has the characteristic property of a 
regular point, 1.e., there exists a neighborhood .#(C) [in fact, any neighborhood 
of ¢ contained in G] and a function @;(z) analytic on (Q)[in fact, f(z) itself] 
which coincides with f(z) on #(C) N G. Therefore, extending our definition of a 
regular point to include interior points of G, we shall henceforth regard the 
points of the domain G itself as regular points of f(z). 


Example 1. Let G be the deleted neighborhood 0 < |z — ¢| < R, and let f(z) be 
a function analytic on G. Then f(z) has a regular point or a singular point at ¢ in 
the sense of the above definition if and only if f(z) has a regular point or a 
singular point in the sense of the definition on p. 234. The new definition is more 
general and will allow us to consider the case of nonisolated singular points (see 
Example 2, p. 355). 


Example 2. Let G be the unit disk |z| < 1, and let 


1 


“ 


f(z) = 
For every point ¢ # 1 lying on the boundary of G (i.e., on the unit circle |z| = 1), 
we can find a neighborhood 1 (@: |z— ¢| <|1 — ¢| and a function 


1 = 
- 


PA) = 


analytic on (C) such that 9;(z) = f(z) on W(C) N K. Therefore, every point ¢ | 
is a regular point of f(z). On the other hand, the point ¢ = 1 is a singular point of 
fiz), since otherwise there would be a neighborhood (J) and an analytic 
function @(z) coinciding with f(z) on E = #”(1) M K. But then the limit 


(1) = lim oz) = lim 
zl z~1 l 
2K 26K 


would have to be finite, which is impossible. 


Example 3. Given any element {G, f(z)}, let I’ be the boundary of G and 
suppose f(z) — 0 as z € G approaches an accessible point ¢C € I. Then ¢ is a 
singular point of f(z) by exactly the same argument as in Example 2. 


THEOREM 16.5. Given a disk K: |z — Z| < R and an element{K, f(z)}, 
suppose every point of the circle I’:\z— Zp| = R is a regular point. Then there is 
a disk K,:|z — Zo| < R, and another element {K,, 9(z)} such that R; > R and 
o(z) = f(z) on K, i.e, f(z) can be continued analytically into a larger 
concentric disk.'> 


Proof. Let D be the union of K and all the neighborhoods (C), ¢ € J; 
where .#(C) is any neighborhood figuring in the definition of the regular point 
¢. Then D is obviously nonempty. Since K and all the .4/(C) are open, so is D 
(recall Sec. 9, Prob. Sa). Moreover, D is connected, since any two points of D 
can be joined by a curve contained in D (why?). Therefore D is a domain. 

Next let @,(z) have the same meaning as in the definition of the regular 


point C, and define the following function on D: 
(2) ee . : —- (16.11) 
-(z) if ze (%). 

As we now show, (z) is single-valued and analytic on D. Since D contains 
points which simultaneously belong to a neighborhood .(@ and to K, and also 
points which simultaneously belong to two neighborhoods (C) A(C), and we 
must verify that the definition (16.11) is consistent, in the sense that a point z € 
D will always be assigned the same value o(z) whether z is regarded as 
belonging to K, (6), M(C) or W(C). There are basically two cases to be 
considered: 


1. Let G= w(¢) 1 k. Then 9;(z) = f(z) on G, by the very definition of the 
regular point C. 
2. Let G = W(C) MN H(C) £0 and let E = GN K [see Figure 16.5, which 


illustrates the situation where neither neighborhood (¢’), W(C) is a 
subset of the other]. Then 9¢-(z) = f(z) = Q¢u(z) on E, and hence by the 


uniqueness theorem for analytic functions (Theorem 10.8), @¢(Z)= 
»(z) on the whole set G, since E C G obviously contains a limit point of 
G. 


FIGURE 16.5 


Thus the function (z) defined by (16.11) is single-valued on D. Moreover 
((z) is analytic on D, since, by construction, @(z) coincides with an analytic 
function [either f(z) or some O(z)] in a neighborhood of every point of D [note 


that if z € D, then there is a neighborhood C¢ such that “(z)C K or V(z) W 
(¢) for some ¢ € I]. 
Finally let R,; be the distance between z, and the boundary of D. Since 


every point is an interior point of D, R, must exceed the radius R of the 
original disk K. Therefore D contains the disk K,:|z — Zp| < R, and the theorem 
is proved. 


Given a power series 


S (2) = dy + a,(z — 2) + °*°* +.4,(z — 2)" + °°: (16.12) 
with radius of convergence R, the disk K: |z — zp| < R and the sum function f(z) 
constitute a circular element {K, f(z)}. For simplicity, a regular or singular point 
of {K, f(z)} will be called a regular or singular point of the series (16.12) or of its 
sum f(z). 
THEOREM 16.6. The power series (16.12) has at least one singular point 
on its circle of convergence 1: |z — Z| = R. 


Proof. If the element {K, f(z)}, where K is the interior of I, has no 
singular points on I; it follows from Theorem 16.6 that f(z) can be continued 
analytically into a larger disk K,:|z — z,| < R;. But then the series (16.12) has a 


radius of convergence larger than R (why?), contrary to hypothesis. 
Example 1. The geometric series 
eo ee oe ee oS 


has circle of convergence I°:|z| = 1 and sum 1/(1 — z). As required by Theorem 
16.6, there is a singular point on I, namely, the point z = 1 (see Example 2, p. 
352). 


Example 2. We now show that every point on the circle of convergence I: |z| 
= 1 of the power series 


S@ =U At Afters papers 


is a singular point. Suppose first that z — 1 along the segment 9j, 1.e., along the 
radius of I contained in the nonnegative real axis. Then, since the nth partial 
sum 


LD x8 xt pees + xt 
approaches n + | as x — 1 -, there is a 6(n) > 0 such that 
D+ x? xt+e-+ +x" on 


if x > 1 — d6(n). Therefore 
f(x) = 5x" > y xn 
k=O k=O 


if x > 1 — d(n), which implies 


lim f(x) = ©. 


z~l-— 


But then z = 1 is a singular point of f(z) [recall Example 3, p. 353]. 
Next we note the identity 


f(2) ee oe a | ao [I 4 (2*")? 4 (z?") f+ ‘J. 


Since the term in brackets differs from the original series only by having z”" 
instead of z, we have 


f(z) = 22+ Ate +2 4+f(2") 


for any positive integer n. Consider all the 2”th roots of unity, 1.e., all the 
numbers 


Nd; (16.13) 
which correspond to the vertices of a regular 2”-gon inscribed in the unit circle. 


If C is one of these roots and if z — C along the radius o, then z”’ obviously lies 
on the radius Oj and z2° > 1 —asz—>. It follows that 

lim f(z") = =, 

xed 
and therefore 

lim f(z) = lim (2* + z4 + +++ +2" +f(z")] = o. 

Thus every root (16.13) is a singular point of f(z), for all n = 1, 2,.... 
Consequently, the set of singular points of f(z) 1s everywhere dense in the unit 
circle I (1.e., every arc of I, however small, contains a singular point). But this 
means that every point of I is a singular point, since if C’ € T were a regular 
point, then, as on p. 352, some arc (C’) M I would consist only of regular 


points. In particular, f(z) cannot be continued analytically into any domain larger 
than the unit disk, as already noted in Example 3, p. 342. 


Finally we generalize the concept of a singular point even further: 


DEFINITION. Let F(z) be a complete analytic function.!° Then by a singular 
point of F(z) is meant a singular point of any element of F(z). 


Example 1. If 


then z = | is a singular point of F(z), since it is a singular point of the single- 
valued branch of F(z) for which z”? = — 1. On the other hand, z = 1 belongs to 
the domain of existence of F(z) [see Definition 3, p. 346], since z = 1 is a regular 
point of the single-valued branch of F(z) for which 1? = +1. 


Example 2. Suppose € is an isolated singular point of a complete analytic 
function F(z), so that F(z) is defined on some annulus G:0 < |z — ¢| < R. If F(z) 
is single-valued on G, then ¢ is an isolated singular point of single-valued 
character, as already studied in Sec. 56 (also recall Example 1, p. 352). More 
generally, F(z) is multiple-valued on G, and then € is called an isolated singular 
point of multiple-valued character. Let D be the domain obtained from the disk 
lz — C¢| < R by deleting the line segment joining the origin to the point z = R (thus 
Dis a “slit disk”). Then it can be shown (see M3, Sec. 42) that there are just two 
possibilities: 


1. F(z) has precisely n distinct single-valued branches 
{D, folz)}, {D, i}, ---» {D, fn—1(2)} 
on D such that 
lim f,s(re®) = lim f,(re®)  (k=1,..., a1); 
0+ 9n— 6-04 


(16.14) 


lim f,(re®) = lim f,(re®) 
6 in— 60+ 


for every positive r< R. In this case, ¢ is called a branch point of order n — 
1 (cf. p. 76). 


2. F(z) has a countably infinite set of distinct single-valued branches 
{D, f,(z)} (k = 0, +1, +2,...) 
on D (and no others) such that 


lim f,,(re®) = lim f,(re”) (k = 0, +1, +2,...) 
6~2n— 6-0+ 


for every positive r < R. In this case, ¢ is called a logarithmic branch point 
(cf. p. 129). 


Example 3. Let F(z) be a complete analytic function with a branch point ¢ of 
order n — 1. Then € is called an algebraic branch point if F(z) approaches a 


limit (finite or infinite) as z — C (cf. p. 76). Otherwise C is called a 


transcendental branch point. For example, each of the functions z!” and exp 
(z'") has an algebraic branch point of order n — 1 at the origin, while the 
function exp (z!”) has a transcendental branch point of order n — 1 at the 


origin. 


Example 4. The considerations given in Example 2 and 3 are easily 
generalized to the case of branch points at oo by taking G to be the domain |z| > R 
and D the domain obtained from G by deleting the infinite line segment joining 


the point z = R to the point at infinity. For example, the function exp (z!”) has 
an algebraic branch point of order n — | at «. 


Problem 1. Let G be the interior of a closed Jordan curve I. Prove that ¢ 
€ T is a regular point of {G, f(z)} if and only if f(z) can be continued 
analytically across an arc 6 C I containing C. 


Problem 2 (Ml, p. 387). Given a power series 
f(z) = dg + a,(z — 2) + +++ + ay(z — 2%)" + --- 


with radius of convergence R, let ¢ be a point of the circle [: |z — zp| = R 
and let z,; be a point of the radius z,¢ distinct from z, and ¢. Prove that ¢ is a 
singular point of f(z) if 


: 1 
jim a f(z) 
n'! 


n-- «& 


and a regular point if 


. I 
lim " f"(z,)I 
n—- 2 n! 


Problem 3 (Ml, p. 389). Prove the following result known as 
Pringsheim’s theorem: Given a power series 


f(z) = Gq + az + *** + ayz* + °°’ 


with radius of convergence 1, suppose the coefficients a, are all 
nonnegative real numbers. Then z = 1 is a singular point of f(z). 


Problem 4. Prove that the circle |z| = 1 is the natural boundary (see p. 
342) of the series 


zn! 


ims 


Problem 5 (Ml, p. 393). Prove that the point z = 1 is a singular point 
belonging to the domain of existence of the complete analytic function 


I 
F (z) = Inez - 
Problem 6. Discuss the branch points considered in Secs. 20 and 32 
from the standpoint of the general definition of branch points in Examples 
2-4. 


Problem 7. Find the singular points of the following functions: 


a i= 1 
a) (7); b) (Vz)" (m,n Positive integers); c) exp (=): 
Se ee 
sin Vz 1—vz - oan 
d) ——; e) tan———=; f) el™2" (na positive integer); 
Vz 1+ vz 


, l 1 1 
+ tLnz. j bd j - ———e ; _- i + 
g) z e ; h)sinLnz; i) ;47;:? ) > Are sin z; 


1 
k) 3 + Arc tan z. 


Ans. 
a) Algebraic branch points of order 2 at z = 0, «; 


c) Algebraic branch points of order 1 at z = 0, «©; one of the branches has 
an essential singular point at z = 1; 


e) Algebraic branch points of order 1 at z = 0, «©; one of the branches has 
a limit point of poles at z = 1; 
g) Logarithmic branch points at z = 0, 0; 


i) Logarithmic branch points at z = 1, «©; every branch except one has a 
pole of order 1 at z =0; 


k) Logarithmic branch points at z = +7; every branch has a pole of order 2 
atz=0. 


79. RIEMANN SURFACES 


Finally we consider the problem of finding a “generalized domain” on which 
a given complete analytic function F is single-valued. This is done by the 
following simple construction: Let {G, f} and {D, 9} be any two elements of F 
such that G 1 D # 0 and think of G and D as being cut out of separate pieces of 
paper. Then “ paste together” the components of GM D on which f(z) and @(z) 
coincide, while “ leaving unpasted ” the components on which f(z) and @(z) 
differ (see Prob. 1). Doing this for every pair of elements of F, we obtain a 
“layered surface” covering every point z) in the domain of existence of F a 


number of times (possibly infinite) equal to the number of values F takes at zo. 


This “ many-sheeted structure” is called the Riemann surface of F. 

Clearly, the effect of the construction just described is to make F' single- 
valued on its Riemann surface. More precisely, a “point” on the Riemann surface 
can be interpreted as an ordered pair (z, F(z)), where z lies in the ordinary 
complex plane and F(z) is a value of F at z. But equality of two such points (z;, 
F(z,)) and (z>, F(z)) means not only that z,; = z, but also that F(z,) = F(z,)! 

More generally, we can define a complete analytic function F' by using the 
definition of a direct analytic continuation given on p. 349 instead of that given 
on p. 342, or by using both definitions simultaneously (supply the details). Then 
in general two elements {G, /}, {D, @} © F share suitable boundary arcs and 
overlap as well. Correspondingly, the prescription for constructing the Riemann 
surface of F involves pasting the boundaries of G and D together along every 
common are § on which f(z) and @(z) coincide,'’ as well as pasting together 
those portions of the domains themselves on which f(z) = @(z). 


Remark. These heuristic considerations can be supported by perfectly 
rigorous mathematics, and in fact much of the modern theory of analytic 
functions is concerned with Riemann surfaces and related topics. The 
mathematical tools needed to pursue the subject in proper depth are rather 
sophisticated. From the standpoint of the advanced theory, the entities 
constructed here are “topological models of Riemann covering surfaces” (see 
M3, Sec. 35). 


Example 1. Suppose F has a branch point of order 2 at a point C. To construct 
the Riemann surface of F' in the vicinity of ¢, we start from three “replicas” Do, 


D,, Dz of the slit disk figuring in Example 2, p. 356, all cut along the segment 


joining the points z = 0 and z = R. These domains have the appearance shown in 
Figure 16.6(a), where the upper and lower edges of the cut are suitably labelled 
in each case. Next we paste 5g to 5,", then 6, to 6,° and finally 5, to 5, '(this 


has the effect of joining Dy to D,, then D, to D, and finally D, back to Dy).'® As 


a result, we obtain the “three-sheeted domain” shown in Figure 16.6(b). The 
intersections which come about as a result of “ pasting D, back to Dp” have no 


mathematical meaning and should be disregarded. 


(a) 


FIGURE 16.6 
Example 2. Next we construct the Riemann surface of the function 
w= F(z) = Wz, 


starting from n replicas Do, Dj,..., D,-, of the finite plane cut along the 


nonnegative real axis. Let 6," and 6, denote the upper and lower edges of the 
nonnegative real axis regarded as the boundary of D,, and let 


argz+2kxr_. 
————— -+ i sin 
n 


= — 
f{z) = ¥ [z]( cos - arg z = ame) 


(k=0,1,..., n— 1), 
so that every {D,, f,(z)} is an element of F(z).'? We now paste 6, to 8,*, 8; to 


55',..., 6,7 to d,-, and finally 6, to 59’, corresponding to the fact that {D,, 
f(z)} 1s a direct analytic continuation of {D,_;, f,_;(z)} for every k = l,..., 1 


[with {D,, f(D} = {Do, fo(z)}]. The result is an n—sheeted Riemann surface, 


shown schematically in Figure 16.7 for the case n = 4. All n sheets come 
20 


together at the branch points z = 0 and z = . 


FIGURE 16.7 


FIGURE 16.8 


Example 3. Finally we construct the Riemann surface of the function 
w = F(z) = Lnz, 


starting from infinitely many replicas..., D_;, Do, D),...of the finite plane cut 
along the nonnegative real axis. The construction is the same as that given in the 
preceding example, except that now there is no “first sheet” and no “last sheet” 
which are pasted together at the end of the construction, and instead we obtain 
the infinite—sheeted Riemann surface shown schematically in Figure 16.8. 


Problem 1, Can a complete analytic function F(z) take the same value at 
several points of a Riemann surface all lying over the same point ¢ in the z 
—plane? If so, how many such points are allowed? 


Hint. Consider the function 


F(z) = (z —0)Vz. 


Comment. In constructing a Riemann surface we do not paste together 
separate points of the domains G and D of two elements {G, /} and {D, 9}, 
but only common boundary arcs of G and D or whole domains (components 
of GM D). 


Problem 2. Construct the Riemann surface of the function 


w = F(z) =z + Vz* —1, 
which is the inverse of the Joukowski function of Sec. 22. 
Problem 3. Construct the Riemann surface of the function 
w = F(z) = Arcsin z. 


Problem 4. Discuss the notion of a domain of univalence (see p. 73) 
from the standpoint of Riemann surfaces. 


' Ultimately we will purse this last condition even to the extent of allowing 
((z) to be a multiple—valued functions and D to be a “many-—sheeted domain” 
(see Sec. 79).In this case, condition2 is replaced by the requirement that some 
single—valued analytic branch @(z) coincide with f(z)on E. 

* See Remark 2, p. 343 and the remark on p. 349. 

> The absence of the adjective “direct” is crucial here. 

4 Such a relation is called an equivalence relation (see e.g., G.Birkhoff and 
S.MacLane, op.cit., p. 30). 

> {G, F} is shorthand for {G, f{z)},and similarly for {D, @} and {E, y}. 

© Obviously, F is in general multiple—valued. 

7 Of course, single-valued branches of Ln z can also be defined on 
appropriate multiply connected domains. 

8 For the proof, see M3, Sec. 40. 

” we call 5 an arc emphasize that its end points are distinct. By an open arc is 
meant an arc minus its end points (rectifiability of an open arc is defined in the 
obvious way, i.e., by including the end points). 

10 This result has already been mentioned in Sec. 37, Prob. 6. For the proof, 
see M3 sec. 12. 

"! Often called Schwarz’s reflection principle. 


!2 More exactly, symmetric with respect to the straight line containing 5. 

3 This is a situation where confusion can be avoided by omitting the 
argument of the function /*(cf. p. 14). 

'4 Tn a context like this, ,/(C) will denotes one of the neighborhoods figuring 
in the defination of the regular point C¢ 

'S Blements like {K, ft and {k,, @}, whose domains are disks, are often 
called circular elements. 

16 We revert to the notation which does not distinguish between a function 
and its values at a point(cf. p. 14). 

'7 Here, as in Theorem 16.3, it is assumed that f{z)is analytics on G and 
continuous on G U6, while @(z)is analytics on D and continuous on D U 6. It is 
also assumed that 6 has the propertices needed to invoke Theorem 16.3 or one of 
its generalizations(see Sec. 76, probs. 3, 4). 

'8 The justification for this construction stems, of course, from the 
formulas(16.14) and Theorem 16.3 

'9 In writing {D,, f,(z)}, there is really no need to distinguish between 
domains D, with different subscripts. 

0 It is customary to include these points on the Riemann surface, although 
they do not belong to any of the domains D,. 
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A 


Abel’s method of summation, 288 
Accessible point, 347 
Aleksandrov, P. S., 40, 163, 326 
Analytic continuation, 341-361 
across an arc, 347-349 
definition of, 341, 344 
direct, 342, 349 
problem of, 341 
Analytic function(s), 51 ff. 
A-points of, 210 
circle-average of, 63 
complete (see Complete analytic function) 
expansion of, in power series, 204-207 
general (see General analytic function) at infinity, 63 
representation of, by infinite products, 296 
series and sequences of, 190-193 
uniqueness theorem for, 208 
zeros of, 212 
Angle, 70 
interior of, 70 
with vertex at infinity, 62 
Anharmonic ratio (see Cross ratio) 
Annulus, 41, 170, 227 
Antiderivative, 169, 
A-point, 21 Off. 
at infinity, 212 
multiple, 211 
order of, 211 
simple, 211 
Arc tangent, principal value of, 4 
Argument principle, 262 


B 


Bagemihl, F., 27 

Bernoulli, John, 126 

Bernoulli numbers, 221 
recurrence relation for, 221 

Binomial coefficient, 221 


Binomial expansion, 207 
Birkhoff, G., 5, 6, 19, 92, 93, 306, 344 
Bolzano-Weierstrass theorem, 28 
Boundary, 29 

natural, 342 
Boundary point, 29 
Branch point, 76ff. 

algebraic, 76, 357 

of finite order, 76, 356 

of infinite order, 129 

at infinity, 77 

logarithmic, 129, 357 

order of, 76, 356 

transcendental, 357 


C 


Calculus of residues, 253 ff. 
Canonical product, 301 
Casorati- Weierstrass theorem, 239 
Cauchy convergence criterion, 18 
Cauchy-Hadamard formula, 197 
Cauchy-Hadamard inequality, 178, 206 
Cauchy-Hadamard theorem, 195 
analogues of, 225, 278 
Cauchy-Riemann equations, 49ff. 
generalization of, 54 
in polar coordinates, 52 
Cauchy’s inequalities, 177 
for Taylor coefficients, 201 
Cauchy’s integral, 172ff. 


Cauchy’s integral formula, 172—177 
Cauchy’s integral theorem, 146-165 
generalized, 159, 348 
proof of, 150-157 
for a system of contours, 163—165 
used to evaluate definite integrals, 159-163 
variants of, 158 
Cauchy’s theorem on partial fraction expansions, 314 
Chain (of elements), 343-344 
Circle of convergence, 197ff. 
singular points on, 354-356 
Circular elements, 353 
Closure, 29 
Complete analytic function, 346 
domain of, 346 
single-valued branches of, 346 
singular point of, 356 
Complex conjugate, 4 
Complex integral(s), 139ff. 


examples of evaluation of, 140-141 
as a function of its upper limit in a multiply connected domain, 170-171 
indefinite, 167-172 
path-independent, 167 
properties of, 141 
Complex number(s): 
addition of, 5 
geometric representation of, 6 
arbitrary powers of, 131-134 
argument of, 3 
principal value of, 4 
conjugate, 4 
division of, 5 
geometric representation of, 8 
equality of, 2 
geometric representation of, 2ff. 
imaginary, 2 
imaginary part of, 2 
improper, 20 
modulus (absolute value) of, 3 
motivation for introducing, | 
multiplication of, 5 
geometric interpretation of, 7 
nth power of, 10 
Complex number(s) (cont.): 
nth root of, 10 
principal value of, 11 
polar form of, 116 
proper, 20 
purely imaginary, 2 
rational powers of, 11 
real part of, 2 
sequences of (see Complex sequences) 
series of (see Complex series) 
subtraction of, 5 
geometric representation of, 6 
trigonometric form of, 3 
Complex plane, 3ff. 
extended, 23 
conformal mapping of, 61—64 
finite, 22 
Complex sequence(s), 1 6ff. 
bounded, 34 
convergence of moduli and arguments of, 18 
convergence of real and imaginary parts of, 17 
convergent, 17 
converging to infinity, 20 
coterminal, 19 
increasing, 298 
limit of, 17 
limit point of, 178 
Complex series, 181 ff. 


absolutely convergent, 182 
rearrangement of, 183 
convergent, 181 
divergent, 181 
partial sums of, 181 
sum of, 181 
uniformly convergent (see Uniformly convergent series) Complex variable, 14ff. 
Component, 40 
Conformal image, 323 
Conformal mapping(s), 57, 323-339 
of the extended plane, 61-64 
of the first kind, 57 
general principles of, 323-328 
of the second kind, 57 
uniqueness theorem for, 325 
Connected component (see Component) 
Continuity: 
at a point, 33 
on a set, 33 
Continuous curve (see Curve) 
Contour, 139 
Contour integral, 139 
Cosine, 121 
modulus of, 123 
periodicity of, 121 
real and imaginary parts of, 123 
Courant, R., 284 
Cross ratio, 100 
invariance of, under Mobius transformations, 101 
Curve, 37ff. 
closed, 38 
direction of, 38 
end points of, 38 
final point of, 38 
initial points of, 38 
inscribed, 138 
Jordan, 38 
exterior of, 40 
interior of, 40 
length of, 138 
multiple point of, 38 
nonrectifiable, 138 
oriented, 38 
parameter of, 38 
parametric equation of, 38 
piecewise smooth, 145 
points of, 37 
polygonal, 39 
rectifiable, 138 
smooth, 144 
tangent to (see Tangent to a curve) 
unbounded, 41 


D 


Definite integrals, evaluation of, 159-163, 254—259 
Deleted neighborhood, 229, 232 
of infinity, 232 
De Moivre’s theorem, 10 
De Morgan formulas, 16 
Dependent variable, 14 
Derivative of a complex function, 43 
analyticity of, 174 
geometric interpretation of, 55-59 
Difference quotient, 43 
Differential, 44 
Direct analytic continuation, 342, 349 
across an arc, 349 
Dirichlet problem, 284 
for a disk, 285 
Distance: 
between a point and a set, 28 
between two points, 6 
between two sets, 28 
Domain, 40ff. 
analytic image of, 266 
closed, 40 
in the extended plane, 42 
multiply connected, 41 
simply connected, 41 
starlike, 159 
Domain of definition, 13 
Domain of existence, 346 
Domain of univalence, 73 
Duplication formula, 312 


E 


Element(s), 342ff. 

adjacent, 347 

chain of, 343-344 

circular, 353 

connected set of, 345 

definition of, 342 

domain of, 342 

equality of, 342 
Elliptic integral of the first kind, 328 
Entire functions, 65ff. 

expansion of, in infinite products, 298-302 

transcendental, 111, 243, 292 
Entire linear transformation, 59 
e-neighborhood, 17 


Equator, 21 
Equivalence relation, 344 
Euler’s constant, 309 
Euler’s formula, 116 
Exponential, 111 ff. 
addition theorem for, 111, 112 
to an arbitrary base, 133 
functions related to, 120-125 
periodicity of, 116 
Extended complex number system, 20, 23 
Exterior of a closed Jordan curve, 40 
Exterior point, 29 


F 


Factorial function, 308 
Fibonacci numbers, 223 
Field, 5 
Fixed point, 60, 96-98 
Fractional linear transformation (see Mobius transformation) 
Fresnel integrals, 159 
Function(s), 13ff. 
analytic (see Analytic function) 
bounded, 35 
of bounded variation, 142 
complex, 14 
of a complex variable, 14ff. 
composite, 34, 46 
differentiation of, 46—47 
continuous, 33ff. 
properties of, 33-36 
uniformly, 36 
wide-sense, 36-37 
decreasing, 41 
strictly, 41 
differentiable, 43, 48 
domain (of definition) of, 13 
entire (see Entire function) 
harmonic (see Harmonic function) 
holomorphic, 51 
increasing, 41 
strictly, 41 
infinite-valued, 125 
inverse, 14, 48 
differentiation of, 48 
limit of, 31 
at infinity, 32 
meromorphic (see Meromorphic function) 
monotonic, 41 
strictly, 41 
multiple-valued, 14 


nondecreasing, 41 

nonincreasing, 41 

periodic, 116 

range of, 13 

regular, 51 

rules for differentiation of, 45-48 

single-valued, 13 

univalent, 324 

values of, 14 

wide-sense continuous, 36 
Fundamental theorem of algebra, 2, 65, 208 
Fundamental theorem of integral calculus, 169 


G 


Gamma function, 308-312 
General analytic function, 346 
domain of, 346 
value of, 346 
Geometric series, 1 85ff. 
Green’s theorem, 147 
Group of transformations, 92 


H 


Hadamard, J., 304 
Half-strip, 41 
Harmonic conjugate, 271 
Harmonic function(s), 271-289 
circle-average of, 281 
conjugate, 271 
definition of, 271 
Harmonic polynomial, 274, 276 
Heine-Borel theorem, 26 
Hilbert, D., 284 
Homothetic transformation, 60 
Hurwitz’s theorem, 263 
Hyperbolic cosine, 123 
Hyperbolic functions, 123 
inverse, 130 
Hyperbolic sine, 123 


I 


Identity transformation (see Unit transformation) 
Image: 
of a point, 15, 16 


of aset, 15 
Imaginary axis, 2 
Imaginary unit, 6 
Inclination, 55 
Independent variable, 14 
Infinite product(s), 292ff. 
absolutely convergent, 295, 298 
convergent, 292 
divergent, 293 
partial products of, 292 
uniformly convergent, 296 
value of, 292 
Infinity, 19 
Initial meridian (see Prime meridian) 
Integrals of complex functions (see Complex integrals) 
Interior of a closed Jordan curve, 40 
Interior point: 
of an arbitrary set, 26 
of an open set, 29 
Interval: 
closed, 38 
half-open, 38 
open, 38 
partition of, 137 
Inverse image: 
of a point, 15, 16 
of aset, 15 
Inversion in a circle, 105 
Isolated point, 30 
Isometric circle, 61 
Isomorphism, 19 


J 


Jordan curve theorem, 40 
Jordan’s lemma, 253 
Joukowski, N. Y., 84 
Joukowski function, 84 


K 


Key lemma, 147 
Knopp, K., 27 
Komm, H., 40 


L 


Laplace’s equation, 271 
Latitude, 21 
Laurent expansion, 232 
at infinity, 232 
Laurent series, 225ff. 
definition of, 227 
formula for coefficients of, 228 
principal part of, 238, 250 
regular part of, 238, 250 
Laurent’s theorem, 229 
Limit inferior, 179 
Limit point: 
of a sequence, 178 
of a set, 25 
Limit superior, 178 
Line integral, 139 
Linear magnification ration (see Magnification) 
Liouville’s theorem, 208 
generalization of, 210 
Logarithm, 125ff. 
to an arbitrary base, 135 
natural, 135 
principal value of, 125 
Logarithmic spiral, 120 
Longitude, 21 
Lower limit, 179 


M 


MacLane, S., 5, 6, 19, 92, 93, 306, 344 
Magnification, 58 
Majorant, 142 
Mapping, 1 5ff. 
analytic, local behavior of, 265-266 
of a circle onto a circle, 102-104 
“into,” 15 
one-to-one, 15 


“onto,” 15 
w = e*, 116-120 


w = YP(z), 332 
w =\/2z, 73-78 
w= P,(z), 65-69 
w= % (z+ 72"), 84-87 
w = (z — a)", 70-73 
€= 1/z, 23-24 
Mapping of the upper half-plane: 
onto an n-gon, 338-339 
onto a rectangle, 328-332 
onto a triangle, 336-338 
Maximum, 266 
Maximum modulus function, 178, 201, 269 


Maximum modulus principle, 266 
implications of, for harmonic functions, 282—283 
Membrane, 284 
Meromorphic function(s), 79ff. 
expansion of, in partial fractions, 306-307, 312ff. 
transcendental, 124 
Minimum, 266 
Minimum modulus principle, 269 
implications of, for harmonic functions, 282—283 
Mittag-Leffler’s theorem, 304 
Mobius transformation(s), 59ff. 
associativity of multiplication of, 92 
circle-preserving property of, 93-96 
closure of multiplication of, 92 
conformality of, 60 
determinant of, 89 
fixed points of, 60, 96-98 
group property of, 89-93 
identical, 90 
products of, 91 
symmetry-preserving property of, 104 
Monodromy theorem, 346 
Morera’s theorem, 177 
Multiple-valued function, 14 
Multiplicity, 66 


N 


Natural boundary, 342 
Neighborhood, 17ff. 

half-size, 29, 36 

on the Riemann sphere, 22 
North pole, 21 

as image of infinity, 22 


O 


One-to-correspondence, 15 
Open arc, 347 
Open set, 26 
boundary of, 29 
boundary point of, 29 
closure of, 29 
(connected) components of, 40 
interior points of, 29 
Orthogonal system, 72 


P 


Partial fraction expansions, 306-307, 312ff. 
Partial products, 292 
Partial sums, 181 
Partition, 137 
norm of, 137 
Path of integration, 139 
Path-independent integral, 167 
Period, 116 
fundamental (primitive), 116, 121 
Picard’s theorem, 241 
Pole of a rational function, 80-81 
at infinity, 830-81 
multiple, 80 
order of, 80 
simple, 80 
Pole(s), 80-81, 235ff. 
of g(z) (d/dz)Ln[f(z)— A], 244 
at infinity, 242 
limit point of, 242 
multiple, 236 
order of, 236 
of a rational function (see Pole of a rational function) simple, 236 
Polynomial, 65—73 
coefficients of, 65 
degree of, 65 
zeros of, 66 
order of, 66 
Point at infinity, 23 
Poisson’s integral, 279 
Power series, 195 ff. 
circle of convergence of, 197 
division of, 219 
expansion of an analytic function in, 204-207 
formal substitution of, into another power series, 216 
natural boundary of, 342 
radius of convergence of, 197 
uniqueness theorem for, 202 
Pre-image (see Inverse image) 
Prime meridian, 21 
Primitive, 169 
Pringsheim’s theorem, 357 


R 


Radius of convergence, 197 
Rational function(s), 79-84 
order of, 81 
poles of, 80 
zeros of, 79 
Ray center, 60 
Real axis, 2 


Recurrence relation, 221 
Reflection in a straight line or circle, 105 
Regular point(s), 234, 352 
at infinity, 242 
Residue(s), 247ff. 
calculation of, 249 
Residue(s) (cont.): 
at infinity, 250 
logarithmic, 261 
Residue theorem, 248 
Riemann, B., 20 
Riemann sphere, 21 
hemispheres of, 21 
meridians of, 21 
sequence of points on, 22 
convergent, 22 
limit of, 22 
Riemann surfaces, 358-361 
infinite-sheeted, 361 
n-sheeted, 360 
Riemann zeta function, 215 
Riemann’s mapping theorem, 324 
Root of an equation, 66 
multiplicity of, 66 
Rouché’s theorem, 262 


S 


Schwarz-Christoffel transformation, 332-339 
Schwarz’s formula, 281 
Schwarz’s lemma, 267 
Schwarz’s reflection principle (see Symmetry principle) 
Series with complex terms (see Complex series) 
Set inclusion, 13 
Set(s), 13ff 

accessible, 347 

(arcwise) connected, 40 

bounded, 25 

closed, 25 

compact, 25 

complement of, 13 

convex, 42 

countable, 16 

countably infinite, 16 

dense in itself, 189 

difference of, 13 

disjoint, 13 

distance between, 28 

empty, 13 

equivalent, 16 

finite, 16 


infinite, 16 
intersection of, 13 
member of, 13 
Set(s) (cont.): 
nonempty, 13 
open (see Open set) 
pairwise disjoint, 13 
unbounded, 25 
uncountable, 16 
union of, 13 
Sine, 121 
infinite product expansion of, 304, 320 
modulus of, 123 
periodicity of, 121, 321 
real and imaginary parts of, 123 
Single-valued branch, 54, 73 
Single-valued function, 13 
Singular point(s), 234, 242, 352, 356 
essential, 236 
at infinity, 242 
everywhere dense set of, 356 
at infinity, 242 
isolated, 234, 356 
of multiple-valued character, 356 
of single-valued character, 234, 356 
South pole, 21 
Starlike domain, 159 
Stereographic projection, 21 
circle-preserving property of, 24 
conformality of, 64 
Stieltjes integral, 143 
Stirling’s formula, 197 
Strip, 41, 118 
Subgroup, 93 
Subset, 13 
proper, 13 
Symmetry principle, 349-351 
Symmetry transformations, 104-107 


T 


Tangent to a curve, 55 
inclination of, 55 
left-hand, 58 
right-hand, 58 
Tangent vector, 56 
Taylor coefficients, 200 
Cauchy’s inequalities for, 201 
Taylor series, 200ff. 
of a composite function, 216 
of the sum of a series of analytic functions, 214 


Transformation, 15 
of similitude, 60 
Trigonometric functions, 121 
addition theorems for, 121 
inverse, 130 
reduction formulas for, 122 


U 


Uniformly convergent sequence, 188-189 
limit of, 188 
Uniformly convergent series, 184-188 
sum of, 184 
term-by-term integration of, 187-188 
niqueness property, 203 
Jniqueness theorem(s), 201, 202, 208, 325 
Jnit transformation, 91 
nivalence, domain of, 73 
nivalent function, 324 
Jpper limit, 178 


etaketat ana, 
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Wallis’ product, 321 

Weierstrass’ double series theorem, 214 

Weierstrass’ M-test, 186 

Weierstrass’ theorem (on entire functions), 298 

Weierstrass’ theorem: 
on uniformly convergent sequences of analytic functions, 192 
on uniformly convergent series of analytic functions, 191 

Widder, D. V., 51, 147, 197, 275, 309 

Wide-sense continuity, 36 


Z 


Zero-points (see Zeros) 
Zeros: 
of analytic functions, 212 
of polynomials, 66 
order of, 66 
of rational functions, 79 
at infinity, 80 
multiple, 80 
order of, 79 
simple, 80 


